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Abstract: Optical trap, a circularly polarized laser beam can levitate and control the rotation of 
microspheres in liquid medium with high stiffness. Trapping force performs as confinement while 
the trapped particle can be analog to a liquid floated gyroscope with three degree-of-freedom. In this 
work, we analyzed the feasibility of applying optically levitated rotor in the system. We presented the 
dynamic analysis and simulation of an ellipsoid micron particle. The precession motion and nutation 
motion of a rotating ellipsoid probe particle in optical tweezers were performed. We also analyzed 
the attitude changes of an optically levitated ellipsoid when there was variation of the external torque 
caused by deviation of the incident light that was provided. Furthermore, the trail path of the 
rotational axis vertex and the stabilization process of a particle of different ellipticities were 
simulated. We compared the movement tendencies of particles of different shapes and analyzed the 
selection criteria of ellipsoid rotor. These analytical formulae and simulation results are applicable to 
the analysis of the rotational motion of particles in optical tweezers, especially to the future research 
of the gyroscope effect. 
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1. Introduction 

Rotational control has always attracted intense 

interest since the pioneering work achieved by 

Ashkin [1]. Spin angular momentum carried by 

circularly polarized light could lead to the constant 

rotation of particles in optical tweezers [2–7]. Due to 

low damping, microspheres can rotate at a rate 

exceeding MHz, even GHz [8, 9]. Without 

mechanical contact, the balance of force and the 

torque acting on an optical levitated particle makes 

it a potent instrument with which to study 

environmental interactions [10–12]. Rotating 

particles in optical tweezers have been used for 

precise manipulation in a variety of applications, 

such as probes in microrheology [13–15], position 

alignment of a particular particle [16–18], and some 

laboratory experiments [8, 9, 19]. 

Experiments of precession motion in optical 

tweezers have been observed [20–23]. The 

derivation of motional frequencies made it possible 

to divide precession angular velocity and nutation 

angular velocity from the signal while the trapped 

particle was confined by trapping light [22]. Such 
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achievement made us wonder, whether the trapped 

particle could be analog to a liquid floated 

gyroscope rotor with 3-degree-freedom. A stable 

rotating particle in optical tweezers experiences 

optical torque and counterpart drag torque. The total 

amount of angular momentum transferred to a 

trapped particle will eventually equal the viscous 

torque. The quantization of torque has made it 

possible to calculate the features of certain particles 

and media. Theoretically, an optical levitated 

rotating particle resembles a suspended gyroscope. 

There are many mature theories and research 

models to refer to in the dynamic analysis of spheres 

in optical tweezers [12, 24–26]; however, few are 

for ellipsoid particles. A sphere can rotate along any 

random axis, whereas an ellipsoid particle has a 

fixed axis of rotation and a corresponding precession 

angular velocity, self-rotation velocity, and nutation 

angle, for the latter experiencing no spherical 

symmetry and more suitable for rotor. An isotropy 

ellipsoidal particle with uniform mass distribution 

has its centroid coincide with its geometric center. It 

has been observed and analyzed in detail that optical 

force may cause orbital rotation, but few research 

has been made on the rotating and precession 

motion of trapped particle in optical tweezers. 

Previous experiments have shown that a 

levitated rotating particle’s rotational axis is not 

strictly fixed in the inertial space, partially due to its 

precession motion and nutation motion [22, 23, 27]. 

A levitated micro-sized sphere can measure the 

external torque by detecting the variation of the 

rotation rate and precession angle. Compared with a 

traditional rotor, a laser-levitated particle 

experiences only rotational drag torque and no effect 

is brought about by the machinery’s friction, which 

can dramatically increase its accuracy. Furthermore, 

in a pressure-controllable environment, we can 

reduce the influence of the flow disturbance by 

controlling the temperature and reducing the 

pressure. However, the dynamic analysis and 

simulation of a high-speed rotating sphere in a high 

vacuum have not been studied. 

In this work, we presented the levitated micron- 

sized rotor equation of motion in air. We chose an 

ellipsoidal particle as the analysis object. The 

analysis and simulation were carried out to 

demonstrate the dynamic process of the trapped 

rotating particle while the external torque was 

applied. 

