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Abstract

Electronepositron pair production due to the decay of vacuum in ultrastrong laser fields is an interesting topic which is revived recently
because of the rapid development of current laser technology. The theoretical and numerical research progress of this challenging topic is
reviewed. Many new findings are presented by different approaches such as the worldline instantons, the S-matrix theory, the kinetic method by
solving the quantum Vlasov equation or/and the real-time DiraceHeisenbergeWigner formalism, the computational quantum field theory by
solving the Dirac equation and so on. In particular, the effects of electric field polarizations on pair production are unveiled with different
patterns of created momentum spectra. The effects of polarizations on the number density of created particles and the nonperturbative signatures
of multiphoton process are also presented. The competitive interplay between the multiphoton process and nonperturbation process plays a key
role in these new findings. These newly discovered phenomena are valuable to deepen the understanding of pair production in complex fields and
even have an implication to the study of strong-field ionization. More recent studies on the pair production in complex fields as well as beyond
laser fields are briefly presented in the view point of perspective future.
© 2017 Science and Technology Information Center, China Academy of Engineering Physics. Publishing services by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In 1928, Dirac proposed the positron existence physically
to explain the negative energy solution of Dirac equation [1]
and a few years later in 1933, Anderson confirmed it experi-
mentally [2]. Since then the electronepositron (eþe�) pair
production from vacuum in the presence of a strong field
became one of the well-known predictions of quantum elec-
trodynamics (QED) [3e5]. In particular, it is an important

testing field to probe the quantum vacuum structure, since the
vacuum is full of virtual particles and fluctuations, then it is
natural to regard it as a special polarized medium which in-
duces nonlinear effects on Maxwell equations. Indeed in 1936,
Heisenberg and Euler had recognized this point firstly and
derived the modified effective Lagrangian action [4] for a
static electromagnetic field. They also claimed that the vac-
uum decay probability could be obtained by summing an
infinite number of poles in the one-loop effective Lagrangian
action. The more direct calculation of the vacuum decay
probability was given by Schwinger using the proper-time
method in 1951 [5]. He obtained the pair production rate for
the constant electric field E. According to Schwinger's for-
mula, the pair production rate, G ~ exp(�pEcr/E ), is expo-
nentially suppressed for a weak field, where Ecr ¼ m2c3/
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eZ z 1.32 � 1016 V/cm is the critical field strength. In the
expression of Ecr, m and �e are the electron mass and charge
respectively, Z is the Planck constant and c is the speed of light
in vacuum. Note that sometimes the simple expression of
Ecr ¼ m2/e is also used when the natural units h ¼ c ¼ 1 are
employed. Obviously the corresponding laser intensity Icr is
about 1029 W/cm2 so that it is still a rather difficult task for
experimental detection of vacuum pair creation because cur-
rent laser intensity is much lower than Icr. In addition to the
constant electric field, Sauter-type electric field is another type
of external field which can give an analytical result of pair
creation. This field had been studied in detail by Narozhnyi
and Nikishov [6] and Popov [7] in 1970s. In 1970, Brezin and
Itzykson [8] extended the research to the pair production from
vacuum in a time-dependent sinusoidal electric field and found
the multiphoton pair production process which was different
from the Schwinger tunneling process.

On the other hand, as the rapid development of laser
technology, especially the chirped pulse amplification, the
laser intensity has been improved greatly [9,10], for example,
the laser intensity has reached about 1022 W/cm2 [11]. More
exciting achievement is the high-intensity and ultrashort laser
facilities under construction, such as the Extreme Light
Infrastructure (ELI) [12], the Exawatt Center for Extreme
Light Studies (XCELS) [13], and the High Power Laser En-
ergy Research (HiPER) [14], in which the intensity is expected
to be 1025� 1026 W/cm2 and the field is beyond the relativistic
regime of 1018 W/cm2. This ultrastrong laser field is very
helpful to clarify the radiation reaction in classical electro-
dynamics as well as QED [15e18] and also to probe the
structure of quantum vacuum [19e21]. Moreover, the X-ray
free electron laser (XFEL) [22,23], may provide a subcritical
electric field which can produce a considerable number of
eþe� pairs [24,25]. Therefore, these technology advances
stimulate researchers' renewed interests to explore significant
phenomena of eþe� pair production by various different
methods in present and expected future ultrastrong laser fields,
see the recent review article [26]. These research methods
include the worldline instantons technique [27e32], the S-
matrix method [33e38], the semiclassical approach such as
the WentzeleKramerseBrillouin (WKB) approximation
[39e43], the kinetic method such as the quantum Vlasov
equation (QVE) [24,25,44e49] and the real-time Dir-
aceHeisenbergeWigner (DHW) formalism [50e52], the
computational quantum field theory (CQFT) such as by solv-
ing the Dirac equation [53e60] numerically, and the real-time
lattice gauge theory or/and classical-statistical field theory
approach which can self-consistently account for the back
reaction of created particles on the background field [61e64].

Based on the statement mentioned above, there are two
different pair production processes or/and mechanisms. One is
the tunneling mechanism, which is sometimes also called as
the Schwinger mechanism [5,31], and the other is the multi-
photon mechanism [8,65,66]. Obviously these processes or/
and mechanisms have been recognized extensively in atomic
strong field ionization (SFI) problem for many years [67e71].
Therefore similarly the well known Keldysh parameter

g ¼ mu/eE [67], where u is the frequency of field, can also be
used to characterize the pair production and distinguish these
two processes. In general, g ≪ 1 corresponds to the pair
creation process in a low frequency and strong field, i.e., the
Schwinger mechanism, and g [ 1 corresponds to the pair
production in a high frequency and weak field, i.e., the
multiphoton process [8]. However, there is a great challenge
when g ~ 1 because there exists an interplay and competition
effect between these two mechanisms on studied problems.

In the experimental aspect for the pair production, the pair
production was first observed as early as about 20 years ago, in
1997, at Stanford Linear Accelerator Center (SLAC) as an E-
144 experiment performance. It was realized through a colli-
sion of a 46.6 GeV electrons beam with a laser beam of
1.3 � 1018 W/cm2 [65,66,72]. The high energy g photon was
first produced via nonlinear Compton scattering of electron
beams with laser, and then the eþe� pairs were created via the
multiphoton Breit-Wheeler process (u þ nu0 / eþ þ e�) by
the created high energy g photon colliding with the coming
laser. The theoretical studies on the possibility of observing
the Schwinger-pair-creation mechanism in heavy-ion colli-
sions have been considered many years ago, however, the
experimental observation has not led to its verification. For
details, readers can refer to the review article of Ref. [73].

In this review paper, we focus on the theoretical and nu-
merical research on the pair production. While introducing
some important results and advances of this topic with different
methods like worldline instantons, S-matrix, WKB, QVE and
DHW as well as CQFT, we mainly present some works which
have been done recently by the research group in Beijing
Normal University [32,38,42,46e48,51,52,60]. Particularly,
the effects of electric field polarization on pair production are
unveiled with different patterns of created momentum spectra.
Meanwhile the interplay between the multiphoton process and
nonperturbation process plays a key role on some new findings,
i.e., the multiple-slit interference effect, the ring structure of
created momentum spectra, the node existence and disap-
pearance in momentum spectra depending on the polarization
and so on. These distinguishable momentum signatures in
nonperturbative multiphoton pair production could be relevant
for providing the output information of created particles, for
example, the momentum signatures associated with the node
positions could be used to distinguish the orbital angular mo-
mentum (OAM) of created pairs, and they can reveal the input
information of ultrashort laser pulses.

It should be emphasized that the study of pair production
from vacuum in ultrastrong laser fields is not only important
theoretically but also expected to be helpful to expand the
technology applications for matter and radiation at extreme
conditions in the future. In the final part of this review paper,
we also give an interesting outlook and perspective on pair
production as an interesting and challenging physics problem.

