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The interaction between electrons and matter is an effective means of light emission, through mechanisms in-
cluding Cherenkov radiation and Smith–Purcell radiation (SPR). In this study, we show that the superlight
inverse Doppler effects can be realized in reverse Smith–Purcell radiation excited by a free electron beam with
a homogeneous substrate. In particular, we find that two types of anomalous SPR exist in the homogenous sub-
strate: special SPR and reverse SPR. Our results reveal that the electron velocity can be tuned to simultaneously
excite different combinations of normal SPR, special SPR, and reverse SPR. The proposed manifold light radi-
ation mechanism can offer greater versatility in controlling and shaping SPR. © 2023 Chinese Laser Press

https://doi.org/10.1364/PRJ.505819

1. INTRODUCTION

The scattering of a moving electron’s evanescent field off sur-
rounding matter generates a variety of electromagnetic waves
[1,2], including Cherenkov radiation (CR) [3–5], Smith–
Purcell radiation (SPR) [6–8], and many other forms of radi-
ation [9–12]. These light emission mechanisms have attracted
much interest as tunable light sources [13,14], electron detec-
tors [15], and platforms to study the coupling mechanisms be-
tween free electrons and materials [16–18]. SPR can be excited
in the microwave-to-X-ray range when free electrons pass over
the surface of a grating, with the emitted frequency being a
function of the angle of radiation, electron beam velocity, and
grating period [19]. If the electron velocity exceeds the phase
velocity of light in the medium, the electron coupling with this
medium generates CR within the Vavilov–Cherenkov (V-C)
cone [20,21].

Various inverse effects are sought after due to their fascinat-
ing physical properties. Novel light–matter interaction phe-
nomena such as negative refractive index [22,23], reverse
Doppler effect [24,25], and reverse CR [26–28] have been
theoretically predicted and experimentally observed using arti-
ficial electromagnetic materials with left-handed properties,
namely metamaterials and photonic crystals. Typically, these
anomalous physical phenomena are unattainable in both
homogeneous systems. However, a groundbreaking develop-
ment emerged when Lin et al. [24] proposed that the inverse

Doppler frequency shift phenomenon could be achieved in
homogeneous media, provided that the source speed surpasses
twice the speed of light. This extraordinary achievement is
called the “superlight inverse Doppler effect” and has sparked
a range of captivating studies, including investigations into the
positive Doppler phenomenon within negative refractive sys-
tems [29].

In this paper, we first prove from Eq. (1) that SPR can be
seen as a special Doppler radiation excited by free electrons,
bridging the gap between two seemingly unrelated realms.
We then propose that anomalous Doppler effects excited by
an electron beam lead to anomalous SPR in a structure com-
prising a grating and a homogeneous substrate with a positive
refractive index. Specifically, when the electron beam velocity
exceeds the speed of light in the substrate, SPR generated in the
V-C cone falls into three categories depending on the velocity
of the electron beam and the order of the SPR: normal SPR,
special SPR, and reverse SPR. Only normal SPR is excited
when the velocity of the electrons is slower than the light veloc-
ity in the medium. When the velocity of electrons is greater
than the velocity of light in the medium, special SPR and CR
will be excited simultaneously. When the electron beam veloc-
ity exceeds twice the light velocity in the medium, normal
SPR, reverse SPR, and CR will occur simultaneously, as shown
in Fig. 1. The field distributions of normal SPR, reverse
SPR, and CR in the medium were determined via numerical
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electromagnetic simulations. In special and reverse SPR, the
relationship between the radiation angle and the emitted fre-
quency is opposite to that for normal SPR. In particular, for
special and reverse SPR, the emitted frequency within the
V-C cone increases with increasing angle from the direction
of electron propagation.

2. RESULTS

A. Theory of Normal SPR, Special SPR, and Reverse
SPR
We begin with the well-known SPR relation. The frequency
f SPR of SPR in a medium at a fixed probe can be calculated
as [30]

f SPR � c
λ
� mu0

L
1

βn cos θ − 1
, (1)

where L is the grating period, m is the harmonic number, n is
the refractive index of the homogeneous medium, θ is the emis-
sion angle from the direction of electron travel, and β � u0∕c is
the electron velocity u0 normalized to the speed of light in free
space c. The equation indicates that the SPR frequency depends
not only on the velocity of the electron and the period of the
grating, but also on the angle between the probe and the di-
rection of electron motion. Equation (1) can be contrasted with
the Doppler effect equation [9] ω�θ� � ω0

1
j1−�vc�n�θ� cos θj, where

ω0 is the oscillation frequency in the laboratory reference frame
and ω�θ� is the frequency of emitted waves. The SPR equation
can be seen as a Doppler shift equation for which the emitter
frequency is ω0 � jmju0∕L. This comparison reveals intriguing
parallels between SPR and the Doppler effect and shows that
SPR is a potential platform for Doppler effect phenomena to be
studied and harnessed.