2. Levitated micron-sized rotor equation 
of rotation motion 

To describe the orientation of a rigid body, i.e., a 

levitated particle, we should create a coordinate 

system attached to the rotating body. Taking 

coordinate system x1y1z1 as the origin coordinate 

system, we could create the inertial coordinate 

system using z-y''-z' convention. The rotational 

motion of the particle can be described by three 

parameters: (1) the spin angular velocity ϕ  of the 

rotating particle, (2) the precession angular velocity 

ψ  of the rotational axis of the rotating sphere, and 

(3) the nutation angle θ  between the spin and 

precession axes. 

The Euler mechanics equation of a rotating rotor 

in the inertial space is as follows: 
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where 1I  and 3I  represent the momentums of 

inertia along the z and y axes; τre1, τre2, and τre3 

represent the moment components in the inertial 

coordinate system. An ideal rotating rotor 

experiences resultant torque re 0=τ , so 

1 2 3re re re =0τ τ τ= = . If 0θ θ=  is set, a particular 

solution can be obtained as follows: 
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An ideal rotating particle will spin at a constant 

rate while its spin axis rotates around the precession 

axis, i.e., the optical axis at a constant rate. When 

1 3I I= , a particle can be described as an absolute 

sphere. Such a particle will only have precession 

angular velocity, while no spin angular velocity has 

evolved. Only an ellipsoidal particle with 1 3I I≠  

will be included in the following discussion. 

When a circularly polarized laser beam captures 

a birefringent particle with an initial angular velocity 

and a rotating axis or the circularly polarized laser 

beam deflects at a certain angle, the variation of the 

resultant torque on the particle will lead to the 

variation of the motion state. Elaborating such a 

process requires a third coordinate system to express 

the kinematic relationship among the incident laser 

beam, the particle’s angular momentum, and the 

particle’s motion. 

Here, three coordinate systems that originate at 

centroid O are introduced, as shown in Fig. 1:     

(1) coordinate system 1 1 1x y z , which represents a 

stationary coordinate system in which the 1z  axis 

always coincides with the optical axis, and the other 

two axes point to fixed orientations; (2) coordinate 

system 2 2 2x y z , which represents an angular 

momentum coordinate system in which the 2z  axis 

always coincides with the angular momentum vector 

of the particle; (3) coordinate system 3 3 3x y z , which 

represents a coordinate system that is rigidly 

connected to particles. Here, ρ  represents the 

angle between the moment of the momentum axis 

and the presumed optical axis, and κ  represents the 

transverse angle between the optical angle and the 

rotational coordinate system, where κ  represents 

the relative rotational speed between the rotational 

coordinate and static rotational coordinate systems. 

The Euler mechanics equation of the angular 

momentum coordinate system 2 2 2x y z  is as  

follows: 
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Fig. 1 A steady rotating particle, with steady rotation and 

precession. Here, in the coordinate system 2 2 2x y z  and 1 1 1x y z , 

axes 1x , 1y , and axis 2z  are marked, whereas axes 2x  and 

2y  are omitted (a) and the transition of the coordinate system 

of a rotating particle when the laser beam deviates by angle ρ  

(b). Here, in the coordinate systems 1 1 1x y z , 2 2 2x y z , and 3 3 3x y z , 

axes 1x , 1y , 1z , 2z and axis 3z  are marked, whereas axes 

2x , 2y , 3x , and 3y , are omitted. 
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where 
2

rex
τ , 

2
re y

τ , and 
2

rez
τ  are the projections of 

the resultant torque reτ  on the angular momentum 

coordinate system, and H is the moment of 

momentum. Since 
2

rex
τ , 

2
re y

τ , and 
2

rez
τ are 

functions of ϕ , ψ , and θ , the kinematic relation 

of the Euler angle ( , , )ϕ ψ θ  is essential to obtain 

a closed-form solution. The equations of equilibrium 

and the kinematic relations among the torque, 

angular momentum, and Euler angles are as  

follows: 
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When no external torque is applied, the particle 

would be in an ideal rotation state. From  (5), we 

can have the following equations: 
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where ρ , H , κ , and θ  are the slow variables, 

whereas ψ  and ϕ  are the fast variables whose 

harmonic functions have zero mean value. Obtaining 

the analytical solution of each variable is difficult. 

Here, the averaging method can be used to eliminate 

the time-varying high-frequency component in the 

external torque to obtain the analytical solution or 

discuss motion characteristics. 