2. Pair production studied by worldline instantons

Feynman [74] proposed the path integral method originally
which becomes a powerful theoretical analysis tool as well as
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a computational approach in many processes of QED [75], in
particular for the studies on perturbation and nonperturbative
phenomena. This is now called the worldline instanton tech-
nique and has also been extended to study eþe� pair produc-
tion in an external field in terms of the imaginary part of the
effective Lagrangian, as the imaginary part is associated with
the famous Schwinger's formula [5] under a constant field. In
fact as early as in the beginning of 1980s, Affleck et al. [27]
had studied the pair production in a constant field in scalar
QED by applying instanton technique to Feynman worldline
path integral. Kim and Page [28] proposed that the single
instanton and multi-instantons of quantum tunneling may be
related with the single pair and multipair production. Dunne
and Schubert [29] studied in detail the pair production in both
spatial and temporal inhomogenous fields. In particular, they
computed the imaginary part of the one-loop effective action
in scalar QED for a wide class of inhomogeneous background
electric fields. Dunne and Wang [30] also extended the
worldline instanton technique to compute the vacuum pair
production rate for spatially inhomogeneous background
electric fields, with the spatial inhomogeneity being genuinely
two or three dimensions, for both the magnitude and direction
of the electric field. We also calculated the eþe� pair pro-
duction rate for a time-dependent elliptic polarization field in
2012 [32]. As an illustration we just give a simple introduction
about the worldline instantons technique and the application to
the study of pair production in linear and circular polarized
fields.

As shown in Refs. [27,29], the worldline action S0

S0 ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ1

0

du _x2

vuuut þ ie

Z1

0

duA$ _x ð1Þ

is stationary if the path xm(u) satisfies

m
x€mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ 1

0

du _x2

s ¼ ieFmn _xn; ð2Þ

where xm(u) as a periodic solution of Eq. (2) is called a
worldline instanton. Obviously the stationary instanton paths
should satisfy a conservation law of _x2≡a2 ¼ constant with the
constant a [ 1/m, which meets a weak-field condition
comparable to the Schwinger critical field.

Usually the pair production rate is associated with the
imaginary part of the effective action G(A) which has an
exponental form of S0 as

ImGðAÞ � e�S0 : ð3Þ
We emphasize that the effective action contributes a leading

part of the pair production rate but the subleading prefactor
contribution seems to be difficult to get. Therefore
many works are only attributed to the leading exponential
term, i.e. S0.

Usually by a Wick rotation as x4 ¼ it and assuming the four-
vector potential for a spatially homogeneous and time-
dependent field as A ¼ (A1(x4), A2(x4),0,0), the field strengths
are F14 ¼ �F41 ¼ �A0

1ðx4Þ and F24 ¼ �F42 ¼ �A0
2ðx4Þ.

Therefore we have the following motion equations

_x1 ¼�iea

m
A1ðx4Þ; ð4Þ

_x2 ¼�iea

m
A2ðx4Þ; ð5Þ

and _x21 þ _x22 þ _x24 ¼ a2. Further we get����� _x4
�����¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
eA1ðx4Þ

m

�2
þ
�
eA2ðx4Þ

m

�2s
: ð6Þ

And now it is ready to get the worldline action in the sta-
tionary conditions as

S0 ¼ maþ ie

Z1

0

duðA1$ _x1 þA2$ _x2Þ ð7Þ

¼ m

a

Z1

0

duð _x4Þ2: ð8Þ

In the following, we discuss two cases of linear and circular
polarized fields with sinusoidal temporal profile. First it is
known that for the linear polarization case [29], the stationary
action S0 is given by

S0 ¼ m

a

Z1

0

duð _x4Þ2 ð9Þ

¼ nm2

eE

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p
g2

½Kðk1Þ �Eðk1Þ�; ð10Þ

where K and E are the complete elliptic integrals of the first
and second kind, respectively, with k21 ¼ g2=ð1þ g2Þ. In some
publications, e.g., Refs. [8,22], a convenient function is
introduced as

gðgÞ ≡ 4

p

Z1

0

du

�
1� u2

1þ g2u2

�1=2

ð11Þ

¼ 4

p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p
g2

½Kðk1Þ �Eðk1Þ�: ð12Þ

Thus the stationary action S0 is simplified as

S0 ¼ npm2

eE
gðgÞ ð13Þ
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with g(g) in two limiting cases as

gðgÞ ¼

8>><
>>:

1� 1

8
g2 þO�

g4
	
; g≪1;

4

pg
lnð4gÞ þOð1=gÞ; g[1:

ð14Þ

From these two limiting cases we can get the following
familiar results: (i) For a low frequency and strong field which

corresponds to g ≪ 1, one can get S0 � np Ecr

E

�
1� g2

8

�
. Pair

production is dominated by the Schwinger mechanism corre-
sponding to nonperturbative processes of vacuum decay
interacted by the background field; (ii) For a high frequency
and weak field which corresponds to g [ 1, one can get the

pair production rate G � e�S0 �
�

eE
mu

�4nm
u

. Pair production is

dominated by the multiphoton mechanism corresponding to
perturbative processes of vacuum decay interacted by the
background field. Obviously these results appeared in many
publications [5,8,22,29,76] have now been known as the
classical samples as an application of worldline instanton
technique successfully.

On the other hand, for the circular polarization case, we
have two equations to determine t0 and s by

Zt0
0

s� coshtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ ðs� coshtÞ2 � sinh2t

q dt¼ 0; ð15Þ

and

g2 þ ðs� cosht0Þ2 � sinh2t0 ¼ 0: ð16Þ
It should be pointed out that Eq. (15) exhibits the condition

of periodic motion character of instanton, refer to Ref. [39],
where parameter s is associated with the integral constant in
the expression of A2 (x4) by Eq. (5), and Eq. (16) is the sta-
tionary condition to determine the turning point t0. At first we
write

du¼ g

a

dx4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ ðs� coshtÞ2 � sinh2t

q ;

and then by using the relation of Eq. (16) one obtains a
convenient expression

du¼ g

a

dx4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2sðcosht0 � coshtÞp ;

which has the solution

x4 ¼ 2

u
sinh�1

�
sinhðt0=2Þsd

� ffiffi
s

p
coshðt0=2Þ

g
uau;k2

��

where k2 ¼ tanh(t0/2). Here sd(u,k) ¼ sn(u,k)/dn(u,k) is the
sine-to-delta amplitude Jacobi elliptic function and 0 � k � 1
is the real elliptic parameter. In order to evaluate the stationary
action S0 we need the expression of _x4ðuÞ.

_x4 ¼ 2a

ffiffi
s

p
g

sinhðt0=2Þcd½4nKðk2Þu;k2Þ�: ð17Þ

Here cd(u,k) ¼ cn(u,k)/dn(u,k) is the cosine-to-delta
amplitude Jacobi elliptic function and 0 � k � 1 is the real
elliptic parameter. The constant a can be determined by the
periodic condition as

a¼ g

u
ffiffi
s

p
coshðt0=2Þ4Kðk2Þn;

where n here is a positive integer. Thus the stationary action S0
is now becoming

S0 ¼ m

a

Z1

0

duð _x4Þ2 ð18Þ

¼ nm2

eE

16
ffiffi
s

p
coshðt0=2Þ
g2

½Kðk2Þ �Eðk2Þ�: ð19Þ

Also a convenient expression as S0 ¼ npm2

eE gðgÞ can be got
if a function of g(g) is introduced as

gðgÞ ¼ 16
ffiffi
s

p
coshðt0=2Þ
pg2

½Kðk2Þ �Eðk2Þ�

≡
16

ffiffi
s

p
sinh2ðt0=2Þ
pg2

Z1

0

du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

1þ sinh2ðt0=2Þu2

s
:

It is noted that the function of g(g) can also be introduced
by a WKB method (e.g., in Ref. [39])

gðgÞ ¼ 4

pg

Zt0
0

dt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 
ðs� coshtÞ2 � sinh2t

��
g2

q

¼ 16
ffiffi
s

p
sinh2ðt0=2Þ
pg2

Z1

0

du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

1þ sinh2ðt0=2Þu2

s
:

Obviously the result of worldline instantons technique
presented here in this paper is the same as that of WKB
method in Ref. [39].

