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Abstract

The equations of state (EOSs) of materials are the cornerstone of condensed matter physics, material science, and geophysics. However,
acquiring an accurate EOS in diamond anvil cell (DAC) experiments continues to prove problematic because the current lack of an accurate
pressure scale with clarified sources of uncertainty makes it difficult to determine a precise pressure value at high pressure, and non-
hydrostaticity affects both the volume and pressure determination. This study will discuss the advantages and drawbacks of various pressure
scales, and propose an absolute pressure scale and correction methods for the effects of non-hydrostaticity. At the end of this paper, we analyze
the accuracy of the determined EOS in the DAC experiments we can achieve to date.
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1. Introduction

The equations of state (EOSs), which link the thermody-
namic variables (pressure, temperature, volume, etc.) of ma-
terials, are of great interest to condensed matter physicists,
material scientists, and geophysicists. The EOSs of materials
are appropriate benchmarks for testing the validity of various
theoretical models in condensed matter physics. In geophysics,
the EOSs of the candidate minerals in the Earth's interior are
indispensable for building its compositional model.

Benefiting from the developments of synchrotron X-ray
diffraction (XRD) and double-sided laser heating techniques
in the past decades, the diamond anvil cell (DAC) is routinely

used to determine the EOS of materials up to 100 GPa and
3000 K [1]. The highest pressures and temperatures that can be
achieved in DAC are up to ~750 GPa [2] and ~6000 K [3]. In
laser heating DAC experiments, the pressure is determined
from the pressure scales (e.g., known EOSs of materials, the
ruby fluorescence pressure scale, or other secondary optical
pressure scales); the temperature is determined from the
thermal radiation spectrum of samples; and the volume is
determined from the X-ray diffraction patterns of samples [1].

In this paper, we focus on EOS determination under
ambient temperatures. Currently, the uncertainties of pressure
scales and the effects of non-hydrostaticity in DAC prevent us
from achieving accurate EOS. We attempt to address the un-
certainties of various pressure scales, and analyze the non-
hydrostaticity effects quantitatively in volume determination
(and subsequently the pressure determination) of materials by
XRD technique under high pressures.
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This paper is organized in three parts: various pressure
scales and their advantages and disadvantages are summarized
and discussed in Section 2; the effects of non-hydrostaticity
and methods to correct them in DAC XRD experiments are
discussed in Section 3; and in Section 4, we analyze the ac-
curacy of the determined EOSs we can achieve to date.

2. Pressure scale

There are two categories of pressure scales in DAC ex-
periments: (1) the known EOSs of materials derived from
experiments (ultrasonic [4e7], shock-wave [8e10], Brillouin
scattering and X-ray diffraction [11], etc.) or theoretical cal-
culations (thermodynamic calculations [12,13] and density
function theory (DFT) calculations [14,15]); and (2) the
pressure scales calibrated against the known EOSs of mate-
rials, especially the optical pressure scales (fluorescence of
ruby [16,17] and SrB4O7:Sm

2þ (SBO) [18e20], Raman signal
of diamond [21e24] and c-BN [25e27], etc.). The first cate-
gory of pressure scales is impractical in bench-top experi-
ments, where high intensity X-ray is often unavailable,
whereas the calibrated optical pressure scales are widely used.
Generally, pressure standard candidates have simple and stable
crystal structures in a wide pressure and temperature range,
and are chemically inert to the samples and pressure trans-
mitting media (PTM). This section introduces how various
pressure scales were established, and discusses the advantages
and disadvantages of each pressure scale. At the end of this
section, we propose an absolute pressure scale with refined
sources of uncertainty.

2.1. Known EOS of candidate materials

2.1.1. Analytical EOS and ultrasonic determination
The elastic constants and subsequently the bulk moduli of

materials can be derived by determining their acoustic wave
propagation velocities in single crystals along different di-
rections, with ultrasonic techniques. Fitting the obtained

pressure-bulk modulus data provides constrains on the pressure
derivative of the bulk modulus. Basically, this is the normal
approach to obtain materials' accurate bulk moduli and its
pressure derivatives. Unfortunately, traditional ultrasonic tech-
niques are limited in low pressure ranges, usually below 20 GPa
[28]. However, recent advances in gigahertz ultrasonic tech-
niques [29], laser ultrasonic techniques [30], and inelastic X-ray
scattering techniques [31] in DAC experiments have extended
the pressure limit to mega-bar range.

The obtained bulk modulus and its pressure derivatives are
plugged into EOS formulas to describe the compressive
behavior of materials under higher pressures. The most widely
used EOS formulas are the third-order BircheMurnaghan
EOS (3-BM) [32,33]:
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and the Vinet EOS [34,35].
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whereV,V0,K0 andK
0
0 are the volume at pressureP, the volume at

ambient pressure, the bulk modulus at atmospheric pressure, and
the pressure derivative of the bulk modulus, respectively. We are
now concerned with the following question: for a material with
givenvolumeV, are there any differences in pressure if we use the
sameK0 andK

0
0 values but different EOS formulas to calculate its

pressure? We calculated the isotherms of six widely-used pres-
sure standardmaterials (Al,W, Au, Pt, Ta and Cu) with the 3-BM
and Vinet EOS formulas respectively, using the same K0 and K

0
0

values. The pressure differences for each material are illustrated
in Fig. 1. The 3-BM EOS formula gives a higher pressure for all
six materials. Below ~20 GPa, the two EOS formulas give
consistent pressures. However, the pressure difference reaches
~8% for Al, ~4% for Cu, and less than 2% forW, Au, Pt and Ta at
100 GPa. These pressure differences cannot be ignored, espe-
cially for Al and Cu. This result demonstrates that we must
carefully choose appropriate EOS formulas to describe the
compressive behavior of materials. The Vinet EOS formula,
derived from an empirical inter-atomic potential, ismore suitable
to describe compressible solids under high pressures [36].