3. Rotational motion of a particle when 
only optical torque is applied 

When a particle receives only optical torque, 

2
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τ , and 

2
rez
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where M represents the external torque in the static 

coordinate system. When a particle is trapped in 

optical traps, it arrives with an instantaneous angular 

speed that can determine the initial values of ϕ , ψ , 

and θ , and an instantaneous rotational axis that can 

determine the initial value of ρ  and κ . Placing (6) 

in (5): 
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  (7) 

It has been well explained that ρ  will tend to 0, 

meaning the optical torque performs a role of 

centering. Hence, in a high vacuum, whatever initial 

state the trapped particle is in, its rotational axis will 

finally coincide with the optical axis. However, 

when only the optical torque is considered, the 

particle will not reach a steady rotational state. 

Theoretically, the rotational velocity increases 

indefinitely; however, in practice, this proves 

impossible. 

4. Total torque exerted on trapped 
particle 

Tangential force exerted on the trapped particle 

will cause orbital rotation in optical trap, but the 

Magus effect and rotor effect are decoupling for 

isotropy ellipsoidal particle with uniform mass 

distribution. To reduce the effect of particle’s 

translational motion as far as possible, we set T = 

300 K [5]. We use an ellipsoidal SiO2 particle, with a 

major axis of 5 μm and a minor axis of 1 μm to 4 μm, 

as the simulation object. 

However, a rotating particle trapped in optical 

tweezers experiences a moment of external torque 
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that consists of resistance torque dragτ  and optical 

torque optτ  brought about by a circular polarized 

laser beam. The Gaussian varying random noise due 

to Brownian motion can be negligible compared 

with the two components above. The trapped 

particle will reach a steady state when the optical 

torque and rotational Stokes drag torque are 

balanced. 

The optical torque is induced by the change of 

the laser beam’s photon polarization state σ  while 

traversing a birefringent particle: opt /Pτ σ ω= , 

where P  is the total optical power at the particle, 

and ω  is the angular frequency of the light     

[28, 29]. 

The rotational drag torque of a particle rotating 

in a fluid at a low Reynolds number is 
3

drag =8 aτ πη Ω , where η  is the kinematic viscosity, 

a  is the radius of the particle, and Ω  is the 

angular speed [29]. Therefore, the external torque’s 

projection on the angular momentum coordinate 

system can be expressed as follows: 
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where 

2optτ  represents the optical torque in inerial 

coordinate system, and 
2dragτ  represents the drag 

torque in the inerial coordinate system. We use the 
averaging method to eliminate the time-varying 
high-frequency component in ρ  and κ , and the 
small-angle approximation is as follows: 

opt ( sin )

H

τ ρ
ρ

−
=            (9) 

0.κ =               (10) 

Solving the equation, it can be deduced that the 

deviation angle ρ  and the nutrition angle θ  will 

tend to 0. This shows that a rotating particle in 

optical tweezers has characteristics of precession 

and inertia. 

5. Orientation process of the particle 

When an ellipsoidal particle is trapped, the 

major axis is unnecessarily coincided with the 

optical axis. To determine the stable state of the 

trapped particle, the instantaneous motion state 

variables should be analyzed. 

The approximation solution of ρ  shows that 

the damping time depends only on the magnitude of 

the optical force and the angular momentum of the 

trapped particle. By substituting  (9) to (7), the 

approximation of θ  under given external 

conditions can, hereby, be obtained: 
38

sin .
a

H

πηθ ϕ θ=            (11) 

The phase path of the trapped ellipsoidal particle 

in the θ θ−   plane shows that the damping process 

after trapping can be treated as the stabilization of 

the particle. The variation of the nutation angle is 

determined by the sign of the self-angular velocity 

of the particle, which is determined by the ratio of 

1I  and 3I . 

When 1 3/ 1I I > , the minor inertial principal 

axis of the particle is treated as the axis of rotation. 

The particle’s spin angular velocity and precession 

angular velocity have the same sign. Figure 2 shows 

that the nutation angle θ  will reach the stabilizing 

value of / 2π  over time. When the nutation angle 

reaches / 2π , the particle reaches an unstable 

equilibrium position that can only be sustained when 

=0θ . Such an equilibrium state will be vandalized 

by any small disturbance; thus, a “vertical” 

ellipsoidal particle will gradually lie down and rotate 

around its major inertial principal axis. When we set 

the initial nutation angle 0 = / 2θ π , the variation of 

this depended on the initial value of the spin angular 

velocity and the precession angular velocity. 

