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Fractional vortex beams exhibit a higher degree of modulation dimensions than conventional vortices, thus in-
heriting superior anti-turbulent transmission properties through the incorporation of additional coherence
modulation. However, aliasing the mixed modes induced by coherence degradation makes the quantitative mea-
surement of the topological charge in fractional vortex beams challenging. In this study, a coherence phase spec-
trum was introduced, and experimental demonstrations to quantitatively determine the fractional topological
charge of partially coherent fractional vortex beams were performed. By leveraging the four-dimensional mea-
surement of a partially coherent light field, the source coherence function was inversely reconstructed, and frac-
tional topological charges were determined with high precision by extracting the phase spectrum of the coherence
function. Laguerre–Gaussian, elliptical Gaussian, and plane-wave-fraction vortex beams with various degrees of
coherence were used to demonstrate measurement precision. The proposed method is applicable to X-rays and
electron vortices. It has potential applications in optical encryption, high-capacity optical communication, and
quantum entanglement. © 2023 Chinese Laser Press

https://doi.org/10.1364/PR.499520

1. INTRODUCTION

As pointed out by Allen in 1992, a vortex beam with a helical
phase front carries an orbital angular momentum (OAM) of lℏ
per photon, where ℏ is the reduced Planck’s constant, and l is
the topological charge [1]. In most studies related to optical
vortices, topological charges are commonly limited to integer
values, but the values of the topological charges can be non-
integral, that is, fractional topological charge [2–4]. Fractional
vortex beams possess special optical properties that are signifi-
cantly different from those of integer vortex beams [5]. The
topological charge values are continuous and can be used to
address the explosive growth in communication requirements
[6–9] and realize ultrahigh-dimensional entanglement [10,11].
In addition, fractional vortex beams have radial openings in
annular light rings, which enable complex optical manipula-
tions [12,13].

Given the broad applications of fractional vortex beams,
various techniques have been proposed to measure topological
charges, such as diffraction, interference [14–18], deep learning

[19,20], and coordinate transformation [21,22]. For the fully
coherent case, the accuracy of these measurement schemes can
reach up to 0.1 or even 0.01 with the help of a deep learning
algorithm. However, decoherence, which often occurs in a
turbulent or randomly fluctuating light field [23,24], is not
considered in these schemes. Recently, the advantages of pre-
modulating the spatial coherence of light sources have been
widely studied, such as anti-turbulence propagation [25–30],
and the accuracy improvement of recognizing the integer topo-
logical charge [31]. Nevertheless, the aforementioned methods
encounter obstacles in detecting fractional topological charges
owing to the compromised coherence and varying amplitudes
associated with such conditions. OAM correlation calculation
[32–34] was used to approximately identify the fractional topo-
logical charge. However, to the best of our knowledge, the
quantitative measurement of the topological charge is still quite
challenging for partially coherent fractional vortex beams. The
complex amplitude and phase evolution characteristics change
significantly during the propagation process; however, they
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exhibit perfect helical phase distributions in source planes.
Thus, the topological charge measurement is more accurate
in the source plane than in any other propagation plane.

Consequently, the coherence phase spectrum was intro-
duced and experimentally measured using the reconstructed
source coherence function. This measurement has been proven
to be quantitatively relevant to the value of the fractional topo-
logical charge. By measuring the complete four-dimensional co-
herence information in the far field, the source coherence
information of partially coherent fractional vortex beams was
inversely reconstructed, and the coherence phase spectrum
was calculated. Then, the measurement of the fractional topo-
logical charge was presented for various coherence and ampli-
tude envelopes, such as Laguerre–Gaussian and elliptical
Gaussian, for which the accuracy is finer than 0.1. The exper-
imental results were in good agreement with the theoretical
analysis. For potential applications, we verified the feasibility
of expanding the encryption capacity. This study provides
new insights for accurate topological charge measurements
and paves the way for the practical application of fractional vor-
tex beams in high-dimensional quantum entanglement and
optical communication.