2.1.2. Shock-wave reduced isotherms (SWRIs)

(1) Grüneisen framework

The isotherms reduced from the Hugoniot curve within the
framework of the Grüneisen EOS or Grüneisen function
[9,16,39] are:

Fig. 1. The pressure difference of Al, W, Au, Pt, Ta, and Cu, when using the

same K0 and K 0
0 values but different EOS formulas. The K0 and K 0

0 values

determined by ultrasonic techniques are from Ref. [4] for Al, Ref. [7] for W,

Ref. [5] for Au, Ref. [37] for Pt, Ref. [6] for Ta and Ref. [5,38] for Cu

respectively.
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P300 ¼ PH � ðg=VÞðEH �E300Þ ¼ PH �PT ð3Þ
where g is the Grüneisen parameter and E300 is the specific
isothermal energy at V and 300 K. The specific Hugoniot en-
ergy is given by:

EH ¼ 1

2
PHðV0 �VÞ ð4Þ

E300 consists of two parts: the compressional energy along
the 0 K isotherm plus the thermal energy required to raise the
temperature to 300 K. For example:

E300 ¼�
Z

V
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P0KdV þ
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0
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where CV is the specific heat at constant volume. The pressure
along the 0 K isotherm P 0K can be determined again by
employing the Grüneisen EOS:

P0K ¼ PH � ðg=VÞ
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(2) Mean-field potential (MFP) approach [40e42]

The Helmholtz free-energy F(V,T ) per ion at certain vol-
umes V and temperatures T can be written as:

FðV ;TÞ ¼ EcðVÞ þFionðV ;TÞ þFelðV ;TÞ ð7Þ
where Ec(V) is the total energy at 0 K, Fion is the vibration-free
energy of lattice ions, and Fel is the free energy arising from
the thermal excitation of electrons. The Ec(V) is calculated
within the framework of the full-potential linearized
augmented plane-wave (LAPW) method. The Fion is estimated
using the mean-field potential:

g r;Vð Þ ¼ 1

2
Ec Rþ rð Þ þEc R� rð Þ � 2Ec Rð Þ½ � ð8Þ

where R is equilibrium position of lattice ion and r is the
deviate distance from R. The Hugoniot curves viz. P(X ),
where X is the volume compression ratio, describes the rela-
tionship of pressure and volume under shock compression.
The experimental shock-wave data Xex

swðPÞ can be expressed
as:

Xex
swðPÞ ¼ Xex

300ðPÞ þXex
th ðPÞ ð9Þ

where Xex
300 is the experimental 300 K isotherm and Xex

th is the
volume expansion of the principal Hugoniot curve, relative to
300 K isotherm. Accordingly, the calculated results of the
MFP approach can also be written in the equivalent form:

XMFP
sw ðPÞ ¼ XMFP

300 ðPÞ þXMFP
th ðPÞ: ð10Þ

Following the MFP approach, the XMFP
sw and XMFP

300 can be
easily calculated. The reduced 300 K EOS from Hugoniot data
can be obtained using the following form:

Xrd
300ðPÞzXex

300ðPÞ ¼ Xex
swðPÞ �

�

XMFP
sw ðPÞ �XMFP

300 ðPÞ� ð11Þ
Hozapfel [13] pointed out that the theoretical models used

to derive SWRIs from Hugoniot data did not usually take into
account the following effects: anharmonicity, dispersion in the
Grüneisen parameters, and the creation of defects, etc.
Hozapfel also considered that different models were required
for materials in different states (solid states, fluid states, and
their mixed states) [13]. The temperature and thermal pressure
introduced in the isentropic compression are significantly
lower than Hugoniot, thus Chijioke et al. recommended that
the isentropes were better reference curves than Hugoniot for
deriving more accurate 300 K isotherms [43]. The Hugoniot,
isentrope and isotherm are compared schematically in Fig. 2.

2.1.3. Thermodynamic deduced isotherms (TDDIs)

(1) Dorogokupets and Oganov's work [12]

Dorogokupets and Oganov tried to construct a semi-
empirical EOS to describe the compressive behaviors of ma-
terials in wide pressure and temperature ranges, based on
shock-wave, ultrasonic, X-ray diffraction, and thermochemical
data. They wrote the Helmholtz free energy as the sum of six
parts:

F ¼ U0 þEðVÞ þFqhðV ;TÞ þFanhðV ;TÞ þFelðV;TÞ
þFdefðV ;TÞ ð12Þ

where U0 is the reference energy, E(V) is the cold part of the
free energy at reference conditions (ambient condition, for
example), and Fqh(V,T ), Fanh(V,T ), Fel(V,T ) and Fdef(V,T ) are
the quasi-harmonic part, intrinsic anharmonic part, electronic
contribution, and thermal defect contribution to the Helmholtz
free energy, respectively. The latter five parts of Eq. (12) are
analytic. Eq. (12) is universal and 22 parameters are needed to
define the Helmholtz free energy of a specific material. By
fitting it to the accurate experiment data, unbiased by pressure
calibration (heat capacity, relative enthalpy, volume, thermal
expansion, adiabatic bulk modulus at zero pressure and
various temperatures, Hugoniot pressure at specific

Fig. 2. A schematic comparison of Hugoniot, isentrope, and isotherm.
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compression, etc.), the 22 parameters are acquired, and the
EOS of a specific material can be calculated.

(2) Holzapfel's work [13]

By further considering the dispersion in mode-Grüneisen
parameters and anharmonic phonon contributions to free en-
ergy, thermophysical data at low pressure and especially
temperature dependence on bulk moduli at ambient pressure
K 0
0ðTÞ, is used to constrain a thermodynamic model for EOSs

in wide ranges of pressure and temperature. Using the con-
strained model, the EOSs of Cu, Ag, and Au were obtained.

(3) Jin's work [44,45]

Jin et al. calculated the thermal EOSs of MgO, Au and Pt
using the Hugoniot data within the MieeGrüneisen frame-
work. The bulk moduli and their pressure derivatives of the
materials at 0 K are derived from the 300 K Hugoniot pa-
rameters, and then plugged into a special EOS formula to
obtain their 0 K isotherms. By adding the thermal pressure
relative to the 0 K isotherm at given temperature, the thermal
EOSs of materials are acquired. This procedure has an
advantage of calculating the 0 K isotherm, following Wu's
approach [46], which is an analytic and convenient method to
calculate the 0 K isotherm.