Figures 2(b) and 2(c) show that when 1 3/ 1I I < , 

which indicates that the maximum inertial principal 

axis of the particle is the polar axis of rotation, the 
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particle experiences counter-precession, in which its 

self-angular velocity and precession angular velocity 

have different signs. The polar axis will coincide 

with 2OZ  of the angular momentum coordinate 

system, whereas 2OZ  will gradually coincide with 

the optical axis 1OZ  as ρ  gradually decreases to 

zero. The damping process achieves stabilization of 

the particle. 
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Fig. 2 Phase path and nutation angle of particles of different shapes: (a) the phase path in the θ θ−   plane when 1 3/ 1I I > , (b) the 

phase path in the θ θ−   plane when 1 3/ 1I I < , (c) the change of the nutation angle θ  with time when 1 3/ 1I I < , and (d) the 

change of the nutation angle θ  with time when 1 3/ 1I I > .

The most obvious problem lies in the fact that 

the pole of the captured particle cannot be fixed in 

advance. Suppose a particle has the north and south 

poles on its vertex. When the particle is captured by 

a laser beam, the initial orientation of the pole at a 

particular moment cannot be preset. Although the 

particle will finally reach equilibrium, determining 

which pole will be upward after stabilization is 

impossible. When 1 3/ 1I I > , an ellipsoidal particle 

has two major axes and one minor axis. Figures 2(a) 

and 2(d) show that whatever the initial nutation 

angle is, the particle tends to lie down to the XOY 

plane. It is impossible to fix the polar axis. Figure 

2(d) shows that when 0 / 2θ π<  or 0 / 2θ π> , 

particles of different initial nutation angles will have 

its pole of the minor axis tend to the optical axis 

along the shortest path within 0.15 s. Although it 

proves the good centering effect for particle of 

1 3/ 1I I > , Fig. 3 shows that the polar orientation is 

determined by the initial orientation. 

 
(a)                   (b) 

Fig. 3 Moving process of θ  when a different initial 
position is taken. 
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The damping force acts as a centering system. 

Particles of different initial rotational motions under 

the same condition will eventually reach the same 

equilibrium: ρ  tends to 0 and the nutation angles 

reach the same value. The time of the stabilization 

process depends on the ratio of 1I  and 3I . 

6. Stabilization process of the “Horizontal” 
particle 

A particle’s ellipticity determines the ratio of 1I  

and 3I , which will certainly affect the stabilization 

process. We will assume that the particle always 

rotates along one of its axes of symmetry when 

trapped. The two other cases of a particle with 

1 3/ 1I I >  and a particle of 1 3/ 1I I <  will be 

discussed separately. 

The particle of 1 3/ 1I I <  rotates along the 

maximum inertial principal axis, i.e., a micro-disk or 

flattened ellipsoid. We have discussed that a particle 

with such characteristics experienced its polar axis 

gradually leaning to the optical axis. In Fig. 4, we set 

the particle’s major axis at 10 μm, its minor axis at  

2 μm, 4 μm, 6 μm, and 8 μm, its initial spin angular 

velocity at 20 rad/s, its initial precession angular 

velocity at 1 000 rad/s, and its initial nutation angle 

at 1 rad. 

r1

r2

r3

r1
r2

r3

r1 
r2 

r3 
r3 

r2 r1 

 

(a)                     (b) 

Fig. 4 Illustration of particles of two kinds: (a) illustration of 
“horizontal particle”, which has r1 = r2 > r3 and (b) illustration of 
“vertical particle”, which has r1 = r2 < r3. 

According to the dynamic simulation, a particle 

of a different shape with the same initial state will 

eventually reach an equilibrium state in which its 

polar axis will almost coincide with the optical axis. 

We compared the centering process of particles with 

different shapes. After a certain period of 

stabilization (0.05 s to 0.15 s), the particle finally 

rotated at a fixed spin angular velocity and a 

precession angular velocity. The nutation angle of 

each equilibrium state would appear slightly 

different. 

