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In this paper, we present an approach called the free lens modulation (FLM) method to generate high-perfection
3D generalized perfect optical vortices (GPOVs) with topological charges of 1-80. In addition, 2D and 3D
GPOVs were produced by altering the parameters of the freely shaped lenses. To verify the quality of the
GPOVs produced with the FLM method, we conducted optical trapping experiments and realized linear control
of the rotation rate of the trapped particle. Due to the great advantages of high perfection and high power usage in
generating arbitrarily shaped GPOVs, the FLM method is expected to be applied in optical manipulation, optical

communications, and other fields.
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1. INTRODUCTION

Optical vortices (OVs) [1] are optical beams with helical wave-
fronts, i.c., a phase term of exp(i/¢g) with / denoting the topo-
logical charge (T'C). This helical phase distribution leads to the
ring-like intensity pattern of a vortex beam and orbital angular
momentum (OAM) of /A per photon [2]. Recently, OVs have
shown a huge application potential in many fields because of
their ring-like intensity patterns or the nature of OAM [3-6].
Generally, the radii of vortex beams grow along with the in-
creasing absolute value of the TC, which restricts the use of
many applications. To break this limitation, Ostrovsky ez al. [7]
introduced the concept of perfect optical vortices (POVs) in
2013, which are a special type of OVs that have the radius in-
dependent of the TC and a much higher intensity gradient [8].
Theoretically, POVs are described as the Fourier transform of
Bessel beams. Many efforts have been made to generate POVs
[7-17]. Most of these are based on the Fourier transform
[6-8,10-13,18,19], or the conversion of a Laguerre-Gauss
beam [9]. The unique features have also brought POVs great
attention in optical manipulation [9,20-22], optical commu-
nications [18,19], quantum optics [10], optical encryption
[23], and other fields. Note that typical POVs are commonly
considered to have annular intensity profiles.

Recently, arbitrarily shaped POV, also called generalized
POVs (GPOVs) [24], have been reported. GPOVs have
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similar properties to POVs, including a phase gradient along
the narrow trajectories and independence between the inten-
sity profile and the TC. Such light fields are no longer limited
to the annular shape but show various intensity patterns, such
as oval or triangular [25]. These alternately shaped POVs can
provide additional possibilities in advanced applications, such
as optical manipulation [26,27], single-shot lithography [28],
and optomechanical assemblies [29,30]. Methods have been
reported to produce GPOVs, including astigmatic transfor-
mation [31], high-order cross-phase modulation (HOCP)
[32], superpixel method [24], and others [33]. Most methods
are limited to generating 2D GPOVs with a small
TC(/ = 1-16), thus restricting the application of GPOVs
in various areas, such as optical communications that require
high information capacity or optical trapping that demands a
high driving force. Rodrigo et al. [34] realized 3D polymor-
phic beams using complex amplitude modulation geometry.
However, this approach requires simultaneous modulation
of the amplitude and phase of the input beam, leading to high
zero-order diffraction and low power usage, especially for a
large TC.

In this paper, we present a pure-phase modulation approach
called free lens modulation (FLM) to generate arbitrarily
shaped, high-perfection 2D and 3D GPOVs with large
TCs. The basic principle of the FLM method is to design a
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phase map of the shape-controllable digital lens and load it onto
a pure-phase spatial light modulator (SLM). When the colli-
mated laser passes through the SLM, a corresponding
GPOV is generated at the focal region of the digital lens.
Meanwhile, if we superimpose a vortex phase on the shape-con-
trollable lens phase, arbitrarily shaped GPOVs can be gener-
ated. In this approach, a freely shaped digital lens acts like
an “optical pen” to modulate and focus the laser beam.
Consequently, the FLM method offers high power usage,
high perfection, and high flexibility. Detailed derivation and
experimental validation of the FLM method will be presented
here.

2. METHODS

A. Principle of FLM
The basic idea of the FLM method is to use a freely shaped
digital lens with a vortex phase to create GPOVs in the focal
plane of the free lens [Fig. 1(a)]. The FLM method allows vari-
ously shaped GPOVs to be readily created, including oval, tri-
angular, square, tilted square, and truncated ones [Fig. 1(c)].
More complex 3D GPOVs can be generated by the elaborate
design of the digital lens.

The FLM method has high flexibility because the free lens
serves as an “optical pen” in 3D. The generalized expression of
the transmission function of the digital lens can be

th(r, (p) = P(r, (p)g’ik(”ﬂo(fﬂ))z/zf((ﬂ)gillp, (1)

where (7, ¢) are the polar coordinates, P(r, ) represents the
aperture function, # = 2z // refers to the illumination wave-
number, and py(¢) and f(¢) denote the shape and focal dis-
tance of the designed digital lens. The transmission function of
a free lens in Eq. (1) can be considered as a superposition of the
phase of a toroidal lens and a vortex lens, as shown in Fig. 1(b).
Setting P(7,¢) = 1 and considering a uniform plane wave
as the input beam, £y = A, with A being a constant, the
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Fig. 1. Principle of the FLM method. (a) Abridged general view of
the free lens modulation (FLM) method. (b) Superposition of the an-
nular lens and the vortex phase to generate the free lens. (c) Models of
various free lenses and the corresponding GPOV profiles.

diffracted light field of 3D GPOVs according to Fresnel
diffraction is

ezkz
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where uy (@) = (po(¢), @, f(¢)) denotes a 3D curve parame-
terized by azimuthal angle ¢, F[....] represents the Fourier trans-
form, and (@, p) are the polar coordinates at the Fresnel
diffraction plane. Assume that the focal distance f(¢) fluctu-
ates slowly around some average value f,. We argue that the
diffracted field will develop a 3D curve-like intensity profile of
the approximate form of uy(¢) in the vicinity of the reference
point (0, 0, f). To see this, we invoke the stationary phase
method and write down the phase of the integrand in

Eq. (2):

Kr=po@)® 7

®lne) = 2f () 2z

+ lp - kLp cos(@ - ).
z

3
The integral in Eq. (2) is contributed mainly by the points (7,
@) that satisfy the stationary phase conditions

® _/e—"jfg;‘)”) + kI k2 cos(0-¢) =0
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For a given point in the diffraction region with coordinates
(p, 0, 2), the field there is mainly contributed by points (r,
@) on the input plane that satisfies Eq. (4).