Dorogokupets [12] and Holzapfel [13] both present
appropriate constrained thermodynamic models for the EOSs
of materials, especially for metals. Generally, the EOSs
derived from the constrained thermodynamic model are reli-
able and have less uncertainties. However, the thermophysical
and/or the thermochemical data, which is used to constrain the
thermodynamic model, needs to be carefully selected in order
to constrain all the effects that contribute to the free energy.

2.1.4. Absolute pressure scale (APS)
In 1973, by simultaneously determining the length and

transit time of a material under isotropic compression, Ruoff
et al. developed a method to obtain the absolute pressure [47]:

P¼ P0 � 3r0l
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D Pð Þ ¼ b2BST
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r0, l0 are the density and length of material at ambient pres-
sure; tl and ts are the travel time of the longitudinal wave and
shear wave, respectively. b, BS, T, CP are the volume thermal
expansion coefficient, adiabatic bulk modulus, absolute tem-
perature, and specific heat, respectively. Eq. (13) denotes that
if l, tl, and ts are measured simultaneously, the absolute
pressure can be determined. Obviously, there were two
drawbacks of this method in the 1970s: (1) there was no

method to measure the length of materials under compression
directly; and (2) the pressure range that the ultrasonic tech-
nique could achieve was too low. These two disadvantages
were overcome by Li et al. in 2005 [48]. By simultaneously
measuring the travel time with an ultrasonic technique, the
density by X-ray diffraction (XRD), and the length by X-ray
radiography, Li et al. developed an absolute pressure scale of
NaCl EOS up to 20 GPa.

Later, Xu et al. [49] proposed an approach to achieve an
accurate EOS of materials by combining the Brillouin scat-
tering and single crystal X-ray diffraction techniques, without
any theoretical assumptions:

P¼�
Z

V

V0

KTðV 0Þ
V 0 dV 0 ð15Þ

The KTðV 0Þ relationship is acquired by performing the
XRD and Brillouin scattering determinations on the sample
under the same loading environment. The volume of the
sample is determined by the XRD technique. For Brillouin
scattering experiments, the elastic wave velocities along
different specific crystal directions of transparent single
crystals are determined. Then the elastic constants and sub-
sequently the adiabatic bulk modulus KS is derived from the
velocities. The isothermal bulk modulus KT is calculated from
KS using the following relationship:

KT ¼ KS=ð1þ agTÞ ð16Þ
where a and g are the thermal expansivity, and Miee-
Grüneisen parameter, respectively. It is a challenge to deter-
mine accurate g under high pressure. Consequently, the
uncertainty is introduced during the transformation from KS to
KT. This uncertainty is amplified by integration [50]. This is
one of the inherent drawbacks of this approach, and another
one is that the Brillouin scattering determination is only
feasible for an optically transparent sample.

The EOS established after this proposal was regarded as an
absolute pressure scale (APS) because no theoretical as-
sumptions were involved. Zha et al. [11] established an EOS
of MgO following Xu's proposal [49]. However, Zha et al.
used single crystal samples for Brillouin scattering determi-
nation, but powder samples for XRD experiments [11]. The
ruby fluorescence shift was used to bridge the adiabatic bulk
modulus and the volume of MgO. This experimental proce-
dure introduced two problems: (1) the samples were in two
different sample chambers and stress environment difference
must be carefully analyzed; and (2) the responses of poly-
crystalline versus single crystals to uniaxial loading in a DAC
may be different.

The EOS of cubic SiC was established by simultaneously
determining its acoustic velocities and density on single
crystal samples, without referring to any prior pressure scale,
up to 65 GPa with a precision of 2%e4% [51]. They believed
the main source of uncertainty came from the Brillouin
spectroscopy, the accuracy of which is ±200 m/s, corre-
sponding to the 2%e4% uncertainty of the elastic moduli of
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cubic SiC. Meanwhile, the conversion from KS to KT intro-
duced a negligible uncertainty of ~0.05% at room temperature.
Goncharov et al. extended this route to high temperature and
established the c-BN pressure scale up to 723 K [27].

2.1.5. DFT calculated EOS
The DFT calculation results are “exact” if the exchange-

correlation energy of a material is known exactly. However,
in general, the local-density approximations (LDAs) give
smaller volumes, while the generalized gradient approxima-
tions (GGAs) give larger volumes compared to the experi-
mental values. Kunc and Syassen discovered that the
derivative bulk modulus K

0
(V) of materials was independent of

the approximations used for the electronic exchange correla-
tion, by using a simple scaling of P and V, where both LDA
and GGA calculations gave consistent K

0
(V) [14]. The calcu-

lated K
0
(V) with experimental data of V0 and K0 describes the

EOS of materials completely.

2.2. Ruby pressure scale

2.2.1. Ruby pressure scale based on SWRIs
Since Forman et al. [52] proposed that the red-shift effect of

ruby R-line fluorescence could be used as a pressure gauge in
DAC experiments, the ruby pressure scale has been widely
calibrated and applied [16,17]. This rapid, convenient, and
precise pressure measurement technique is the dominant
reason why the DAC was widely accepted and deeply
impacted on high pressure research.

The most important and widely accepted ruby pressure
scales (RPSs) were calibrated by Mao et al. based on the
SWRIs of metals, in 1978 and 1986 respectively [16,17]. The
calibration route is illustrated in Fig. 3. In 1978, the RPS was
calibrated based on the SWRIs of Cu, Ag, Mo and Pd, using
the methanol-ethanol mixture as pressure transmitting media
(PTM), and was subsequently acknowledged as a non-
hydrostatic ruby pressure scale:

P¼ A

B

"

�

l

l0

�B

� 1

#

; A¼ 1904 GPa; B¼ 5 ð17Þ

where l0 and l are the center wavelengths of the R1 peak of ruby
fluorescence at ambient pressure and high pressure, respec-
tively. This calibration was referred to as MBSS78 thereafter,
and was named after the initials of the family names of the
authors and the year the paper was published. This P(l) rela-
tionship was later recalibrated based on the SWRIs of Cu and
Ag, using argon as a pressure transmitting medium, and ob-
tained A ¼ 1904 GPa, and B ¼ 7.665. This recalibrated quasi-
hydrostatic RPS (MXB86) gives higher pressures than the
non-hydrostatic RPS (MBSS78) does at a given wavelength.