2. METHODS

A. Theory
In the space–frequency domain, the coherence properties of
partially coherent beams are characterized by the cross-spectral
density function. For a partially coherent vortex beam in the
source plane, the cross-spectral density function can be written
as [35]

W �r1, θ1, r2, θ2�
� A�r1�A�r2� exp�−�r1 − r2�∕�2δ20�� exp�−ilθ1 � ilθ2�, (1)

where A�r� denotes the amplitude distribution. By varying
A�r�, various partially coherent vortex beams have been pro-
posed [36]. r1 and r2 are two arbitrary vector coordinates in
the source plane, and θ represents the angular coordinate. δ0
is the spatial coherence width, and l denotes the value of topo-
logical charge. Equation (1) reveals that the phase of the source
cross-spectral density in a partially coherent fractional vortex
beam contains information about the fractional topological
charge, whereas the characteristics of the cross-spectral density
undergo significant changes throughout the propagation pro-
cess, as shown in Figs. 1(a) and 1(b).

The fractional topological charge information is difficult to
obtain, as shown in Fig. 1(b), unless the source cross-spectral
density function is recovered, which is the most challenging
part. Once the four-dimensional cross-spectral density is mea-
sured in the propagation plane, the source cross-spectral density
function can be reconstructed, and the phase, which is called
the coherence phase, can be easily extracted [Fig. 1(c)]. The
decomposition of the coherence phase, that is, the coherence
phase spectrum, for a partially coherent vortex beam was inves-
tigated, as shown in Fig. 1(d). For a fixed reference point, the
phase term in Eq. (1) is exp�ilθ�. Using the basis of the integer
OAM states, the phase term can be decomposed as [2]

exp�ilθ� � exp�ilπ� sin�πl�
π

X�∞

m�−∞

exp�imθ�
l − m

, (2)

where m is an integer. Thus, the coherence phase spectrum is
defined as

Pm �
����
Z

exp�ilθ� exp�−imθ�dθ
����: (3)

Using the orthogonality of the integer OAM states, we ob-
tained Pm � jCl∕�l − m�j, where Cl is a constant with respect
to l . The intensity of Pm reaches its peak value when m � l 0 or
m � l 0 � 1, which is the nearest integer to the fraction l
(l � l0 � a; a is the fractional part). In other words, the
two highest peaks were Pl0 and Pl 1 . The intensities of the other
OAM states decay as the integer m moves away from the frac-
tion l . The exact value of the detected fractional vortex can be
derived as follows:

l � l 0Pl0 � l 1Pl1

Pl0 � Pl 1
: (4)

Equation (4) is one of the main conclusions of this study.
Although only the two highest peaks are used for calculation,
the accuracy of a certain coefficient Pm is also related to the
accuracy of each coefficient, as the coefficient value is globally
normalized. If we can accurately extract the coherence phase of
the partially coherent beam, we can plot the coherence phase
spectrum using Eq. (3), as shown in Fig. 1(d). The quantitative
relationship between the fractional topological charge and co-
herence phase spectrum decomposition in Eqs. (2)–(4) works
only in the source plane. Once the propagation occurs, the
phase term becomes disordered.

B. Experimental Setup
Multimode ptychography was introduced to measure the cross-
spectral density of partially coherent light fields [37,38]. The
mixed modes contained in a partially coherent fractional vortex
beam were reconstructed from a set of collected diffraction pat-
terns. For a linear and time-invariant system with a measurable

Fig. 1. Schematic diagram of the measurement of the coherence
phase spectrum for a partially coherent fractional vortex beam.
(a) Source plane with unknown topological charge. (b) Focal field.
(c) Full source coherence information is restored. (d) Coherence phase
spectrum by coherence phase is decomposed.

34 Vol. 12, No. 1 / January 2024 / Photonics Research Research Article



transmission matrix, the modes in the focal field can be
inversely transmitted to the source plane through angular spec-
trum propagation. The cross-spectral density and its coherence
phase spectrum were calculated using Eq. (3). Finally, the topo-
logical charge was obtained using Eq. (4).

The experimental setup for generating and measuring differ-
ent partially coherent vortex beams is illustrated in Fig. 2. A
fully coherent laser beam is emitted from a semiconductor laser
(Ventus HR 532 nm) and expanded using a beam expander.
The expanded beam is then focused on a rotating ground-glass
disk by a thin lens L1 (f 1 � 100 mm), and the beam can be
regarded as spatially incoherent immediately after passing
through the rotating ground-glass disk, if the diameter of
the beam spot on the rotating ground-glass disk is larger than
the inhomogeneity scale of the ground glass, which was satisfied
in our case. As per the Van Cittert–Zernike theorem, after col-
limation with the thin lens L2 (f 2 � 150 mm), the generated
incoherent beam becomes partially coherent. The coherence
length δ0 is determined by the size of the focused beam spot
on the rotating ground-glass disk and disk roughness.