It should be pointed out that the worldline instantons
technique can be successfully extended to get the eþe� pair
production rate not only in a general elliptic polarization and
time alternating field [32], but also in some complex fields
recently [77]. Here we just give a simple idea for the worldline
instantons technique. The abundant results of eþe� study can
be learnt more directly in the references mentioned above.

3. Pair production studied by S-matrix

S-matrix theory is one of the most important approaches in
the perturbation framework in which the transition amplitude
could be got via the initial and final states and the interaction
Hamiltonian. Usually we use the Volkov states as bases to
cope with the problem. As a analytical solution of quantum
wave equation under a plane-wave field, the wave function of
Volkov state was pioneered by Volkov [78] and further
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developed by Reiss [79] and Nikishov [80]. Now it is extended
to the eþe� study by Müller, Deneke, Hu, Keitel and Ilderton
[33e37] and so on.

The solution of electrons/positrons under the external
field Am could be well solved in terms of the
known Volkov states [78,81], i.e. for electron it is

N

and for positron it is

N

Here u( p,s) and vðp;�sÞ are respectively the unit spinor of a
free electron and a free positron, p and p the momenta, s and s

the spins, and S
ðeÞ
ðp;sÞ and S

ðeþÞ
ðp;�sÞ are8>>>>>>><

>>>>>>>:

S
ðeÞ
ðp;sÞ ¼ �p$x�

Zk,x
0

�
eðp$AÞ
p$k

� e2A2

2ðp$kÞ
�
df;

S
ðeþÞ
ðp;�sÞ ¼ p$x�

Zk,x
0

�
eðp$AÞ
p$k

þ e2A2

2ðp,kÞ
�
df:

ð20Þ

We also defined the scalar four-product as

A$B ¼ AmB
m ¼ A0B

0�AiB
i and , in which gm is

the standard Dirac matrices. Usually the natural units,
Z ¼ c ¼ 1, are used. Then, the amplitude for pair production
process due to the collision of laser field with a high energetic
gamma photon A0 ¼ N0ε

0expð�ik0$xÞ can be calculated in the
framework of first order perturbation theory as

where M is the transition matrix elements, Sðe
þÞ and S(e) denote

S
ðeþÞ
ðp;�sÞ and S

ðeÞ
ðp;sÞ respectively. In principle for given a field, we

can get Sfi and then the differential cross section or/and total
cross section of pair production via dsf

��Sfi��2.
In 2012, we have successfully made a research on eþe�

production problem for a general elliptic polarization field by
S-matrix approach [38]. We pointed out that the work is per-
formed as a time-consuming hard task since that relatively
tedious derivation of scattering amplitude and cross section was
involved in the case of elliptic polarization where the scattering
partial waves have many coupled terms. Fortunately, through
theoretical derivation and computer calculations, we studied the
case of head-on collision between a high-energy gamma photon
and the laser fields, which is a typical multiphoton process of
eþe� pair production.We first got the strict result analytically in
the framework of first order perturbation theory. The obtained
analytical expression can be recovered in the case of circular
polarization presented in [81]. Thenwe got a series of numerical
results for some chosen parameters thoroughly. In fact our re-
sults show that the pair creation relies strongly on the parameters
of the laser fields. It is very interesting to find that the pair

creation is sensitive to the elliptical polarization when the
Lorentz-invariant dimensionless field strength parameter is
compared to the collision energy. An important finding is that
the optimal field is neither linear nor circular polarization, but is
elliptical polarization in some cases.

Because too many formula appear in S-matrix theory, we
have to give up a detailed description for it and suggest that
the readers who are interested in S-matrix theory may refer to
the articles mentioned here and references therein. The results
of eþe� problem in elliptic polarization field can be obtained
by many different research methods. For example the world-
line instantons [32], S-matrix here [38], two-level transition
technique [82], the following introduced DHW formalism
[51,52] and so on. We point out that the results by S-matrix are
coincident with those by DHW.

4. Pair production by solving QVE

Nowwe introduce theQVE for the study on pair production as
in Refs. [24,83]. It can be derived from Dirac equation with
Bogoliubov transformation. Its application conditions are limited
to the case of time-dependent homogeneous electric fields [84].
In general, the source term of pair production, s(k,t), obviously
depends on the applied external field as well as the electron/
positron kinetic property. From df(k,t)/dt ¼ s(k,t), where f(k,t) is
the momentum distribution function of the created pairs, we get
the QVE in the integro-differential equation form as

df ðk;tÞ
dt

¼ eEðtÞε2⊥
2u2ðk;tÞ

Z t

t0

dt0
eEðt0Þ½1�2f ðk;t0Þ�

u2ðk;t0Þ cos

2
42Z

t

t'

dtuðk;tÞ
3
5;

ð21Þ
where the parameters are the electron/positron momentum
k ¼ ðk⊥; kkðtÞÞ, transverse energy-squared ε

2
⊥ ¼ m2

e þ k2⊥, the
total energy-squared u2ðk; tÞ ¼ ε

2
⊥ þ kkðtÞ2, and the longitu-

dinal momentum kkðtÞ ¼ kk � eAðtÞ. For simplicity and also
convenience of the numerical computation, it is always to
transfer the original equation into the equivalent three-variable
first order ordinary differential equations (ODEs) [85].

It should be emphasized that the change of QVE from the
original integral-differential equation to a set of ODEs not only
makes the numerical treatment simpler but also makes the
involved physical quantities or/and terms clearer. Noted that the
QVE reveals the Pauli exclusive principle and exhibits a typical
non-Markovian character. Usually the initial conditions of ODEs
can be given as zero since the field is absent at the beginning
although sometimes they may have different values in terms of
concrete physical problems. An important quantity is the time-

dependent eþe� pair number density as nðtÞ ¼ 2
R

d3k
ð2pÞ3 f ðk; tÞ,

which is obtained by integrating the distribution function f(k,t) in
momentum or/and momenta space. It will be very useful in the
following study on pair creation enhancement. Since the
applied laser field becomes zero when t / ∞, therefore, what
we are interested in are the stationary distribution function
f ¼ f(k, t/ ∞) as well as the number density n ¼ n(t/∞).
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4.1. Multiphoton pair production and stabilization

In our work [47], we use the electron quantities with
normalized units, i.e., length lc ¼ Z/mec ¼ 3.862 � 10�13 m,
momentum mec ¼ 0.511 MeV/c, time te ¼ lc/
c ¼ 1.288 � 10�21 s. In our study, some typical parameters
are given, for example, the laser frequency is chosen as
u ¼ 8.266 � 103 eV which corresponds to the laser wave-
length l ¼ 1.5 � 10�10 m. The corresponding normalized

laser wavelength and frequency are l ¼ l=lcz388:4 and
u ¼ 2plc/l z 0.0162, respectively. We choose a supercycle

laser pulse field as E1ðtÞ ¼ E0sinðbut þ 4Þe�ðt=tÞ2m . For
simplicity, the pulse duration t ¼ 1/u is fixed with u ¼ 0.0162
and b [ 1 is an adjustable cycle parameter which meets 1/
bu ≪ t to guarantee the pulse supercycle.