It should be noted that in vacuum, n � 1 and
βn cos θ < 1, so m can only be negative. This means that nor-
mal SPR is produced by the coupling of the periodic grating
and the evanescent wave of the electron beam in negative space
harmonics. βn cos θ � 1 is the threshold condition for the
generation of CR. Thus, when βn cos θ ≥ 1, CR can be ex-
cited by an electron beam in the medium. In the homogenous
medium, the radiated fields resulting from evanescent fields
scattering off the grating manifest as CR and diffraction
radiation [31].

To further understand the relationship among the SPR fre-
quency, angle, and velocity of the electron beam, we present the
dispersion relation of the periodic structure in Figs. 2(a)–2(c),
where the black dashed line is the dispersion of the light line in
a vacuum with k � ω∕c. Considering a medium with a refrac-
tive index n of 4, the light line in the medium is a black solid
line with k � nω∕c. From Figs. 2(a)–2(c), it can be seen that
the light line moved symmetrically owing to the periodicity of
the grating. The colored region bounded by the light cone rep-
resents the conditions under which wave propagation is pos-
sible. The red dashed lines represent the dispersion relation
of the evanescent field from the electron beam, corresponding
to different harmonics of the SPR, i.e., k−2 � ω∕u0 − 4π∕L,
k−1 � ω∕u0 − 2π∕L, k0 � ω∕u0, and k�1 � ω∕u0 � 2π∕L,
respectively. As shown in Fig. 2(a), the dispersion curve corre-
sponding to the m � −1 harmonic and the light line in free
space intersect at emission angles of 0° (direction of electron
movement) and 180° (direction opposite to electron move-
ment). The emitted frequency at θ � 90° above the electron
can be equivalent to the frequency of the moving electron
beam, which is simply the source frequency of Doppler effect
ω0 � u0∕L (marked by the yellow star in Fig. 2 for m � −1).

According to Eq. (1), SPR in a homogeneous medium falls
into three categories depending on the value of βn cos θ.
For βn cos θ < 1 (type 1), the negative harmonics of the gra-
ting momentum couple with the electron evanescent field, pro-
ducing normal SPR; the emission angle ranges from 0° to 180°,
with the frequency decreasing at larger angles. For example,
normal SPR can be generated in a medium excited by the
m � −1 harmonic with electron velocity 0.2c, as shown in
Fig. 2(a). The SPR frequency ranges from 6.7 to 60 THz,
as the emitted angle ranges from 180° to 0°, when the grating
period L is 5 μm. Normal SPR is excited by negative space har-
monics because βn < 1 and m can only be negative, similar to
the case of SPR emission into free space. It should be noted that
the velocity threshold of CR is βn cos θ � 1. Therefore, when
βn � 1, CR with a CR angle of 0° is generated from the zeroth
space harmonic.

For 1 < βn cos θ < 2 (type 2), normal SPR, special SPR,
and CR are simultaneously generated from the m � −1,
m � �1, and m � 0 space harmonics, respectively. For exam-
ple, normal SPR corresponding to the m � −1 component of
the grating momentum can be generated from an electron of
velocity 0.4c, as shown in Fig. 2(b). According to Eq. (1), when
the angle is reduced from 180° to near the angle of the V-C
cone [θ � acos�1∕βn�], the frequency of the radiation in-
creases from mu0

L
1

−βn−1 to infinity. As the angle of radiation
is further reduced, after passing through the V-C cone, the

Fig. 1. Schematic of radiative mechanisms arising from electron–
matter interactions in a homogeneous material at a single frequency
(see Fig. 4 for details of the radiation). The lower half of the image
is the normal Smith–Purcell radiation (SPR) in vacuum, in which only
negative harmonics electron beams contribute to the evanescent field.
In the medium (upper half ), normal SPR excited by the −1st har-
monic, reverse SPR excited by the 1st harmonic, and Cherenkov
(CR) can be present at the same time when the electron velocity is
faster than twice the light velocity in the medium. The free electron
velocity is 0.6c, with the refractive index n of 4, the grating period of
5 μm, and the radiation frequency of 30 THz.
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frequency decreases from infinity to mu0
L

1
βn−1 with an emission

angle of 0°. We term this unconventional frequency shift
regime special SPR, which is represented by the blue area
in Fig. 2(b). It should also be noted that when the angle is
greater than θ � acos�1∕βn� and βn cos θ − 1 > 0, the spatial
harmonic number m is positive. This reveals an anomalous
phenomenon whereby SPR can be excited by positive space
harmonics of the grating momentum. From Eq. (1), type 2
radiation satisfies f SPR < jmju0∕L with cos θ > 0. This means
that the frequency of the forward-propagating wave of special
SPR is always greater than the equivalent frequency of the elec-
tron beam. The frequency of SPR at 0° is equal to jmju0∕L
when βn cos θ � 2.