Mao et al. [16] pointed out that the accuracy of the
Hugoniot data itself, the yield strength of the materials and
validity of the theory model used to convert the Hugoniot
curve to isotherm, were the dominating sources of uncertainty
in the SWRIs. These uncertainties transferred to the RPS and

were also the focus of the consequent correction to MXB86
pressure scale [17]. In addition, logically the uncertainty of the
l(V) relationship determined from DAC experiments and the
difference between shock wave and DAC experiments are two
further sources of uncertainty.

In 1987, based on the EOS of diamond, Aleksandrov et al.
calibrated a new RPS (AGZS87) and pointed out that the
MXB86 pressure scale underestimated pressure [53]. They
also gave a new formula to describe the P-l relationship:

P¼ A
l� l0

l0

�

1þm
l� l0

l0

�

ð18Þ

whereA¼ 1892GPa andm¼ 6.4. TheAGZS87 pressure scale is
~16 GPa (~12%) higher than the MXB86 scale when the red
shift is 40 nm. This large discrepancy was catastrophic for high
pressure researchers. Since then, several investigations have
focused on revealing the physical problems beneath this unac-
ceptable discrepancy, and calibrating more accurate RPS. Some
of the most important work is reviewed below:

(1) H03

In order to reconcile the discrepancy between the X-ray
diffraction results based on MXB86 and the ultrasonic results
at low pressure of diamond and Ta, Holzapfel considered that
the MXB86 underestimated pressure and proposed a new RPS
(H03, A ¼ 1904 GPa, and B ¼ 10.4) [54]. H03 falls between
the MXB86 and AGZS87 pressure scales. Holzapfel also
proposed a new form for the ruby line shift under pressure,
especially at very high pressures:

P¼ A

BþC

 

exp
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BþC

C
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1�
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l0

��C
#)

� 1

!
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with A ¼ 1820 GPa, B ¼ 14 and C ¼ 7.3. This form converts
to Eq. (17) when C drives to zero. However, Eq. (17) is
considered to be adequate for pressures below 200 GPa
[15,43,55].

(2) DLM04

Dewaele et al. compared the SWRIs and the determined
EOSs of six metals (Al, Cu, Ta, W, Pt, and Au) based on the
MXB86 pressure scale, and revealed a systemic error [56]

Fig. 3. The logical flow of calibrating a ruby pressure scale.
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which they considered arising from the underestimation of
pressure by MXB86. They proposed a new pressure scale to
avoid this systemic error (DLM04, A¼ 1904 GPa, and B¼ 9.5).
Dorogokupets et al. regarded this correction as “revolutionary”
work [12]. Actually, this work revealed the physical problems in
the pressure scale calibration procedure based on SWRIs. Un-
fortunately, they used a mathematical approach to resolve the
physical problem without enough physical constrains. The
“fan” curves in Fig. 3(b) of Ref. [56] indicate intrinsic property-
dependent errors from the shockwave data reduction procedure,
which are not included in this systemic error. Furthermore, the
SWRIs they used were reduced with different thermodynamic
models and the discrepancies amongst different models are also
involved in the “fan” curves. This material-dependent error
needs further study. In addition, this correction result is
dependent on the materials selected. In 2008, the same group
recalibrated the RPS following the same procedure applied to
their 2004 work (DTLM08) [57], but used SWRIs of different
metals. The discrepancy reaches 1.3 GPa at the pressure of
120 GPa, just because different metals were selected in these
two pressure scale calibrations.

(3) CNSS05

As highlighted by Mao et al., the strength of materials was
a main source of uncertainty in SWRIs [16]. However, because
of the lack of experimental strength data, the strength
correction was not performed in their calibrations. Chijioke
et al. calibrated a new RPS based on the SWRIs of Cu, W, Al,
Au, Pt, and Ta with careful thermal pressure and strength
corrections (CNSS05, A ¼ 1876 GPa, B ¼ 10.7) [43,58]. They
also proposed new formula for RPS:

P¼ A

"

l� l0
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l� l0
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�2
#

ð20Þ

with A ¼ 1798 GPa and B ¼ 8.57.

(4) LBX13

In addition to the uncertainty of SWRIs, the non-
hydrostaticity in DAC experiments, which affects the l(V)
and consequently the P(l) relationship, is also an inevitable
source of uncertainty in the RPS. The non-hydrostaticity effect
on volume determination by the conventional X-ray diffraction
method is discussed in detail in Section 3. Liu et al. revised the
X-ray diffraction data which was used to calibrate the MXB86
pressure scale, and corrected the non-hydrostaticity effect on
volume determination [59]. They recalibrated a new RPS
based on the corrected diffraction data of Cu and Ag (LBX13,
A ¼ 1904 GPa, B ¼ 9.827). We believe that the non-
hydrostaticity or the strength effect of the PTM needs to be
carefully analyzed in the RPS calibration procedure, especially
when poor PTM is used.

Obviously, each correction mentioned above just focused
on only one of the sources of uncertainty in the calibration
procedure, as illustrated in Fig. 3. Logically, all the effects

need to be taken into account to achieve a precise RPS.
However, directly summing up all the corrections above will
overestimate pressure because several of the corrected RPSs
involved more than one effects involuntarily. For example, in
CNSS05 [43], the non-hydrostaticity effect was partly avoided
because a very soft PTM was used. At any rate, it is no easy
job to rule out all the sources of uncertainty mentioned above
to achieve an accurate RPS, following the procedure illustrated
in Fig. 3.

The various RPSs are summarized in Table 1 and their
discrepancies are illustrated in Fig. 4.