In order to see the dependence of number density on the
laser frequency bu, we change the cycle parameter b from 10
to 500. The results for different index m of Gaussian or super-
Gaussian pulse shape are shown in Fig. 1. The created eþe�

pairs number density is increased to some extent when m
changes from 1 to 5, while the increase is not remarkable.
More interesting, is that we can find clearly the multiphoton
process and other rich nonlinear phenomena in pair produc-
tion. On one hand, in Fig. 1 there are four pronounced jumps
of the eþe� pair number density, denoted as I, II, III and IV,
which corresponds to 1-, 2-, 3- and 4-photon process,
respectively. For example, pair production can occur directly
in a single photon process with a frequency 2me, i.e. b ¼ 2/
u ¼ 2/0.0162 z 123. The other cases with b z 62, 41 and 31
correspond to two-, three-, and four-photons processes,
respectively. These multiphoton processes for pair production
were also exhibited in Refs. [49,86] and our earlier work [60]
in which the CQFT approach was used. On the other hand, one
can see that the pair number density exhibits some small
fluctuations when b > 123 while exhibits a monotonic

decreasing when b > 277. The oscillation is related to the
competition between two time scales, i.e., the time scale in
sinusoid oscillation laser field and the time scale in Gaussian
or super-Gaussian envelop field. The monotonic decreasing
after a saturation is a typical nonlinear characteristic, which is
very similar to the stabilization phenomenon in atomic SFI
problem [87,88]. It means that the high frequency field can
lead to the stabilization of the system if the laser frequency is
much higher than the energy gap that makes it difficult to
occur even for the single photon process. Again it should be
noted that the multiphoton mechanism and phenomenon in
pair production can also be obtained by the other approaches,
for example, by the famous S-matrix method [38] and CQFT
method [60].

4.2. Multiple-slit interference effect and pair production
with dynamically assisted Schwinger mechanism

In Ref. [41], authors have described a Ramsey multiple-
time-slit interference effect for pairs created from the QED
vacuum. They have shown that interference occurred for a
sequence of alternating-sign pulses of the electric field and
have proposed a qualitative description based on a study of
avoided crossings in a two-level system. It is found that the
central value of momentum distribution of created pairs grows
like N2 for N pulses. More about the pair production for
multiple-pulse configurations can be found in Refs. [89,90].
On the other hand, it is well known that the dynamically
assisted Schwinger mechanism (DASM) is very useful to
improve the eþe� pair production rate [31], therefore, in this
subsection, we will show our work recently [48] on the eþe�

pair production study by solving QVE through combining the
multiple-slit interference effect with the DASM scheme.

The problem is considered in the presence of the electric
field

EðtÞ ¼ E1ðtÞ þE2ðtÞ

¼
XN�1

i¼0

ð�1ÞiE1sech
2½u1ðt� i$t1Þ�

þ
XN�1

i¼0

ð�1ÞiE2sech
2½u2ðt� i$t2 þ TÞ�; ð22Þ

where N is the electric field pulse number, E1,2(t) denotes a
strong/weak and slowly/rapidly varying alternating-sign elec-
tric field pulse train, E1,2 is the electric field strength, u1,2

represents the inverse-time width scale, t1 ¼ t2 ≡ t is the time
delay between the electric field pulses, and T is the time in-
terval between the electric fields E1(t) and E2(t). For conve-
nience, we choose E1¼ 0.1, u1¼ 0.02, E2 ¼ 0.01, and
u2 ¼ 0.22. A typical combined field E(t) is plotted in Fig. 2.

What we are interested in is the dependence of the number
density of created particles n[k⊥ ¼ 0] on the electric field pulse
number N. The result is shown in Fig. 3 for the electric fields of
E1(t) (blue triangles), E2(t) (red circles), and the combined E(t)
(black squares), respectively. The dotted blue, dashed red and

Fig. 1. The dependence of number density of created pairs with cycle

parameter b in the supercycle laser electric field

E1ðtÞ ¼ E0sinðbut þ 4Þe�ðt=tÞ2m for different Gaussian or/and super-Gaussian

shape with index m. The optimal pair number density locates at b ¼ 277.

This figure is from Ref. [47].
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solid black lines are the fitted ones for E1(t), E2(t) and E(t) with
the slopes ~0.758, 0.775 and 1.609, respectively. A reference
solid green line n[k⊥ ¼ 0]fN2 is also shown. One can see that
the number density of created particles increases by a power law
with N varying from 1 to 10 in the three cases of E1(t), E2(t) and
E(t). Obviously this law is complex and different from that
between the central momentum distribution function and the
pulse number. Moreover, we can also see that the number of
created particles can be greatly enhanced by combining the
multiple-slit interference effect with the DASM. This result
concludes that in order to get a large particle number density, it
is better to combine the interference effect with the DASM than
just increasing the pulse number N [48].

We also researched the number density of created particles
n(þ∞) depending on the pulse number N in the full

momentum space, which are shown in Fig. 4 for the electric
fields of E1(t) (dotted blue line), E2(t) (dashed red line), and
the combined E(t) (solid black line), respectively. It is found
that the eþe� number density n(þ∞) grows with N, and the
eþe� pair production is highly enhanced by combining the
multiple-slit interference effect with the DASM. Moreover, it
is also found that there is still power law of the number density
n(þ∞) depending on the pulse number N by including the
transverse momentum k⊥. However, the index 1 of power law,
which is different from that shown in Fig. 3, means that the
number density n(þ∞) depends linearly on the pulse number
N in the case of full momenta consideration. It is noted that,
although the momentum region of pair production shrinks with
N, the contribution of transverse momentum is obvious
because it affects the total number of created particles a lot.

The enhancement of pair creation shown in Figs. 3 and 4
can be understood physically from two aspects. On one
hand, the rapidly varying electric field can generate many
transient states between positive and negative states in Dirac
vacuum, which will increase additional seeds for the
Schwinger mechanism [31]. On the other hand, in the scat-
tering picture, the alternating-sign field pulse train can cause
the resonant tunneling [45]. This will open more channels for
creating eþe� pairs, i.e., will enhance Schwinger pair
production.

5. Pair production in the DHW formalism

Let us turn to the study on the pair production in more
complex and realistic fields by using a stronger theoretical
tool, i.e., DHW formalism. The DHW formalism has been
used to study vacuum pair production in Refs. [91e93] for
different electric fields. The advantages by DHW are that it
can not only reveal many novel signatures for understanding
the complicated physics in pair production but also help to
guide the possible future experimental realization.

Fig. 2. A typical combined electric field E(t) with N¼ 10. The electric field

parameters are chosen as E1 ¼ 0.1, u1 ¼ 0.02, E2 ¼ 0.01, u2 ¼ 0.22,

t ¼ 400.3, and T ¼ 0. This figure is from Ref. [48].

Fig. 3. The number density of created pairs n[k⊥ ¼ 0] vs pulse number N, for

the electric fields of E1(t) (blue triangles), E2(t) (red circles), and the combined

E(t) (black squares), respectively. The dotted blue, dashed red and solid black

lines are the fitted ones for E1(t), E2(t) and E(t) with the slopes ~0.758, 0.775

and 1.609, respectively. The solid green line is a reference one as n

[k⊥ ¼ 0] f N2. The other field parameters can be found in the text. This figure

is from Ref. [48].

Fig. 4. The number density of created pairs n(þ∞) vs pulse number N, for the

electric fields of E1(t) (dotted blue line), E2(t) (dashed red line), and the

combined E(t) (black solid line), respectively. The electric field parameters are

the same as in Fig. 2. This figure is from Ref. [48].
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Among existed studies, the polarization of fields is con-
cerned. For example, for a linearly polarized electric field, the
momentum spectrum of created eþe� pairs in laser pulses with
subcycle structures are investigated in Ref. [45]. It is found
that the longitudinal momentum spectrum is extremely sen-
sitive to the laser field parameters and its oscillations can be
used as a probe of subcycle structures in ultrashort laser pul-
ses. For a circularly polarized electric field that only changes
with time, Schwinger pair production is explored numerically
with the real-time DHW formalism in Ref. [50]. It is found
that the characteristic momentum distribution in this field
might be used to distinguish a QED cascade seeded by pair
production from that seeded by isotropic vacuum impurity. In
Ref. [49], eþe� pair production in nonperturbative multi-
photon regime is studied and the effective mass signatures are
identified. Furthermore, the pair creation rate for rotating
electric fields is also investigated semiclassically with the
WKB approximation in Ref. [43]. It is found that for a certain
range of electric field parameters, the pair production rate is
dominated by one spin of created pairs. More recently, the pair
production in simple electric and magnetic fields is studied
with DHW formalism in Ref. [94]. It is found that the mag-
netic field will suppress the pair creation process.