Type 3 SPR satisfies 2 < βn cos θ. From Eq. (1), the fre-
quency of the forward-propagating SPR waves can be smaller
than the corresponding source frequency jmju0∕L, in accor-
dance with the superlight inverse Doppler effect. This phe-
nomenon, which we term reverse SPR [see Fig. 2(c)], takes
place in a conventional right-handed homogeneous material.
Both reverse SPR and special SPR are excited by positive space
harmonics and exhibit unexpected frequency shifts. In normal
SPR and special SPR, the frequency of the forward-propagating
wave is always greater than the electronic equivalent frequency
of the electron beam; however, in reverse SPR [θ>acos�2∕βn�],
even the forward-propagating wave can have a frequency lower
than that of the source frequency jmju0∕L. For example, reverse
SPR in a medium can be excited by m � 1 harmonic with a

velocity of 0.6c, as shown in Fig. 2(c). The lower frequency
of the normal SPR of jmj � 1, which is lower than that of
the corresponding electronic equivalent frequency, can only pro-
duce backward-propagating waves in normal SPR in the
medium [see Fig. 2(a)] but can propagate in the forward direc-
tion if 2 < βn cos θ [the yellow area in Fig. 2(c)]. The field dis-
tribution in Fig. 1 corresponds to that of normal SPR, CR, and
reverse SPR in the medium at 30 THz, as shown in Fig. 2(c).

It should be noted that when 2 < βn, the radiation field
configuration consists of multiple types of SPR at the same fre-
quency: (1) normal SPR excited by negative space harmonics
with θ < acos�1∕βn�; (2) special SPR in the V-C cone excited
by the 1st space harmonic with acos�1∕βn� < θ <
acos�2∕βn�, or reverse SPR in the V-C cone excited by posi-
tive space harmonics with acos�2∕βn� < θ; and (3) CR
at the V-C cone excited by the zeroth space harmonic with
acos�1∕βn� � θ, as shown in Fig. 2(c).

In this system, two different phenomena can be explored
separately from energy–momentum conservation [32]: a
momentum–subtraction SPR excited by negative space har-
monics, such as normal SPR, and a momentum–addition SPR
excited by positive space harmonics, such as special SPR and
reverse SPR, analogous to the superlight inverse Doppler effect
[24]. Quantum recoil of SPR should be considered [32] when
the initial electron kinetic energy is large enough or the fre-
quency of SPR is high enough with the emission angle θ close
to cos�1∕βn�. In our structure, with electron energy from 0.2c

Fig. 2. Dispersion relations for electron velocities of (a) 0.2c, (b) 0.4c, and (c) 0.6c. The black dotted line is the light line in vacuum, and the solid
black line is the light line in the medium with a refractive index of 4. The gray area in (a) is normal SPR; the blue area in (b) is special SPR; the yellow
area in (c) is reverse SPR. (d) Relationship between the radiation angle and frequency with the refractive index of medium fixed to 4 and electron
velocity between 10 eV and 160 keV. (e) Relationship between the frequency of SPR at 0° and electron velocity between 10 eV and 160 keV.
The three types of SPR shown in (e) correspond to the dispersion relations shown in (c).

80 Vol. 12, No. 1 / January 2024 / Photonics Research Research Article



to 0.6c and the working frequency of 30 THz, quantum recoil
can be ignored.

Figure 2(d) shows the relationship between the radiation an-
gle and frequency with the refractive index of the medium fixed
to 4 and the electron velocity between 10 eV and 160 keV.
Regardless of whether the permittivity index of the medium
or the energy of the electrons increases, the positive space har-
monics contribute to the electron–matter interactions if the
condition c∕n < u0 is satisfied. The range of frequency value
less than zero in Fig. 2(d) is satisfied for unexpected electron–
matter interactions in positive space harmonics. Figure 2(e)
shows the frequency emitted at 0° (the blue solid line) as a func-
tion of the electron beam velocity. The analysis of the relation-
ship between the emission angle of 0° and the corresponding
voltage can enable reverse SPR with the smallest n. The method
of analyzing other emission angles is the same as that of ana-
lyzing 0°. The black dotted line in Fig. 2(e) represents the
equivalent frequency of the electron beam, u0∕L, at different
voltages. The red dotted line indicates that an electron
speed of 0.25c is a threshold for a special SPR in the V-C cone.
The frequency of the probe in front of the electron beam first
increases to infinity and then gradually decreases from infinity
as the electron voltage increases. When 0.5c < u0, the fre-
quency of SPR observed at 0° is less than the equivalent
frequency of electrons, leading to reverse SPR [yellow area
in Fig. 2(c)].