2.2.2. RPS based on APS
Zha et al. [11] proposed a RPS based on the absolute

pressure scale of the MgO EOS (ZMH00, A ¼ 1904 GPa,
B ¼ 7.715). ZMH00 agrees with MXB86 up to 55 GPa within
a ±1% accuracy. However, because of the experimental
drawbacks discussed in Section 2.2, it is necessary to improve
ZMH00 RPS using single crystal diffraction data. Jacobsen
et al. [60] performed a single crystal diffraction experiment to
determine the cell volumes of MgO in helium up to 118 GPa.
Unfortunately, the single crystal data was not used to establish
a more accurate MgO APS, whereas they just calibrated a new
RPS (JHAF08, A ¼ 1904 GPa, B ¼ 10.32) against the MgO
APS proposed by Zha et al. [11].

In order to overcome the drawbacks of the MgO APS
proposed by Zha et al., Bi and Xu performed new single
crystal X-ray diffraction experiments on MgO. Combining
their single crystal diffraction (Jacobsen's data below 65 GPa
was included) and the Brillouin scattering data of Zha et al.,
they proposed a new MgO APS up to 65 GPa (BX11,
A ¼ 1904 GPa, B ¼ 9.32), following the procedure of Xu [49]
with an uncertainty of ~1.5% [61]. Furthermore, more

Table 1

Summary of RPS. There are four functional forms to describe the ruby R1 line

shift with pressure, e.g., Eqs. (17)e(20).

RPS Parameters Pressure standards Ref

MBSS78 Eq. (17): A ¼ 1904, B ¼ 5 SWRIs [16]

MXB86 Eq. (17): A ¼ 1904, B ¼ 7.665 SWRIs [17]

AGZS87 Eq. (17): A ¼ 1918, B ¼ 11.7 Based on

ultrasonic data

[53]

Eq. (18): A ¼ 1892, B ¼ 6.4

ZMH00 Eq. (18): A ¼ 1904, B ¼ 7.715 APS of MgO [11]

H03 Eq. (18): A ¼ 1904, B ¼ 10.8 Based on

ultrasonic data

[55]

Eq. (19): A ¼ 1820, B ¼ 14,

C ¼ 7.3

DLM04 Eq. (17): A ¼ 1904, B ¼ 9.5 SWRIs, eliminate

systematic error

[57]

CNSS05 Eq. (17): A ¼ 1876, B ¼ 10.71 SWRIs with strength

corrections

[44]

Eq. (20): A ¼ 1798, B ¼ 8.57

DO07 Eq. (18): A ¼ 1884, B ¼ 5.5 Semiempirical EOS [12]

DTLM08 Eq. (17): A ¼ 1920, B ¼ 9.61 Eliminate systematic

error

[58]

JHAF08 Eq. (17): A ¼ 1904, B ¼ 10.32 APS of MgO [61]

BX11 Eq. (17): A ¼ 1904, B ¼ 9.32 APS of MgO [62]

JWGC12 Eq. (17): A ¼ 1923, B ¼ 9.75 Calculated EOS [45,46]

Eq. (18): A ¼ 1889, B ¼ 5.48

LBX13 Eq. (17): A ¼ 1904, B ¼ 9.827 SWRIs [60]

ZGTD13 Eq. (17): A ¼ 1761, B ¼ 11.92 APS of SiC [52]
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accurate models were used to estimate the g and a values at
various pressures:

g¼ g∞ þ ðg0 � g∞Þ
�

V

V0

�b

ð21Þ

where g0 ¼ 1,522, g∞ ¼ 1.111 and b ¼ 4.509 are taken from
Dorogokupets and Oganov [12];

a¼ a0 exp

�

� d

�

1� V

V0

�	

ð22Þ

where a0 ¼ 3.17 � 10�5 K�1 and d ¼ 4.796. By performing
the numerical integration of the KT(V) obtained from Eqs.
(15), (16), (21) and (22), an absolute pressure scale can be thus
established. This scale can be also expressed with a form of
the Vinet equation, taking r0 ¼ 3.586 g/cm3, K0 ¼ 156.5 GPa,
K0

0 ¼ 4.275. The isothermal to adiabatic correction produces a
1.5% change at atmospheric pressure and with monotonous
decreases in pressure, it becomes only 0.4% at 65 GPa.

Now we will discuss the accuracy of this APS in detail.
From Eq. (15), we have:

DPz�
Z

ðDKT=KTÞðK=VÞdV þ
Z

ðK=VÞðDV=VÞdV ð23Þ

where the measuring error DK/K is ~0.6% in Brillouin scat-
tering [64], and DV/V is ~0.3% [65], so Eq. (15) can be
rewritten as:

DPz0:006

Z

ðKT=VÞdV þ 0:003

Z

ðKT=VÞdV ¼ 0:009P

ð24Þ
Therefore, the pressure determination uncertainty DP/P is

~0.9%. Furthermore, the different choice of a and g of MgO
in the conversion from KS to KT leads to a further ~0.6% in the
pressure determination. Eventually, the pressure determination
uncertainty is ~1.5% for MgO APS.

Both Jacobsen and Bi used Zha's Brillouin scattering data,
where the sample stress environment is complicated and

additional uncertainties are consequently involved. Therefore
a simultaneous X-ray diffraction and Brillouin scattering
experiment performed on a specific MgO single crystal sample
is still required to ensure that we acquire the bulk modulus and
density of MgO under the same stress environment. A Bril-
louin spectrometer was installed at the 13-BM-D beamline at
GSECARS of Advanced Photon Source in 2006 [62]. This
unique facility is capable of establishing an absolute pressure
scale, (e.g., the EOS of transparent crystal) without resorting
to any previous pressure scales, thus calibrating an accurate
RPS.

2.2.3. Ruby pressure scale based on TDDI
Based on the EOS calculated from the thermodynamic

models, Dorogokupets [12], Holzapfel [13], and Jin [44,45]
calibrated the RPSs, respectively. Dorogokupets and Jin
tested the validity of their materials' EOSs by showing the
pressure consistency of different pressure gauges in the same
run of experiments. However, it is worth mentioning that this
test has an intrinsic drawback; even if the EOSs of two ma-
terials are exact and consistent with each other, the determined
pressures are not consistent with each other because of the
existence of non-hydrostaticity in the DAC experiments. The
discrepancy between the determined pressures is determined
by (YPTM/GSAMPLE1�YPTM/GSAMPLE2). The non-hydrostaticity
effect in DAC experiments will be discussed in detail in
Section 3.