We have performed some primary studies about the eþe�

pair production for a general elliptic polarization field, for
example, we studied analytically the leading term of pair
production by using the worldline instanton method [32], the
S-matrix method [38] and also a two-level transition technique
[82], respectively. However the study by DHW can still give
more highlights on this problem as seen below.

First we give a brief description for DHW formalism.
Although DHW can cope with variable spatial- and temporal-
field simultaneously, as in QVE, we just consider the spatially
homogeneous and time-dependent fields and focus on the
eþe� pair production in a uniform and time-varying electric
field of arbitrary polarization as

EðtÞ ¼ E0ffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

p exp

�
� t2

2t2

�24 cosðutþfÞ
dsinðutþfÞ

0

3
5; ð23Þ

where E0 is the field amplitude, t defines the pulse duration, u
is the laser frequency, f is the carrier-envelope phase, and
jdj � 1 represents the polarization (or the ellipticity). For
convenience, we set f ¼ 0 and d > 0 unless otherwise spec-
ified. A similar electric field with the polarization up to ±0.93
has been actually achieved experimentally [98] while the in-
tensity is low.

For simplicity, we start with the equal-time density operator
of two Dirac field operators in the Heisenberg picture,

bCabðx;y; tÞ ¼ e

�ie

Z½
�½

Aðxþ ly; tÞ$ydl

�
h bJa



xþ y

2
; t
�
; bJb



x� y

2
; t
�i

; ð24Þ

with the center-of-mass coordinate x ¼ (x1þx2)/2 and the
relative coordinate y ¼ x1�x2. Note that the factor before the
commutator is a Wilson-line factor used to keep gauge invari-
ance, and the integration path of the vector potential A is a
straight line chosen to introduce a clearly defined kinetic mo-
mentum p. Moreover, we have employed a Hartree approxi-
mation for the electromagnetic field and chosen the temporal
gauge A0 ¼ 0. The Wigner operator is defined as the Fourier
transformation of Eq. (24) with respect to the relative coordinate
y, and its vacuum expectation value gives the Wigner function

Wðx;p; tÞ ¼ �1

2

Z
d3ye�ip$y〈0

��bCðx;y; tÞ��0〉: ð25Þ
Decomposing the Wigner function in terms of a complete

basis set

�
1;g5;g

m;gmg5; s
mn :¼ i

2 ½gm;gn�
�
, we have

Wðx;p; tÞ ¼ 1

4
ð1sþ ig5pþ gmvm þ gmg5am þ smntmnÞ; ð26Þ

with sixteen real Wigner components, i.e., scalar sðx; p; tÞ,
pseudoscalar pðx; p; tÞ, vector vðx; p; tÞ, axial vector aðx; p; tÞ,
and tensor tðx; p; tÞ. Inserting the decomposition into the
equation of motion for the Wigner function, one can obtain a
partial differential equation (PDE) system for the sixteen
Wigner components [91]. Furthermore, for the spatially ho-
mogeneous and time-dependent electric fields mentioned
above, by using the method of characteristics, or simply,
replacing the kinetic momentum p by q�eA(t) with the well-
defined canonical momentum q, the PDE system for the
sixteen Wigner components can be reduced to an ODE
system for the ten nontrivial Wigner components
wðq; tÞ ¼ ðs;v; a; t1 :¼ 2ti0eiÞTðq; tÞ,
_wðq; tÞ ¼ Hðq; tÞwðq; tÞ; ð27Þ
where the dot denotes a total time derivative, and Hðq; tÞ is a
10 � 10 matrix.

The one particle distribution function is defined as

f ðq; tÞ ¼ 1

2
eT
1$½wðq; tÞ �wvacðq; tÞ�; ð28Þ

where wvacðq; tÞ ¼ ð svac vvac 0 0 ÞT, svac ¼
�2m=UðpÞ

���
p/q�eAðtÞ

, vvac ¼ �2p=UðpÞ
���
p/q�eAðtÞ

,

U pð Þ
���
p/q�eA tð Þ

¼ fm2 þ ½q� eA tð Þ �2g1=2 is the total energy

of electrons, and e1 ¼ �1=2 wvac is one of the basis of the
ten-component vector w. Notice that the vacuum solution is
wvacðq; tvacÞ.

In order to precisely obtain the distribution function f, we
employ the method used in Ref. [50]. Decomposing the
Wigner components as w ¼ 2ðf � 1Þe1 þ Fw9 with an
auxiliary nine-component vector w9 and a 10 � 9 matrix

F ¼
�
�pT=m 0

19

����
p/q�eAðtÞ

, and applying Eq. (27), we

have
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_f ¼ 1=2 _eT
1Fw9;

_w9 ¼H9w9 þ 2ð1� f ÞG _e1;
ð29Þ

where G ¼ ð 0 19 Þ is a 9 � 10 matrix, and

H9 ¼
0
@ �ep,ET

�
u2ðpÞ �2p� �2m

�2p� 0 0
2ðm2 þ p,pTÞ=m 0 0

1
A���

p/q�eAðtÞ
:

Thus, we can get the one particle momentum distribution
function f(q,t) by solving Eq. (29) with the initial conditions
f ðq;�∞Þ ¼ w9ðq;�∞Þ ¼ 0. Integrating the distribution
function over full momenta at t / þ ∞, we have the number
density of created pairs

nðþ∞Þ ¼
Z

d3q

ð2pÞ3 f ðq;þ∞Þ: ð30Þ

As mentioned earlier in this paper, when g ≪ 1 the
tunneling process, i.e. nonperturbative Schwinger pair pro-
duction, dominates pair production, and when g [ 1 the
main contribution to pair creation comes from multiphoton
mechanism that results in the perturbative multiphoton pair
creation. However, when g � Oð1Þ, i.e. nonperturbative
multiphoton regime [95], multiphoton pair production will
have a nonperturbative signature in which many interesting
features will take place [49,95,96], also seen in our study
below.

5.1. Polarization effect

By solving Eq. (37) numerically, the momentum spectra of
created particles in the polarization plane (qx,qy) can be ob-

tained for different polarizations with g ¼ 0:35
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

p
(Fig. 5). From Fig. 5(a), one can see clearly the oscillatory
structures of momentum spectrum. This result is similar to the
one in Ref. [45], because for d ¼ 0 our electric field Eq. (31)
will become the linearly polarized field as in Ref. [45]. When
d s 0, however, the oscillations vanish and the peak position
of momentum distribution shifts along the direction of qy (see
Fig. 1(b)). When d increases, the momentum distribution of
created eþe� pairs would distorted gradually until it forms a
ring-like structure when d ~ 1. Another interesting phenome-
non is that the interference effects in momentum distribution
disappears in this few-cycle field (s ¼ ut ¼ 5). We think the
reason is that the polarization changes the distribution of
turning points which results in only one pair of turning points
dominating the pair creation. It should also be noted that the
odd electric field component Ey(t) causes the momentum
distribution asymmetric as qy ¼ 0 [97], which is similar to
Fig. 4 of Ref. [45].

Now let us study and discuss the relation between the
structure of the momentum distribution and field parameters.
Based on the analysis in Ref. [50], it is known that for a
circularly polarized field, the circular distortion of momentum

Fig. 5. Momentum spectra of created eþe� pairs in the (qx, qy) plane for different polarizations of (a) d ¼ 0, (b) d ¼ 0.5, (c) d ¼ 0.9, and (d) d ¼ 1.0. Other electric

field parameters are chosen as E0 ¼ 0:1
ffiffiffi
2

p
Ecr, u ¼ 0.05 m and t ¼ 100/m. This figure is from Ref. [51].
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distribution can be enhanced by increasing the pulse duration,
because the produced particles have enough time to follow the
rotation of this field. When the circularly distorted momentum
distribution closes into a ring, interference effects will occur.
An intuitively plausible understanding about this is that the
quantum wave functions of left-moving and right-moving
particles carrying different phases will superpose each other
and induce quantum interference. In fact, in terms of our study,
this effect can not be fully understood just by using circularly
polarized fields and the explanation of superposition of
quantum wave functions of left-moving and right-moving
particles is not adequate.