B. Simulation of Normal SPR, Special SPR, and
Reverse SPR
Next, the particle-in-cell solver of the CST Studio Suite was
utilized to study the characteristics of normal SPR, special
SPR, and reverse SPR in the V-C cone. We simulated the
time-domain contour of the real part of the electric field propa-
gating along the x axis Ex of SPR with n � 4 and βn � 0.8,
1.6, and 2.4, respectively [see Figs. 3(d)–3(f )]; to facilitate the
analysis, we also drew a schematic of the wavefront of SPR
propagating [see Figs. 3(a)–3(c)] and the frequency of SPR
in the medium and vacuum [see Figs. 3(g)–3(i)] at the corre-
sponding electron velocity. In this structure, the period L of the
grating is 5 μm and the gap of the grating is 0.5 μm. For type 1
radiation, normal SPR is generated in the medium, and the
frequency shift monotonically decreases with the angle from
0° to 180° [see Figs. 3(a), 3(d), and 3(g)]. For type 2 radiation,
normal SPR excited by negative space harmonics and special
SPR excited by positive space harmonics were observed in
the V-C cone, and the frequency and angle no longer shift con-
tinuously [Figs. 3(b), 3(e), and 3(h)]. The simulated V-C cone
angle was 51° [see Fig. 3(e)], which is consistent with the theo-
retical wavefront angle [Fig. 3(b)]. For type 3 radiation, while
the frequency and angle no longer change continuously, the
low-frequency SPR can produce forward-propagating waves
in the 25–38 THz range [see Fig. 3(i)]; this reverse SPR cor-
responds to the yellow area in Fig. 2(c). However, we noticed

Fig. 3. Schematic of the SPR wavefront with electron beam velocity of (a) 0.2c, (b) 0.4c, and (c) 0.6c. The gray square in the middle is the grating,
and the electrons pass through the lower surface of the grating. The upper part of the grating is the medium with n � 4, and the lower part is the
vacuum. Time-domain contour of the real part of the electric field propagating along the x axis Ex of SPR with electron beam velocity of (d) 0.2c,
(e) 0.4c, and (f ) 0.6c. Frequency of SPR as a function of the probe angle in medium and vacuum with electron beam velocity of (g) 0.2c, (h) 0.4c, and
(i) 0.6c.

Research Article Vol. 12, No. 1 / January 2024 / Photonics Research 81



that the normal SPR and CR at the generated V-C cone can be
generated at the same time as the reverse SPR. Therefore, it is
difficult to directly observe the forward-propagating wave of
the reverse SPR using the simulated frequency domain contour
results. Thus, we further analyzed the reverse SPR through
both calculations and simulations. First, we obtained the radi-
ation field generated by the electron beam of different space
harmonics through numerical calculations. Then, the reverse
SPR and CR spatially separated from the normal SPR using
metasurfaces were directly observed by electromagnetic simu-
lation. The theoretical and simulation results are in excellent
agreement.

C. Numerical Calculations of the Radiation Field
Generated by Different Space Harmonics
We calculated the field distribution of the 0.6c electron velocity
excitation grating with a 5 μm period. Owing to the periodicity,
the fields in each region can be expanded in space harmonic
waves. The wave vector of the space harmonic waves is
kxm � kx � 2πm∕L. The SPR fields excited by different har-
monic electron beams can be obtained by matching the boun-
dary conditions [33]. We calculated the field distribution of the
SPR in the medium excited by the −1st, 0th, and 1st space
harmonics at 30 THz; Fig. 4(a) shows the corresponding dis-
tribution at radiation angles of 95°, 65°, and 24°. We also

Fig. 4. (a) Frequency of SPR as a function of the angle in a medium and vacuum with electron beam velocity of 0.6c. The yellow triangle is the
focal point of the black dotted line at f � 30 THz and with different types of radiation. The label of each yellow triangle corresponds to the label in
(b)–(e). Theoretically calculated field distribution of (b) normal SPR in vacuum, (c) reverse SPR in medium, (d) CR in medium, (e) and (f ) normal
SPR in medium at 30 THz.