2.2.4. Other secondary optical pressure scales
In addition to the RPS, other secondary optical pressure

scales (such as the fluorescence of SrB4O7:Sm
2þ (SBO), the

Raman signal of c-BN and diamond) are alternative practical
pressure scales. The SBO has four advantages over ruby to
serve as a pressure standard [63]: (1) The single character of
its fluorescence overcomes the R1 and R2 peak overlap
problem of ruby fluorescence, which is the main determining
error source of the RPS at high pressure and/or non-
hydrostatic pressure; (2) It is not very sensitive to non-
hydrostaticity; (3) It is softer than ruby and is more suitable
for determining the pressure of soft samples because the stress
concentration effect is partially avoided; (4) It is non-sensitive
to temperature which is very important to determine pressure
at high temperature.

Another candidate pressure scale is c-BN. Its intense
Raman signal (which increases with increasing temperature) in
addition to its stable crystal structure and chemical inertia,
makes it especially suitable for high temperature studies.
Temperature can be simultaneously and conveniently deter-
mined from the same Raman spectra by the intensity ratio of
Stokes and anti-Stokes peaks. For example, the frequency shift
of the transverse optical phonon (TO) of cubic boron nitride
was calibrated to high pressures and high temperatures
[25e27,64].

The Raman signal from the culet of the diamond anvil is
also used as a pressure scale, especially when other pressure
gauges in the sample chamber are disabled at ultrahigh pres-
sures [21e24]. However, the P(n) relationship of diamond is

Fig. 4. Comparison of various calibrated and corrected ruby pressure scales.
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dependent on the non-hydrostaticity, the crystallography
orientation, and geometry of the anvil [24], which means that
the specific P(n) relationship is not universal for all de-
terminations, and careful calibration is required before
experiments.

2.3. Discussions

As Holzapfel points out, “starting from shock wave data,
introduces too many uncertainties” [13]. This conclusion is
easily deduced logically from Fig. 3. The TDDI EOS needs
lots of experimental thermophysical and thermochemical data
to constrain the thermodynamic model. The precision of the
selected experimental data and what data is selected de-
termines the validity and accuracy of the thermodynamic
model, and subsequently the accuracy of the calculated EOS.
Furthermore, the TDDI EOS needs to be compared with a
benchmark which is independent of any prior pressure scale,
before we test the validity of the theory model. Amongst the
five methods to achieve the EOSs of materials discussed in
Section 2.1, the APS is the most valid, accurate, and important
approach, where we can recognize all the sources of uncer-
tainty. Thus, the APS is the most appropriate benchmark to
test the validity of the DFT calculation results, the thermo-
dynamic model, and to calibrate the secondary pressure scales,
like RPS for example.

To achieve a smaller uncertainty in pressure determination,
we need more accurate KT and V according to Eq. (21). For KT,
reducing the uncertainty from the Brillouin scattering experi-
ment relies on technical development. However, we can ach-
ieve more accurate a from the thermal EOS and more accurate
g form Raman [66] and diffraction [67] experiments. More
accurate a and g will lead to a smaller level of uncertainty in
the conversion from KS to KT. For V, the important issue of
non-hydrostaticity in the DAC under high pressure needs to be
carefully considered. The non-hydrodstaticity effect in DAC
experiments is the topic of Section 3.

The APS is an appropriate benchmark to test the validity of
other methods which are used to achieve EOSs of materials. It
can also be used to calibrate other pressure gauges, EOSs of
candidate materials, the ruby fluorescence pressure scale, and
other secondary optical pressure scales.

3. Non-hydrostaticity and volume determination

3.1. Stress state in DAC

There are two categories of stress that the sample endures
in the chamber of DAC: the microscopic stress and the
macroscopic stress. The microscopic stress, i.e., the deviatoric
stress field throughout the sample, varies from grain to grain.
The existence of microscopic deviatoric stress only broadens
the X-ray diffraction peaks, but does not shift the peaks to
lower or higher 2q angles, so does not change the d-spacing
values of the sample [68]. The macroscopic stress produced in
the sample, which is embraced in PTM, is sketched in Fig. 5.
Because of solidification of the PTM [69], the macroscopic

stress is non-hydrostatic, which indicates the existence of
pressure gradients (pressure varies with positions) and differ-
ential stress (pressure varies with directions). As illustrated in
Fig. 5, pressure is distributed along the radial direction in the
sample zone which is covered by the X-ray beam, thus the X-
ray diffraction signal from this region involves the properties
of the sample under different pressures. This leads to the
broadening of the diffraction peaks. Differential stress means
that sz and sx (or sy) are different throughout the sample
chamber. The crystal lattice that is influenced by differential
stress deforms in the following way: the lattice planes lying
perpendicular to the principle stress direction sz are more
compressed compared to those in the corresponding hydro-
static state, whereas the crystal planes lying parallel to sz
expand due to Poisson's effect. In conventional diffraction
geometry, the incident X-ray beam is nearly parallel to the
stress direction sz. Therefore, the X-ray beam is diffracted
only by the lattice planes lying nearly parallel to sz, and
consequently, the observed d-spacing values are larger than
those in corresponding hydrostatic conditions (see Fig. 6).

The broadening of the diffraction peaks arising from the
pressure gradient in the sample chamber can be described as
[59]:

Dq¼� l

6d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l2
�

4d
q

Y

h

R

K

¼� l

6d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l2
�

4d
q

dP rð Þ
dr

R

K

ð25Þ

where q, l, Y, h, R, K, r, and P(r) are the diffraction angle, X-
ray wavelength, yield strength of the sample, thickness of the
sample, X-ray beam size, bulk modulus of the sample, radial
distance, and pressure distribution, respectively. Eq. (25) in-
dicates that the yield strength of the sample (or PTM, if PTM
is used), the bulk modulus of the sample, the thickness of the
sample, and the size of the X-ray beam all contribute to the
broadening of the diffraction peaks. The maximum broadening
occurs where the maximum pressure gradient appears.