An ellipsoidal particle with a major axis of    

10 μm and a minor axis of 8 μm can be treated as a 

sphere, whereas an ellipsoidal particle with major 

axis of 10 μm and a minor axis of 2 μm can be 

approximated to a disk. Figure 5 shows the initial 

state and equilibrium state of ellipsoids with the 

major axis of 10 μm and minor axis of 8 μm, 6 μm,  

4 μm, and 2 μm. Though it seems like ellipsoid of 

different minor axes reaches the similar equilibrium 

state in Fig. 5, the density of the trail path shown in 

the right side shows that it takes a particle with the 

greater minor axis longer time than a particle with 

the smaller minor axis to reach a steady state. To 

further understand the dynamic process, we 

compared the delay time of particles of each shape. 

From the simulation of the trace of the vertex,    

as shown in Fig. 6, the greater the difference 

between 1I  and 3I  is, the more scattered the  

trace is. 

Figure 6 can also show that the nutation angle in 

an equilibrium state is not exactly zero; it is also not 

the same for particles of different shapes. Although 

the difference is relatively subtle, as shown in    

Fig. 5(b), the nutation angle at the equilibrium state 

decreases with a decrease in particle’s short axis. 

Therefore, it can be concluded that a particle  

of a smaller 1 3/I I  can reach a steady    

rotational state faster than a particle of 1 3/I I  

approaching 1 and is less sensitive to the angle 

variation. 
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Fig. 5 Initial and equilibrium states and the motion path of the vertex of a particle with different minor axes: (a) the initial and 

equilibrium states and the motion path of the vertex of a particle with a minor axis of 2 μm, (b) the initial and equilibrium states and 
the motion path of the vertex of a particle with a minor axis of 4 μm, (c) the initial and equilibrium states and the motion path of the 
vertex of a particle with a minor axis of 6 μm, and (d) the initial and equilibrium states and the motion path of the vertex of a particle 
with a minor axis of 8 μm. 
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Fig. 6 Nutation angle of different shapes: (a) the variation of 
the nutation angle of particles of different shapes and (b) the 
enlarged image of the red box in (a). 

7. Stabilization process of a “vertical” 
particle” 

A vertical particle indicates that a particle is 

rotating along its minimum inertial axis, i.e., 

micro-rod or prolate ellipsoid. Mathematically, the 

approximation shows that a particle of 1 3/ 1I I >  

will finally have its nutation angle tending toward 

π/2. However, in the previous experiments, there 

were cases of a prolate ellipsoid rotating along its 

minimum inertial axis when trapped in a laser beam. 

Such a conflict should be resolved before further 

research. 

The phase path in the θ θ−   plane and the 

approximation of ρ  show that the trail of a 

particle’s pole is much determined by the initial 

 

values of θ  and ρ . A simulation calculation 

aiming at different initial values of θ  and ρ  is 

carried out, as shown in Fig. 7. The initial values of 

the deviation angle ρ  and the nutation angle θ  

of the trapping light are initially set in a range of 0 – 

π/2. The simulation result of an ellipsoid particle 

with a major axis of 5 μm and two minor axes of   

4 μm also shows that, when the nutation angle θ  

reaches π/2, no self-rotation, but only precession 

motion exists, indicating that the particle will find its 

way to reach a state that rotates along its major 

inertial axis and maintain steady rotation. 

Multiple simulation results show that it takes 

longer for θ  having an initial value closer to π/2 to 

achieve stable rotation (in Fig. 7). The two trail paths 

on right visually show that a larger initial nutation 

angle requires longer time for centering. Therefore, 

we expected that a rather smaller initial value of the 

nutation angle might help a vertical particle remain 

at its initial trapping attitude and rotate without 

leaning horizontally. 

After multiple simulation comparisons and 

comprehensive analysis, our conjecture was verified. 

A particle with small initial nutation and deviation 

angles would not lean down when trapped but had 

its nutation angle slightly reduced to 0 and had a 

steady precession angular velocity and a rather small 

self-rotational angular velocity that corresponded to 

the steady rotational state of a “horizontal” particle. 

We also prolonged the simulation time and found 

out that such a state would be retained. 