Fig. 5. Schematics of (a) free electron excitation of a metasurface, (b) XOZ plane with period L and gap g of 5 and 0.5 μm, respectively, and
(c) XOY plane. The metasurface is composed of a 45° angle grating. (d) Direct observation of the simulation of (left) forward-propagation reverse
SPR (CR) and (right) backward-propagation normal SPR. The real part of the electric field propagating at 30 THz along the z axis is observed at the
XOY plane 5 μm above the metasurface.
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calculated the relationship between the frequency and angle of
SPR in vacuum [Fig. 4(a)] and the field distribution at 30 THz
[Fig. 4(b)] to compare the SPR in the medium with normal
SPR in vacuum. The radiation angle of SPR in vacuum was
109°. From Fig. 4, it can be seen that three different radiations
can be excited simultaneously: (1) reverse SPR [Fig. 4(c)]
generated by the 1st space harmonic, where the backward-
propagating wave of the reverse SPR is opposite to the normal
forward-propagating wave of SPR in vacuum [Fig. 4(b)];
(2) normal SPR in the medium [Figs. 4(e) and 4(f )] generated
by the −1st and −2nd space harmonics, and (3) the CR at the
V-C cone in the medium [Fig. 4(d)] generated by the zeroth
space harmonic.

D. Simulation of the Reverse SPR and CR Spatially
Separated from the Normal SPR Using Metasurfaces
In combination with a metasurface that enables wavefront
modulation [34,35], we directly observe the forward-propagat-
ing reverse SPR and the backward-propagating normal SPR in
the simulation. A 45° grating was employed as a metasurface to
convert the propagation of radiation from forward/backward to
right/left [see Fig. 5(a)]; the period L and gap of the grating
were 5 and 0.5 μm, respectively [see Figs. 5(b) and 5(c)]. The
left side of Fig. 5(d) is the forward-propagating reverse SPR and
CR, and the right side shows the normal SPR of the backward-
propagation in the medium. It can be seen that the propagating
angles of the normal SPR of the −2nd and −1st space harmonics
(right) are 125° and 95°, respectively, and that of the reverse
SPR (CR) of the 1st and 0th space harmonics (left) is 24°
(65°), which are consistent with the theoretical calculation
results (Fig. 4).

3. CONCLUSION

In summary, we predict the generation of inverse Doppler effect
driven by electron beams in reverse SPR in the V-C cone from
electron–matter interactions in a conventional right-handed
homogeneous material. Our analytical theory and numerical
simulations show that normal SPR, special SPR, and CR can
be simultaneously excited by negative, positive, and zeroth
space harmonics, respectively, when the electron velocity ex-
ceeds the light velocity in the substrate of an SPR grating plat-
form. In special SPR, the frequency shift is blueshifted when
the angle increases, which is opposite to the normal SPR
redshift. With further acceleration of the electron beam, the
normal SPR, special SPR, reverse SPR, and CR can be simul-
taneously excited if u0 > 2vp. In reverse SPR, the frequency of
the forward-propagating wave is lower than the equivalent fre-
quency of the electron beam, and the conventional backward-
propagating wave of normal SPR can be transformed into a
forward-propagating wave. The field distributions of normal
SPR, reverse SPR, and CR in the medium were determined
by numerical calculations and electromagnetic simulations us-
ing a metasurface. The reverse SPR in positive harmonic waves
is reported for the first time when u0 > 2vp, although SPR in
positive harmonic waves has been studied by Zhang et al. [31].
The proposed mechanism of multiple light radiations excited in
a conventional right-handed homogeneous material is of great
significance for explaining the interaction between electrons

and matter. Furthermore, the theory can be extended to neg-
ative refractive index systems, which can also produce conven-
tional radiation. In anisotropic materials or other polariton
materials, there may be more interesting new physical phenom-
ena excited by electron beams that have not been studied if
u0 > 2vp. Moreover, this phenomenon is expected to assist
the development of monochromatic multi-output and high-
efficiency tunable radiation sources.

4. MATERIALS AND METHODS

The contour of the real part of the electric field of normal SPR,
special SPR, and reverse SPR in the V-C cone was theoretically
simulated using the particle-in-cell solver of the CST Studio
Suite. A single electron with a length of 6 μm and a charge
of 1:6−19 C was employed and the electron emission surface
was circular, with a radius of 0.2 μm, located above the struc-
ture surface. The free electron mode is Gaussian excitation with
parameters of 1 μm sigma and 3 μm of cutoff length. It is
unnecessary to set a confinement magnetic field because single-
electron incidence is considered. Moreover, the electrons can
accurately pass through the surface of the grating without hit-
ting it. The boundary conditions in all directions are open.
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