To modulate the amplitude and phase profile of the partially
coherent beam, a spatial light modulator (HDSLM85T) with a
pixel pitch of 8 μm is used. Plane-wave, elliptical Gaussian, and
Laguerre–Gaussian vortex beams with different coherence
lengths were generated. In the experiment, we loaded the spa-
tial light modulator with different holograms [Figs. 2(b) and
2(c)] and limited its area to a hard-edged aperture. The modu-
lated beam passed through a beam splitter (BS) and was focused
by a lens (L3). The intensity was recorded using CCD1, as
shown in Fig. 2(d). The intensity patterns of the experimental
source are shown in the insets of the Fig. 2. In the source plane,

the intensity of the plane-wave vortex beam was evenly distrib-
uted. However, in the focal field, the intensity was distributed
symmetrically with multiple singularities. For an elliptical
Gaussian vortex beam, the amplitude of the source plane is af-
fected by the elliptical Gaussian amplitude. Thus, the focal field
distribution is deformed and has an asymmetric structure. The
intensity pattern of a fractional vortex beam has a radial open-
ing in the annular ring encompassing the dark core near the
source plane and gaps in the focal plane. A fractional Laguerre–
Gaussian beam has an outer ring structure in both the focal
field and source plane, owing to the radial index of p � 1.
Furthermore, as shown in Fig. 2(e), with the decrease of δ0,
the focal intensity finally becomes a Gaussian profile.

Considering the focal plane as the measuring plane, a scat-
tering object (USAF) was placed perpendicular to the optical
axis, and the diffraction intensity was measured using
CCD2 (EMCCD, iXon Life, Oxford). The modal decompo-
sition was based on a multimode ptychographic iterative engine
[37,38]. Subsequently, the partially coherent fractional vortex
beam was fully characterized, including the average intensity
and cross-spectral density. The distance between the USAF
and CCD2 was 146 mm. Ptychographic scanning was per-
formed to collect additional diffraction information. The USAF
was fixed on a two-dimensional mobile stage (CONEX-
MFACC Newport), and 400 raw diffraction patterns were cap-
tured using 20 × 20 overlapping scans with step size set as
40 μm. The partially coherent light beam focused on the scat-
tering object is the target to be measured, which also acts as a
probe, and its beam width is around 400 μm.

As a partially coherent light field, the probe can be regarded
as the incoherent superposition of multi modes, that is,

Fig. 2. Experimental setup. (a) Generation of the partially coherent fractional vortex beams with different amplitudes and coherence lengths. BE,
beam expander; L1, L2, L3, L4, thin lenses, with focal lengths of 100, 150, 300, and 300 mm, respectively; RGGD, rotating ground glass disk; BS,
beam splitter; SLM, spatial light modulator; USAF (1951USAF resolution test chart) acts as an object; CCD1, charge coupled detector (ECO445);
CCD2, electron-multiplying CCD. The first line of (b) and (c) is the hologram patterns loaded to the SLM for generating a fractional vortex beam
with l � 2.5. The second row of (d) and (e) is the experimental results of the focused fractional vortex beams (source intensities are inserted). PV,
plane wave vortex beam; EGV, elliptic Gaussian vortex beam. LG, Laguerre–Gaussian vortex beam. High C, high coherence; δ0 � 1.5 mm. MC,
medium coherence; δ0 � 0.4 mm. LC, low coherence; δ0 � 0.25 mm.
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W �ρ1, ρ2� �
P

nEn�ρ1�E�
n�ρ2�. On the camera plane, each re-

corded intensity I 0�k� can also be treated as the incoherent
superposition of diffraction patterns for different modes, that
is, I0�k� �

P
nψn�k�ψ�

n�k�. Then, the modes on the object
plane can be updated using a multi-probe ptychography iter-
ative engine [37]. Each mode on the camera plane ψn(k) and
object plane En(ρ) can be respectively updated as