Fig. 5. Sketch map of the macroscopic stress born on the sample.
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Several models have been established to describe how the
diffraction peaks shift quantitatively due to the differential
stress in the sample chamber: the lattice strain theory and
strength model will be introduced in detail in Section 3.2.

3.2. Correction of the non-hydrostaticity effect

3.2.1. Lattice strain theory [71e75]
The sophisticated lattice strain theory was established by

Singh et al. to bridge the macroscopic differential stress and
the microscopic lattice strain. It is based on the following three
assumptions: (1) the materials are in their elastic zones; (2) the
directions of the grains are randomly distributed; (3) the stress
presents cylindrical symmetry, and only the diagonal terms in
the stress matrix are nonzero:

sij ¼
�

�

�

�

�

�

s1 0 0
0 s1 0
0 0 s3

�

�

�

�

�

�

ð26Þ

Singh et al. derived the relationship between the measured
d-spacing (dm) and the d-spacing under corresponding hy-
drostatic compression (dp) as the following:

dmðh;k; lÞ ¼ dpðh;k; lÞ
�

1þ �1� 3cos2J
�

Qðh;k; lÞ� ð27Þ

Qðh;k; lÞ ¼ ðt=3Þ
a�2GX
Rðh;k; lÞ�1�þ ð1� aÞð2GVÞ�1� ð28Þ

Where dm(h,k,l ) is the measured d-spacing; dp(h,k,l ) is the d-
spacing under corresponding hydrostatic compression; J is
the angle between the loading axis and the diffraction vector;
GX

R and GV are the Reuss (isostress) shear modulus and Voigt
(isostrain) shear modulus, respectively; t ¼ s3�s1 is the dif-
ferential stress, which is equal to the yield strength of the
material in value when it yields; and a determines the relative

weights of the isostress and the isostrain condition across the
grain boundary.

Eq. (27) indicates that the measured lattice constants equal
the lattice constants under corresponding hydrostatic
compression when 1� 3cos2J ¼ 0, for example, J ¼ 54:7+.
The radial diffraction technique was developed based on this
theory to determine the hydrostatic d-spacing of materials
under non-hydrostatic compression. This theory is also used to
estimate the yield strength [76e78] and the elastic constants
[79,80] of materials.

Recently, the value of a in specific materials was found to
be larger than 1 [81], which is quite intricate for researchers.
Singh considered that this was because the material underwent
plastic deformation, which was not included in the framework
of the lattice strain theory. Karato extended the lattice strain
theory in polycrystalline sample to include the effect of plastic
deformation [82]. However, Singh considered it was useless to
interpret the high pressure diffraction patterns. The elastic to
plastic self-consistent (EPSC) model was established by
Turner and Tom�e [83]. This model has been used successfully
to interpret diffraction experiments, especially high pressure
diffraction experiments, in which plastic deformation is un-
dertaken [84e87].

3.2.2. Strength correction
In traditional axial diffraction geometry, the measured

strain is very close to εx. Assuming the strains resulting from
the stress are small and the materials are in their elastic region,
we derived the strain difference between the true strain and the
measured strain [59]:

Dε' ¼ εx þ εy þ εz

3
� εx ¼ YPTM

6GSAMPLE

ð29Þ

Eq. (29) indicates that Dε0 is determined by the ratio of the
yield strength of the PTM to the shear modulus of the sample:
larger yield strength of the PTM and smaller shear modulus of
the sample lead to a larger difference between the determined
strain and the actual strain of the sample. For EOS determi-
nation, the hydrostaticity is not only determined by the yield
strength of PTM, but also determined by the mechanical
properties of both the PTM and the sample simultaneously. Eq.
(29) can also be used as the criteria for choosing various
PTMs. Dε

0
of copper, silver, platinum, molybdenum and

tungsten are calculated when argon was used as the PTM, and
the results are illustrated in Fig. 7.

It is worth mentioning that the yield strength value of PTM
YPTM in Eq. (29) needs to be substituted by the yield strength
value of the sample when no PTM is used or the sample is
softer than the PTM [91].

3.2.3. Iterative correction
Radial diffraction experiments are complicated and time-

consuming. By combining the line width analysis and lattice
strain theory, we proposed an iterative method to avoid the
non-hydrostatic effect on volume determination and obtain the

Fig. 6. Broadening widths of diffraction peaks of Mo at 21 GPa as a function

of the radial distance. The pressure gradient is taken from Jin's determined

results [70]. Suppose that the X-ray beam size is 10 mm and the wavelength is

0.6199 Å (the wavelength used at 4W2 High-Pressure Station of Beijing

Synchrotron Facility).

232 L. Liu, Y. Bi / Matter and Radiation at Extremes 1 (2016) 224e236



hydrostatic lattice constants accordingly [92], using the con-
ventional diffraction technique.

(1) Line width analysis

Basing the diffraction line width on a crystalline size (with
the diffraction angle as 1/cosq) and a lattice strain (with the
diffraction angle as tanq), Langford derived the following
relation [93]:

ð2uhklcosqhklÞ2 ¼ ðl=dÞ2 þ h2
hklsin

2qhkl ð30Þ

where 2uhkl, qhkl, l, d and hhkl denote the line width, the Bragg
angle, X-ray wavelength, crystalline size, and microstrain,
respectively. Singh et al. suggested that Eq. (30) was appro-
priate to analyze the high pressure diffraction pattern because
the major source of the broadening is the microstrain in DAC
experiments [94]. Then the microstrain hhkl dependent on (h, k,
l ) can be obtained by the following relationship:

hhkl ¼ 4Pmax=Eðh;k; lÞ ð31Þ
where E(h,k,l ) is the single crystal Young's modulus, and Pmax

is the difference between the minimum and maximum
microstresses, in the microstress model proposed by Stokes
and Wilson. Further studies on MgO [95], Au [96], and Fe [97]
show that 2Pmax equals the differential stress t in the DAC,
thus the Eq. (30) can be rewritten as:

ð2uhklcosqhklÞ2 ¼ ðl=dÞ2 þ ð2tÞ2sin2qhkl=Eðh;k; lÞ2 ð32Þ
The ð2uhklcosqhklÞ2 versus sin2qhkl=Eðh; k; lÞ2 plots a

straight line, with an intercept and slope of ðl=dÞ2 and ð2tÞ2,
respectively.