The deviation angle ρ  plays a crucial role in 

simulation. Such a steady rotational state occurs 

only when the initial deviation angle is sufficiently 

small. Simulation shows that the minimum 

precondition requires ρ  being ~10–3
 rad under our 

simulation condition to have particles of the initial 

nutation angle θ  of ~10–4 rad and retain steady 

rotation, as shown in Fig. 8. 
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Fig. 7 Changes of θ  and ρ  under different initial values and the simulation of the moving trail of a particle’s pole. 
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Fig. 8 Changes of θ . Purple, yellow, and blue lines 

represent the changes of the nutation angle when initial values 
of 0.01, 0.001, and 0.000 1 rad are taken, respectively ( ρ = 
0.001 rad). 

8. Rotation analysis 

In our simulation, we chose a SiO2 ellipsoidal 

particle to be the simulation object. We divided 

micron size rotor into two categories: horizontal 

particle and vertical particle, as shown in Fig. 4. 

From theory and simulation, horizontal particle’s 

procession axis will stabilize after oscillating for a 

period and reach an equilibrium state under the 

common effect of external torque and the torque of 

resistance. An ellipsoid particle will achieve a fixed 

precession angular velocity, a self-rotational angular 

velocity, and a nutation angle after a short period of 

time. Mathematically, the final state has little to do 

with the deviation angle of the polarized light but 

rather is affected by the damping force, shape of the 

particle, and initial value of the nutation angle when 

the particle is trapped. 

We have divided ellipsoid particles into vertical 

particles and horizontal particles and simulated the 

rotational process of two such kinds of particles, 

respectively. A horizontal particle rotates along its 

major inertial axis when trapped, whereas a vertical 

particle rotates along its minor inertial axis. A 

horizontal particle’s rotational axis will eventually 

coincide with the optical axis when the trapping 

beam deflects. Such a characteristic makes a 

horizontal particle more likely to center than a 

vertical particle. 

One of the obvious problems for the centering 

process of the horizontal particle is that if a particle, 

like a gyro rotor, has a fixed pole in advance, the 

orientation of the pole after centering can only be 

determined by the attitude of the particle before 

being trapped. We have yet to find corresponding 

countermeasures. This might become a future focus 

of the gyroscope effect research in optical tweezers. 

We compared the dynamic of different 
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ellipsoidal horizontal particles of different shapes in 

optical tweezers. An ellipsoidal particle with greater 

short axis rotates more stable and less sensitive than 

that with an ellipsoidal particle of smaller short axis, 

indicating that choosing a particle that is almost a 

sphere, but in which 1I  is slightly smaller than 3I , 

to study the gyroscopic effect of a laser levitated 

particle is necessary. An ellipsoidal particle with 

greater short axis needs more time to center than an 

ellipsoidal particle with smaller short axis, and it 

leaves a larger nutation angle, indicating that this 

type of shape is suitable for the further research. 

Our calculation indicated that a vertical 

ellipsoidal particle would lie down to the XOY plane, 

making it an appropriate subject for the further 

simulation and calibration of the gyroscope effect 

research; this might seem to contradict some of the 

laboratory results. We carried out many simulations 

and found out that a vertical ellipsoidal particle 

might remain vertical and rotate when the initial 

value of the nutation angle was small enough for a 

certain deviated light. Other factors might be 

involved in the practical situation, but, nevertheless, 

such a particular case exists. 

9. Conclusions 

Analytical theory of a rotating sphere in optical 

tweezers has been subject to numerical calculations, 

while the same is not true for an ellipsoid particle. In 

this work, we derived the equations of rotation 

motion of a non-sphere. Formula deduction and 

simulation of movement of an ellipsoid particle in 

optical tweezers, when external torque and drag 

torque were applied, are presented. We introduced a 

third coordinate to further elaborate the motion of a 

rotating particle in optical tweezers. 

While calculation simulation shows that the drag 

force acts as a centering system that can pull back 

the polar axis of the particle when the beam is 

deflected, simulation shows the trail path of the 

ellipsoid probe particle in liquid. A rotating particle 

in optical tweezers can be analogous to a relatively 

high-speed rotor under certain circumstance. A 

“horizontal particle” was proved to be more suitable 

for measurement compared to a “vertical particle”. 

The analysis and simulation of an optically 

levitated rotating particle are essential in torque 

measurement. An optically levitated particle 

experiences none of the machinery’s friction, 

presenting great prospects for its being treated as a 

high-speed rotor. Our work gave a detailed 

description of the motion process of a particle, 

laying the foundation for the further motion 

analysis. 
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