In order to answer this problem, we increase the cycle
number of electric field (s ¼ 15) by increasing the pulse
duration and plot the momentum spectra of created pairs for
different polarizations in Fig. 6. Indeed, as discussed above,
we can see a ring-like structure and the interference effect in
the momentum spectrum for d ¼ 1 (see Fig. 6(c)). However,
surprisingly we also find that for a small value of d, the par-
ticle distribution in momentum space splits into two segments
in the qy direction and interference effects still exist in each
segment. This result indicates clearly that the interference
effect is related to the cycle number of electric field. Actually,
it is caused by the interference among different pair-creation
amplitudes corresponding to different turning points in the
complex t plane [43]. Thus, for a many-cycle field, there will
be many pairs of turning points having nearly the same dis-
tance to the real t axis and this can induce evident interference
effect [97]. Consequently, the interference effect in mo-
mentum spectrum will become more and more remarkable
with the cycle number increasing.

Since the maximum value of the momentum distribution
function f(þ∞) decreases with polarization, one expects to
conclude that the number density of created eþe� pairs may
have the same dependence relation. However, things are more
complicated than the expectation.

To clarify the number density vs the field polarization, the
number density scanning over the field frequency, for different
polarizations is shown in Fig. 7. It is found that there are many
obvious oscillations on the curves and these oscillations in the
small frequency region vanish gradually as the polarization
increases. In fact these oscillations caused by multiphoton pair
production have been studied for a linearly polarized field in
Refs. [47,49]. Additionally, we also find that for a small field

frequency the number density of created particles decreases
greatly with the polarization. This is attributed to that, for
small laser frequencies, nonperturbative Schwinger pair pro-
duction is more significant. As pair creation is suppressed
exponentially for weak fields, the number density is dominated
by the electric field component with a large amplitude.
Therefore, the polarized field of small d has a larger amplitude
of field component than that of large d, which results in a high
number density.

On the other hand, for large field frequencies, it is found
that the relation between the number density and the polari-
zation of electric field becomes more complicated, because the
perturbative multiphoton process becomes more important. To
see this point clearly, we also plot the number density as a
function of polarization for different laser frequencies in
Fig. 8. It can be seen clearly that the number density of created
pairs can reach its maximum at d ¼ 0, d ¼ ±1, or even
0 < jdj < 1 for different field frequencies. Thus, for a large
laser frequency the relation between the particle number
density and the polarization of electric field is sensitive to the
field frequency.

In a word, we calculate the momentum spectrum and the
number density of created particles in different polarized
electric fields with the same laser intensity and consider the
effects of field polarizations on them. We find that, as

Fig. 6. Momentum spectra of created eþe� pairs in the (qx, qy) plane for different polarizations of d ¼ 0.5, 0.9, and 1, respectively (from left to right). Other electric

field parameters are chosen as E0 ¼ 0:1
ffiffiffi
2

p
Ecr, u ¼ 0.05 m and t ¼ 300/m. This figure is from Ref. [51].

Fig. 7. The number density of created particles n[qz¼0] vs frequency u for

different polarizations of d ¼ 0, 0.5, 0.9, and 1, respectively. Other electric

field parameters are the same as in Fig. 5. This figure is from Ref. [51].
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polarization increases, the circular distortion of momentum
distribution becomes more obvious for few-cycle fields, while
the momentum spectra split for many-cycle fields. It is also
found that the particle number density deceases with polari-
zation for a small laser frequency while the relation between
them is more complicated for a large laser frequency. These
results are expected to be helpful for the understanding of
eþe� pair creation in complex fields. The results presented
here may also be used to build an intimate bridge between
vacuum eþe� pair creation and SFI study.

5.2. Nonperturbative multiphoton signatures in pair
production

By observing the detailed node structures of momentum
spectra, it is found that the even-number photon pair produc-
tion is absent in a certain of parameters. We think it is a typical
one of nonperturbative multiphoton signatures in eþe� pair
production. Now a typical result about the dependence of
distribution function f(þ∞) on the laser frequency is shown in
Fig. 9 for a general elliptic polarization field.

From Fig. 9(a), a case of linearly polarized field d ¼ 0, it is
found that when qx ¼ 0 (x denotes the direction of external
field), there is no even-number photon pair creation, see the
black solid-line. This result can be explained quantitatively
that when qx ¼ 0, one has an expression ff[1þ(�1)nþ1] for
eþe� pair production, see Eq. (3) of Ref. [52] in detail.
Obviously, when n is even number, f vanishes, which shows
that the momentum distribution function becomes zero for
even-number photon pair creation. Our new findings are that
the similar vanishing of even-number photon pair creation
occur also for d s 0, see Fig. 9(b) and (c), but the conditions
are limited to the cases of qx ¼ qy ¼ 0. In our study, we
successfully explained this nontrivial results by applying Eq.
(3) of Ref. [52], but the momentum qx is reasonably replaced

with ðq2x þ q2yÞ1=2.
Another understanding of the vanishing of even-number

photon pair creation is seen from the C-parity selection rule

[95]. It seems to be a more physical interpretation assumed
that the orbital angular momentum (OAM) of created pairs l is
associated with qx. The odd or even l lead to the even or odd
C-parity and the selection rule determines whether the even-
number photon pair creation occurs. If this assumption
holds, it would be a useful technique to detect the OAM in-
formation by analyzing the momentum spectra of the created
particles for the first time. Certainly it is a theoretical
conclusion and its validation needs experimental verification
in the future.

Moreover, from Fig. 9, one can see some oscillations on the
left side of n-photon peaks. This is caused by the combined
effect between Schwinger mechanism and multiphoton pair
production. It is known that a field frequency which is less
than the resonant frequency is unable to overcome the
threshold of pair creation 2m�. However, for some frequencies,
a negative-energy electron in the Dirac sea can be stimulated
to an intermediate state and become a positive-energy electron
by the tunneling process. Therefore, there will present some
peaks of the distribution function for these frequencies. Noted
that the resonance phenomena on pair production are reduced
gradually and even disappears with d. In particular there re-
mains only one photon pair creation when d ¼ 1.

Through the careful study we find that there exists abundant
signatures of created particles in momentum spectrum. Not
only possibly the OAM information of created particles can be
detected by them but also some signatures of ultrashort laser
pulses can be extracted, for example, the frequency informa-
tion. In fact, many works about the momentum structure
depending on the field parameter have been found in atomic
ionization study (see Refs. [98e100]). So we believe that the
phenomena presented in eþe� pair production here are ex-
pected to be observed more easily in atom ionization for
general elliptical polarized laser pulses. It bridges a same
physical mechanism behind the similar phenomena between
eþe� pair production in an ultrastrong laser field and atomic
ionization in an intense laser field.

6. Pair production in terms of CQFT

Finally, we introduce another important approach named
CQFT which is mainly developed by Su and Grobe et al.
[53e58] and then widely explored by many others [59,60].

The idea of CQFT is that the Dirac equation [101,102]

governs an evolution of the field bjðz; tÞ as
ivbjðz; tÞ=vt ¼ 


caz
bPþ bc2 þVðz; tÞ�bjðz; tÞ; ð31Þ

where az and b are the z component and diagonal parts of the
spin Dirac matrix, respectively, c is the light speed of vacuum
and V(z,t) is the scalar potential of applied field. The atomic
units Z ¼ e ¼ me ¼ 1 are used usually in CQFT. In terms of the
creation and annihilation operators, one can express bjðz; tÞ as
follows

Fig. 8. The number density of created particles n[qz¼0] vs polarization d for

different field frequencies. Other electric field parameters are the same as in

Fig. 5. This figure is from Ref. [51].
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bjðz; tÞ ¼X
p

bbpðtÞWpðzÞ þ
X
n

bdy
nðtÞWnðzÞ

¼
X
p

bbpWpðz; tÞ þ
X
n

bdy
nWnðz; tÞ; ð32Þ

where
P
p

and
P
n

denote summation or/and integration over

all positive and negative states, respectively. Meanwhile
Wp(z,t) ¼ 〈zjp(t)〉 andWn(z,t) ¼ 〈zjn(t)〉 are the solutions of the
Dirac equation for the initial conditions of Wp(z,t¼0) ¼ Wp(z)
and Wn(z,t¼0) ¼ Wn(z), respectively, where these initial states
are the corresponding positive and negative energy eigen-
functions of the field-free Dirac equation.