(2) Line shift analysis

In conventional diffraction geometry, the measured lattice
parameter for a cubic material under a non-hydrostatic mac-
rostress conditions satisfies the following equation:

am ¼M0 þM1

�

3Gðh;k; lÞ�1� 3sin2qhkl
�� ð33Þ

where

M0 ¼ ap



1þ ðat=3Þ�1� 3sin2qhkl
��ðS11 � S12Þ

� �1� a�1
�ð2GVÞ�1�� ð34Þ

M1 ¼�apðaSt=3Þ ð35Þ

Gðh; k; lÞ ¼ �h2k2 þ k2l2 þ l2h2
�

.

�

h2 þ k2 þ l2
�2 ð36Þ

S¼ S11 � S12 � S44=2 ð37Þ

2GVð Þ�1 ¼ 5 S11 � S12ð ÞS44
2 3 S11 � S12ð Þ þ S44½ � ð38Þ

am is the determined lattice constant, and ap is the lattice
constant under hydrostatic pressure accordingly. Sij are the
single crystal elastic compliances under pressure.

As discussed in Ref. [74], M0 z ap, and the plot of am
versus 3Gðh; k; lÞð1� 3sin2qhklÞ termed as a gamma plot, is a
straight line. This provides an effective method to estimate the
value of at:

at ¼�3M1=M0S ð39Þ
(3) Estimation of ap

In a gamma plot, the strength t can be determined from the
slope of the ð2uhklcosqhklÞ2 versus sin2qhkl=Eðh; k; lÞ2 plots,

Fig. 7. Variation of Dε0 ¼ YPTM/6GSAMPLE of copper, silver, platinum, mo-

lybdenum and tungsten versus pressure, when argon is used as the PTM. The

yield strength data of argon was taken from Ref. [88]: Y ¼ 0.001 P2 � 0.01 P.

The values of the shear moduli of Cu, Ag, Pt and W were taken from

Ref. [38,89,90] and 78, respectively, and fitted with the linear function:

GCu ¼ 47.11 þ 1.35 P, GAg ¼ 29.67 þ 1.38 P, GPt ¼ 62.75 þ 1.077 P,

GMo ¼ 123.36 þ 1.38 P and GW ¼ 163.06 þ 1.29 P.

Fig. 8. The measured EOS of fluorite type CeO2 at room temperature. Our

results of bulk CeO2 are presented by solid symbols. Green pentagrams

indicate the result derived from Rietveld refinement by GSAS þ EXPGUI

package. Red spheres are estimated results of ap
3 by diffraction profile widths

analysis and later the iteration procedure. The open squares are the result of

Wang et al. [98] of nano-CeO2. The asterisks indicate the result of bulk CeO2

determined by Gerward et al. [99] under quasi-hydrostatic compression. Our

two sets of results are fitted with the Vinet EOS and denoted as green dash line

and red solid line, respectively.
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and a1 can be determined by using Eq. (39). Combining Eqs.
(34) and (35), we have:

ap ¼M0 þM0

S

�

1� 3sin2qhkl
��ðS11 � S12Þ

� �1� a�1
�ð2GVÞ�1� ð40Þ

It is obvious that ap depends on (h,k,l ), which is unphysical.
Considering that the qhkl ranges from ~6� to 12� in conven-
tional experiments, and the second term varies within 3% in
this qhkl range, then we replace ð1� 3sin2qhklÞ by its average
< ð1� 3sin2qhklÞ> and Eq. (40) is rewritten as:

ap ¼M0 þM0

S
<
�

1� 3sin2qhkl
�

>
�ðS11 � S12Þ

� �1� a�1
�ð2GVÞ�1� ð41Þ

The symbol < > denotes the average value derived from all
the observed reflections. By putting a1 in Eq. (31), from which
ap1 is obtained, and substituting ap1 into Eq. (35), we have a2.
And then by putting a2 in Eq. (15), we have ap2 and repeat this
procedure until apn and an converge to ap0 and a0, respec-
tively. We then consider that ap0 is the lattice parameter under
the according hydrostatic pressure sP.

This correction method has been applied to CeO2 [92]. We
compressed CeO2 to about 30 GPa non-hydrostatically, and
acquired the hydrostatic volume of CeO2 by correcting the
non-hydrostatic effect using this iterative method. The results
are illustrated in Fig. 8. The corrected result agrees well with
the hydrostatic experimental results.

4. The accuracy of determined EOSs

To achieve an accurate EOS by the diffraction technique in
a DAC, we must obtain the accurate pressure and volume
values of materials under pressure simultaneously. For pres-
sure determination, we recommend the ruby pressure scale
calibrated based on the MgO APS (BX11, A ¼ 1904 GPa,
B ¼ 9.32) [61], which has an intrinsic uncertainty of ~1.5% up
to 65 GPa. If a good PTM (argon, helium and so on) is used,
the accuracy of the determined pressure is ~0.03 GPa [100],
which accounts for a minor part in all the uncertainty of
pressure under high pressure. Thus, the pressure uncertainty is
~1.5% up to 65 GPa. For volume determination, the intrinsic
uncertainty of micro angular dispersive X-ray diffraction is
Dd/d~10�3 [1], The uncertainty introduced by the non-
hydrostaticity effect can be partly avoided if a good PTM
(as before) is used, and determined by Eq. (27). As illustrated
in Fig. 7, the non-hydrostaticity effect uncertainty achieves
9 � 10�3 if argon is used as the PTM. However, the latest
results [101,102] give a much lower strength of argon, about
one tenth of the value given by Mao et al. [88] at 100 GPa.
Thus, the non-hydrostaticity effect introduced uncertainty is
~10�3 if argon is used as the PTM. This uncertainty is even
smaller if helium is used as the PTM. The volume uncertainty
is not larger than DV/V~10�2 if argon or helium is used as the
PTM. In conclusion, we believe that, to date, we can measure
an EOS of a specific material with the pressure uncertainty of

1.5%, and the volume uncertainty on the order of 10�3, up to
65 GPa.
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