ψ i 0
n �k� �

ffiffiffiffiffiffiffiffiffiffiffi
I 0�k�

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

n�1 ψ
i
n�k�ψ�i

n �k�
p ψ i

n�k�,

Ei�1
n �ρ� � Ei

n�ρ� � β
O��ρ�

jO�ρ�j2max

�Φ 0i
n�ρ� −Φi

n�ρ��, (5)

whereΦ 0i
n�ρ� � F −1fψ i 0

n �k�g. ρ is the coordinate on the object
plane, and k is the coordinate on the detector plane. I0�k� rep-
resents the experimentally recorded diffraction intensity. ψ i 0

n �k�
is the updated complex diffraction field. “n” means the nth
mode, whose total number is N . “i” is the ith iteration. β is
the update coefficient, which was set as 0.9 in this work.
Based on Eq. (5), En(ρ) was reconstructed after 100 iterations.
Furthermore, En(r) was obtained by the inverse transmission of
En(ρ). For certain reference, the cross-spectral density can be
calculated by W �r1, r0� �

P
nE�

n�r0�En�r1�, and the phase
is Arg�W �r1, r0��, where “Arg” means phase operation. The
reconstruction pixel size satisfies the formula Δx � λz∕L,
and the ideal resolution is around two times the pixel size. z
represents the distance from the scattering object to the camera,
and λ represents the wavelength of the beam. L represents the
camera total size. Therefore, the larger the camera size, the
higher the resolution.

3. RESULTS

An example of partially coherent fractional vortex beams with
δ0 � 1.5 mm is presented here. Figure 3(a1) shows the average
focal intensity reconstructed from the measured modes.

Furthermore, the amplitude and phase of the focal cross-
spectral density, that is, W �r, 0�, can be calculated as shown
in Figs. 3(a2) and 3(a3). However, there is no visual informa-
tion for the quantitative calculation of the topological charges.

The transmission matrix is calculated using the propagation
distance and focal length of the lens. The cross-spectral density
of the source plane can then be reconstructed using the mixed
modes of the focal field via angular spectrum propagation. As
shown in Figs. 3(a4)–3(a6), the source intensity, amplitude,
and phase of the cross-spectral density were calculated by
inversely transmitting the focal electric-fields to the source
plane. In particular, the aperture boundary can be clearly ob-
served in Fig. 3(a4). We can clearly observe phase singularities
and fractional phase jumps from the phase pattern. Therefore,
the topological charge is roughly obtained by the loop integral
of the phase, written as l � 1

2π

H
∇ϕ�r� · dr [13]. However,

both the pixel size and selected radius affect the accuracy.
Subsequently, the coherence phase spectrum is introduced in
the following quantitative determination of the topological
charge. The phase was extracted from the cross-spectral density,
and the coherence phase spectrum was analyzed.

A. Different Amplitude Envelopes
To verify the universality of this scheme, the topological
charges of partially coherent fractional vortex beams with differ-
ent amplitudes were measured, including plane wave, elliptical
Gaussian, and Laguerre–Gaussian fractional vortex beams
(l � 2.5). Figures 3(b1)–3(b6) show the reconstructed cross-
spectral densities in the source plane. The amplitudes were dif-
ferent, whereas the three beams exhibited similar central phase
distributions. Thus, the coherent phase spectrum was not in-
fluenced by the amplitude envelope. The corresponding coher-
ence phase spectrum is shown in Figs. 4(a)–4(c), where the blue
and red histograms denote the theoretical and experimental re-
sults. The measured topological charge is marked above each
subfigure, and it matches the true value well.

Fig. 3. Reconstruction of the source coherence phase. (a1) Focal average intensity, (a2) cross-spectral density amplitude, and (a3) cross-spectral
density phase recorded in experiment. (a4) Source average intensity, (a5) cross-spectral density amplitude, and (a6) cross-spectral density phase
reconstructed by inverse propagation to the source plane. (b1)–(b6) Cross-spectral density amplitude and cross-spectral density phase in the source
plane for different amplitudes. (c1)–(c6) Cross-spectral density amplitude and phase in the source plane for different coherence lengths.
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B. Different Coherence Lengths
Different spatial coherence widths are verified. Figure 2(e)
shows experimental intensity distributions of the generated par-
tially coherent fractional vortex beam at the focal and source
planes for different values of δ0. With a decrease in the initial
coherence width, the beam waist amplitude decreases gradually,
as shown in Figs. 3(c1)–3(c3). Figures 3(c4)–3(c6) show that
the phase is affected by the coherence and that the phase out-
side the amplitude envelope is disordered. Therefore, we con-
sidered the region within the amplitude envelope to calculate
the coherence phase spectrum. Figures 4(d)–4(f ) show the
measured coherence phase spectra and corresponding topologi-
cal charge of the fractional vortex beams under various degrees
of coherence. These measurements exhibit only minor
differences when compared with the true value (l � 2.5) of
the coherence phase spectrum.