With the help of Eq. (32), one can express the fermion
operators as

bbpðtÞ ¼
X
p0

bbp0Upp0ðz; tÞ þ
X
n0

bdy
n0Upn0ðz; tÞ; ð33Þ

bdy
nðtÞ ¼

X
p0

bbp0Unp0 ðz; tÞ þ
X
n'

bdy
n0Unn0 ðz; tÞ; ð34Þ

bbþ
p ðtÞ ¼

X
p0

bby
p0U

�
pp0 ðz; tÞ þ

X
n'

bdn0U
�
pn0 ðz; tÞ; ð35Þ

bdnðtÞ ¼
X
p0

bby
p0U

�
np0 ðz; tÞ þ

X
n0

bdn0U
�
nn0 ðz; tÞ; ð36Þ

where Up(n)p'(n') ¼ 〈p(n)jp0(n0)(t)〉. Their meanings can be seen
firstly by solving the force-free Dirac wave equation as one
can get the eigenstates jp0(n0)〉, and then by projecting them to
all states jp(n)〉. A useful quantity is the density of the created

electrons re ¼ 〈vac
��bjðþÞyðr; tÞbjðþÞðr; tÞ��vac〉, where bjðþÞ

is

the positive frequency part of the field operator. In one

dimensional case, the number NðtÞ ¼ R
dzre of the created

pairs can be got. In fact, from the analysis mentioned above we
have

re ¼
X
n

��X
p

UpnðtÞWpðzÞ
��2; ð37Þ

and

NðtÞ ¼
X
p

〈vac
��bypðtÞbpðtÞ��vac〉¼X

p

X
n

��UpnðtÞ
��2: ð38Þ

Then the momentum spectrum of the created pairs is also
conveniently got as

rp ¼
X
n

��UpnðtÞ
��2: ð39Þ

Now let us turn to the evolution of the states. Usually it is
realized numerically by using a well known split-operator
technique [53]. The whole evolution time is assumed to be T
with Nt time steps. The whole calculated spatial scale is the
length of L with Nz grid points. Thus the evolution operator in
each time step can be written as

UðtþDt; tÞ ¼ bTexp
8<
:� i

ZtþDt

t

½h0 þVðz; tÞ�dt
9=
;

¼ expf� i½h0 þVðz; tþDt=2Þ�DtgþO
�
Dt3

	
¼ expð�iVDt=2Þexpð�ih0DtÞexpð�iVDt=2Þ

þO
�
Dt3

	
;

ð40Þ

Fig. 9. A function of f(þ∞) with u when E0 ¼ 0:1
ffiffiffi
2

p
Ecr. (a) is the case of linearly polarized electric field, i.e. d ¼ 0, for different momenta q. (b) is the case of

zero momentum, i.e. q ¼ 0 for different polarizations d, which are 0, 0.5, 0.9, and 1 from top to bottom. (c) is the case of nonzero momentum, qx ¼ 0.5 but

qy ¼ qz¼ 0, for different polarizations d, which are 0, 0.5, and 1 from top to bottom. This figure is from Ref. [52].
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where h0 is the Hamiltonian with no field. The matrix elements
Upn(t) can be got through adopting the fast Fourier trans-
formation technique to Eq. (40).

As an illustration of CQFT, we just give a partial presen-
tation of results in our work [60], where we have investigated
the momentum spectrum of the created pairs. A simple scaling
law for the multiphoton process is found.

The total field is constituted by a symmetric potential well
and an alternating field as V(z, t) ¼ V1S(z)f(t) þ V2sin(ut)S(z)
q(t; t0, t0 þ t1), where S(z) ¼ {tanh[(z�D/2)/W]�tanh[(zþD/
2)/W]}/2 with the potential-well field width D and extensionW
at each edge. The function f(t) ¼ sin(pt/2t0)q(t; 0, t0) þ q(t; t0,
t0þt1) þ cos[p(t � t0 � t1)/2t0]q(t, t0 þ t1, 2t0 þ t1) works in
the turn-on and -off processes of the potential-well with the
unit-step-function q(t; t1, t2) when time is between t1 and t2.
Noted that during 0 < t < t0 the potential well exists but it is
turned off at t ¼ t0 þ t1. Since the turning on and off has a
strong effect on pair creation [58], a long duration t0 ¼ 5/c2

has to be used for reducing the possible temporal influence. In
our study, we chose the duration of the oscillating field as (t0,
t0 þ t1) with t1 ¼ 20p/c2 as a few times of laser period. The
behavior of potential V(z, t) can be seen in Fig. 10.

As an example, a typical momentum density distribution of
the created electrons is shown in Fig. 11. The parameters are
chosen as follows: potential well depth V1 ¼ 2c2�10,000 with
width D ¼ 10le which is 10 times of the Compton wavelength
le, oscillating potential amplitude V2 ¼ 2c2�10,000 with
frequency u ¼ 2.1c2. An obvious phenomenon is the mo-
mentum distribution symmetry in this figure.

As shown in Fig. 11(a), one can see that the produced
electrons are grouped when they are created and can absorb
different numbers of photons in the potential well. Corre-
sponding to the multiphoton processes involving different
numbers of photons in Fig. 11(b)e(d), we marked clearly the
concrete value of the momentum for each peak, which would
be very helpful to get the law of multiphoton absorption in the
following.

The simplest one photon process is shown in Fig. 11(b),
where the presented results can lead a simple relation
Epi ¼ Ei þ u between the energy of the created electrons
momentum-peak Epi and the energy levels of electrons in
potential well Ei. These two energies can be determined by the
formula of E2 ¼ p2 þ c4 with p ¼ 2pNp/L and
cp2cot( p2D) ¼ EV1/cp1�cp1 [102], respectively, where Np is
the peak number and L ¼ 2.0 is the length of the numerical

grid, and p2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE þ V1Þ2=c2 � c2

q
and p1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � E2=c2

p
.

The values of Epi and Ei for the 8 peaks of Np ¼ 58, 65, 71, 83,
95, 107, 118, 127 are shown in Table 1. By analyzing them,
one can easily get the law of Epi ¼ Ei þ u which embodies the
one-photon pair creation process.

On the other hand, for those peaks of Np ¼ 9, 33, 39, 47,

the corresponding energies are ENp¼9 ¼ 1:25c2,

ENp¼33 ¼ 1:2539c2, ENp¼39 ¼ 1:3414c2, and

ENp¼47 ¼ 1:4700c2, which locate the left side of Fig. 11(b). It

seems that they have a somewhat more complex relation. In
fact by our studies in detail in Ref. [60], we conclude that
these peaks come from the high-order effects in the interaction
between the energy levels and the “photons” since

ENp¼9 ¼ E3 þ E4 þ u� c2, ENp¼33 ¼ E1 þ E2 þ E3 þ u,

ENp¼39 ¼ E1 þ E2 þ u, and ENp¼47 ¼ E1 þ E2 þ E4 þ u. Also

we found that ENp¼150 ¼ E0 þ 2u in Fig. 11(c) as well as

ENp¼242 ¼ E0 þ 3u in Fig. 11(d) with E0 z E1

þ E2 þ E4 ¼ �0.64c2. This indicates that there exist some
resonances among different levels assisted by multiphoton
process for the pair production. Generally from Fig. 11(c) and
(d), one can also get the relation of Epn ¼ En þ mu for each
peaks of n ¼ 1,2,3,4,5,6,7,8, where m ¼ 2 or/and 3 denote
two-photon and three-photon processes, respectively.

From the view point of CQFT, there exists a relation be-
tween the momentum of the created electrons and the eige-
nenergy of the bound states in the multiphoton pair creation
process strongly. Evenly the pair production by multiphoton
process can occur when the applied fields are subcritical in the
sense of Schwinger critical field. On the other hand, obviously
the multiphoton pair production can be got also via other
different research approaches such as S-matrix, QVE and
DHW mentioned before, which can be considered as some
important complementary and comparable methods to the
study by CQFT here.

7. Conclusion, discussion and outlook

In summary, in this review paper, we have presented many
interesting results of eþe� pair production in ultrastrong laser
fields, including the dependence of eþe� pair momentum
distribution and number density on field parameters, by
employing some important research approaches such as
worldline instantons, S-matrix, QVE, DHW, and CQFT, etc.

Fig. 10. Contour plot of the potential V(z, t). The fields parameters are

V1 ¼ V2 ¼ 2c2�10,000, u ¼ 2.1c2, D ¼ 10le, and W ¼ 0.3le. Other pa-

rameters are t0 ¼ 5/c2 and t1 ¼ 20p/c2.

237B.S. Xie et al. / Matter and Radiation at Extremes 2 (2017) 225e242



Particularly, our works are chosen to be immersed into the
effects of electric field polarization on vacuum pair production
numerically by employing different approaches like of
worldline instantons, S-matrix and the real-time DHW
formalism. It is found that the optimal pair production corre-
sponds to an elliptic polarization in some cases. The effect of
polarization on the momentum spectra of created particles is
very delicated, for instance, for a multi-cycle field the mo-
mentum distribution can split into two segments in the trans-
verse direction and then connect into a ring by increasing the
polarization. This result is similar to the one in SFI. By
studying the effect of polarization on the number density of
created eþe� pairs, we find that for a small laser frequency, the

particle number density deceases with polarization. However,
for a large laser frequency, the number density can reach its
maximum value at linear polarization, circular polarization, or
even elliptical polarization, which seems to be counter-
intuitive.

Due to the use of a general polarized field, our studies not
only reveal several characteristics of pair production which
can not be captured by a linearly polarized or circularly
polarized field, such as the split of momentum spectrum, but
also link up pair production with similar phenomena in SFI
where some experiments are ongoing. Furthermore, because of
the limitation in experiment instruments, a perfect circularly
polarized field is harder to be produced than an elliptically

Fig. 11. Momentum distribution of the created particles for the combined fields. The fields parameters are D ¼ 10le,W ¼ 0.3le, V1 ¼ V2 ¼ 2c2�10,000, u ¼ 2.1c2.

Other parameters are L ¼ 2.0, Nz ¼ 4096, t0 ¼ 5/c2, t1 ¼ 20p/c2 and T ¼ 2t0 þ t1 ¼ (10þ20p)/c2 and Nt ¼ 30,000. This figure is from Ref. [60].

Table 1

The values of Epi and Ei corresponding to the 8 peaks of Np ¼ 58, 65, 71, 83, 95, 107, 118, 127 in Fig. 11(b).

i 1 2 3 4 5 6 7 8

Np 58 65 71 83 95 107 118 127

Epi 1.6637c2 1.7946c2 1.9299c2 2.1496c2 2.4174c2 2.6490c2 2.8841c2 3.0785c2

Ei �0.4247c2 �0.3069c2 �0.1361c2 0.0680c2 0.2919c2 0.5260c2 0.7618c2 0.9778c2
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polarized one. So we believe that our studies about the elliptic
polarization are also more closely associated with the exper-
iment interests.

Besides the study aforementioned about the eþe� pair pro-
duction, some other involved researches are also interesting.
These fields include the muon pair production [104,105], the
cascade eþe� pair production by laser interacting with electron
beams [106,107], the eþe� pair production by laser irradiating
plasmas [108], the properties of ultra-relativistic electron-
positron plasmas [109], QED birefringence problem in a ther-
mal relativistic pair plasma [110] and so on. However, they are
not the main topic of this review paper.

Upon further research on eþe� pair production from vac-
uum in ultrastrong laser fields, we remind the reader to care
about two aspects. One is the newest development of existing
methods to the new field configurations or/and new problems.
For example, Dumlu extended the worldline instantons
research to the multi-dimensional quantum tunneling in the
Schwinger effect [77]. He found that the worldlines were
multiperiodic, and the periods of motion collectively depended
on the strength of spatial and temporal inhomogeneity. More
recently Schneider and Schützhold [111] studied the sub-
leading prefactor in front of the exponential using the world-
line instanton method and found that the main features of the
dynamically assisted Sauter-Schwinger effect, including the
dependence on the shape of the weaker field, were basically
unaffected by the prefactor. Comparison of semiclassical and
Wigner function methods for pair production in rotating fields
can be seen in Ref. [112]. Using QVE research method,
recently, we performed two works for the pair production in
one- and two-color field with frequency chirping [113] and the
modulation effect in multiphoton pair production [114]. A
recent work with CQFT can refer to that [115] by Wang, Liu
and Fu wherein as they showed that eþe� pairs could be
pumped inexhaustibly with a constant production rate from the
vacuum under a very strong well potential with oscillating
width or depth. Moreover, a modified CQFT approach is
developed to study the eþe� pair production in external
electric fields varying both in space and time by Aleksandrov,
Plunien and Shabaev [116]. The stochastic quantization now
has also been used as another promising tool to investigate pair
creation [117].

The other newest development aspect of the topic, maybe
more important, is that the pair production study which has
been extended to the particle-antiparticle production under
fields different from U(1) gauge, for example, under non-
Abelian SU(2) or/and SU(3) fields in the framework of
quantum chromodynamics (QCD). Even the corresponding
cases are studied in the string theory by a famous AdS-CFT
correspondence principle, where AdS and CFT are the
abbreviation of the Anti-de Sitter space and the conformal
field theory, respectively. For QCD case, fermion pair pro-
duction in non-Abelian gauge fields has a long tradition in the
heavy ion community and many important works have been
done [118,119]. Besides, many authors have made efforts to
reveal the quark-antiquark production and the Casimir
dependence of the transverse distribution in non-Abelian

particle production [120e122]. Also of note is that the real-
time lattice gauge theory and/or classical-statistical field the-
ory approach which has been a powerful tool to study strong-
field QED in space-time dependent electromagnetic fields is
now used to study pair creation in the context of non-Abelian
gauge field theories [123e126]. For the case involving of
string theory, Semenoff and Zarembo [127] studied the
tunneling pair creation of W bosons by an external electric
field on the Coulomb branch of N ¼ 4 supersymmetric
YangeMills theory, where they used AdS/CFT holography to
find a generalization of Schwinger formula for the pair pro-
duction rate to the strong coupling, planar limit which includes
the exchange of virtual massless particles to all orders. Sonner
[128] showed that the recently proposed bulk dual of an
entangled pair of quark-antiquark corresponded to the Lor-
entzian continuation of the tunneling instanton describing
Schwinger pair creation in the dual field theory. By using AdS-
CFT, in the work of Ref. [129], Ghodrati studied the critical
electric field, the Schwinger pair creation rate and the potential
phase diagram for the quark-antiquark production in the
typical four confining supergravity backgrounds. It is found
that the phase transitions have different rates in different su-
pergravity backgrounds. Very recently we also tried to extend
our research from QED to QCD case for the pair production in
strong SU(2) background fields [130]. While the treatment is
in classical framework, it is interesting to find that the mo-
mentum distribution of the particle is first centered on two
islands but gradually split into narrower region on the color
charge sphere. It ultimately reaches a steady state that is
related to the field amplitude and variation. The problem is
under active study by us now, and complete quantum treatment
is needed to reveal the physics behind it.

Therefore the topic of present review tells us that pair
production from vacuum in ultrastrong laser fields is still an
open problem in both theoretical challenging feature as well as
the experimental realization. It is a highly interdisciplinary
field which will affect the deep understanding of basic QED,
quantum vacuum, nonlinear science and the properties of early
universe stage. The techniques contents behind the theoretical
studies maybe have potential applications to many fields such
as the detection of the features of applied external laser fields
as well as the created particles.
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