C. Accuracy and Applicability
By comparing the results in Fig. 4, where the true topological
charge is 2.5, the accuracy is guaranteed to be finer than 0.1. In
addition, Fig. 5(a) shows the mean value of 10 experimental
measurements for l � 2.8, from which the standard deviation
was calculated (red error bars). This also shows that the accu-
racy of the experimental results was less than 0.1. Furthermore,

the applicability of the proposed method for vortex beams with
an integer topological charge (l � 2) and a larger fractional
topological charge (l � 10.8) was verified, as shown in
Figs. 5(b) and 5(c). Considering the divergence of the beam
after long-distance propagation in real-world scenarios and
the limited numerical aperture of the acquisition system, the
accuracy will be reduced. As shown in Visualization 1, having
a finite sized diffraction pattern implies a loss of diffraction in-
formation, which leads to phase distortion and errors in the
coherent phase spectrum obtained from inverse transmission
calculations. These issues can be addressed by a sufficiently
large light beam acquisition system, such as a larger lens.

D. Applications in Optical Encryption
Free-space optical encoding based on a partially coherent frac-
tional vortex beam with a channel interval of 0.1 was success-
fully realized, as shown in Fig. 6. A random 26-ary letter was
propagated using 26 topological charges (varying from 1 to
3.5). Subsequently, on the transmitter side, we generated the
desired fractional vortex beam sequence by switching the cor-
responding patterns loaded on the spatial light modulator. After
encoding, the fractional vortex beam sequence propagates and
finally arrives at the receiver. Subsequently, the topological
charge of the fractional vortex beam was measured at the

Fig. 4. Coherence phase spectrum. Theoretical and experimental coherence phase spectra with (a)–(c) different amplitude envelopes and (d)–(f )
different degrees of coherence.

Fig. 5. Accuracy and applicability. (a) Accuracy verification; (b), (c) integer and larger topological charge measurements.
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receiver side. For example, the message “Hello” was encoded
using the corresponding 26-ary encoding from the lookup ta-
ble, and the corresponding fractional vortex beam was sent.
The measured topological charges at the receiver side (1.7, 1.4,
2.1, 2.1, and 2.4) precisely matched the transmitted topological
charges, confirming the successful implementation of free-
space communication using the proposed encoding/decoding
scheme.

4. CONCLUSIONS

A coherence phase spectrum was introduced to quantitatively
measure the topological charges of partially coherent fractional
vortex beams. Experimental measurement of the four-dimen-
sional cross-spectral density on the focal plane was performed
via multimode ptychography. Subsequently, the coherent phase
spectrum was extracted by recovering the source cross-spectral
density function. The accuracy of the fractional topological
charge calculated based on the coherence phase spectrum
was finer than 0.1. Proof-of-principle experiments were con-
ducted to evaluate the performance of fractional vortex beams
with varying amplitudes and degrees of coherence. The appli-
cation of optical encryption with fractional vortex beams was
also presented. These experimental results demonstrated that
the method has good universality, accuracy, and practicability.

In this work, ideal experimental conditions were considered,
such as short propagation distance, low or absence of atmos-
pheric turbulence, and known transmission matrix of the sys-
tem. It ensures the probability for back-propagation calculation
of the cross-spectral density function to the source plane, where
the coherence phase spectrum has a quantitative relationship
with the fractional topological charge. More challengingly,
the outdoor turbulent environment will bring difficulties to
the inversion of the cross-spectral density and the measurement
of topological charge. Considering real-world scenarios, the
measurement accuracy will be highly dependent on propaga-
tion distance, beam size, decoherence, and atmospheric turbu-
lence. The transmission matrix of the atmospheric turbulence
should be measured in real-time to help the inverse calculation
[39,40]. The introduction of a deep learning algorithm can also
help improve the efficiency and extend the accuracy [19,20].
Furthermore, the performance of different coherence structures
of partially coherent vortex beams in atmospheric turbulence
can be further studied and compared based on the scheme

proposed in this work [41]. The proposed method is also ex-
pected to be extended to X-rays and electron vortices.
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