Considering the standard planar 2D annular POV, we re-
place the focal length f(¢) with a constant focal length £/, and
the predesigned radius py(¢) with a constant radius p,. The
POV will emerge at the diffraction distance z equal to f.
Note that the term (’gp W) s irrelevant to ¢; thus, its partial dif-
ferentiation of ¢ is 0. Substituting z = f(¢) = f, and
Po(®) = po in Eq. (4), we get

po=p cos(@-¢) =0 5)
é—}%’; sin(@-¢) =0
The solution of Eq. (5) is

12 £2
2=t 0
For [ = 0, the light field will peak exactly at the position of
p = po. For [ # 0, we denoted the “area” of the locus of the

stationary phase points corresponding to (p, 8, ;) by
12 fz

where & is a small quantity to avoid the case where the solution
of Eq. (6) is a discrete number of points. The field at p at the
focal plane is therefore a result of interference of the light
coming from the stationary phase region given by Eq. (7).
The larger the area Jt(p) is, the greater the intensity at p will
be. Stated differently, J(p) represents, to some extent, the
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intensity as a function of p at the focal plane. Therefore, the
radius of a POV generated with the FLM method will keep
nearly unchanged with varying /, a desired result for high per-
fection of created POVs. An analogous argument shows that
the FLM method is applicable to 3D GPOVs.

For the generic case represented by Eq. (4), we may graphically
demonstrate the locus of the stationary phase method assigned to
point u with coordinates (p, 8, z) in the diffraction region to ob-
tain a qualitative description of the diffraction pattern.

B. Experimental Setup

The 3D GPOVs were generated using our homemade holo-
graphic optical tweezers (HOTs) setup shown in Fig. 2. The
near-infrared (NIR) linearly polarized laser (4 = 1064 nm,
Connet Laser Technology, Shanghai, China) was expanded and
collimated by a telescope system consisting of lenses 1 and 2.
The computer-generated phase map of the free lens was loaded
onto a pure phase spatial light modulator (SLM, Pluto-NIR-II,
HOLOEYE Photonics, Berlin) with 1920 x 1080 pixels and
a pixel pitch of 8 pm to generate the desired light fields.
The resulting light field will be reflected to a relay system con-
sisting of lens 3 and a high NA water-immersion objective
(60 x /NA = 1.27, WI, Nikon, Tokyo) by a specially designed
triangle reflector [22]. To promote the manipulation quality, a
quarter-wave plate was inserted between lens 3 and the objec-
tive to convert the linearly polarized vortex into the circularly
polarized one, which induces a larger optical torque on the par-
ticles [35]. As for the imaging path, a short-pass dichroic
(FF700-SDi01, Semrock, Rochester, NY, USA) was inserted
between lens 3 and the objective to ensure that the NIR light
was reflected and the visible light was transmitted to image the
samples onto the CMOS camera (DCC3240M, Thorlabs,
Newton, NY, USA) through lens 4. The end-to-end efficiency
of the setup was 15%, matching that of our previously reported
HOT system [36]. The aberration was corrected using our pre-
viously reported method [37]. It is worth mentioning that
the FLM method uses an SLM to represent the digital lens.

()
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Fig. 2. Experimental layout. (a) Light path diagram. (b) Experimental
setup. @ Laser with 4 = 1064 nm, @ SLM, ® objective lens, and
@ CMOS camera.
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After the collimated input beam passes through the SLM,
the unmodulated component (i.e., the so-called zero-order),
will be output as a collimated beam while the modulated beam
will be focused. As a result, in the focal plane of the digital lens,
the intensity of the zero-order will be much weaker than that of
the GPOVs [38].

3. RESULTS AND DISCUSSION

A. Generation of Annular POVs
First, we verified the performance of the FLM method to gen-
erate annular POVs, whose prescribed curve satisfies

uo(@)pov = (Po, @, fo)- (8)

Here, py and £ are the constant radius and focal distance, re-
spectively. To be consistent with the experiment, we set the
wavelength of the input light beam to 4 = 1064 nm, the radius
to pp=1.8 mm, and the focal distance to f; = 200 mm. The
size of the simulated POV in the focal plane of the digital lens
[Figs. 3(a) and 3(b)] is 60 times of that in the focal plane of the
objective (60x) [Figs. 3(d) and 3(e)]. The simulated intensity
[Fig. 3(a)] and phase distribution [Fig. 3(b)] of annular POVs
with TCs /=1 and 80 prove the feasibility of the FLM
method. The variation plot of the radii of the annular
POVs with TC values changed from 1 to 80 [Fig. 3(c)] depicts
that the radii for the annular POVs vary slightly. To describe
the change of the annular POV’s radius with respect to TC
more accurately, we introduced the change rate of the radius
g, and the average change rate & defined as

e = (R -R;1)/R; 9)

and

(b)

0 20 40 60 80 0 20 40 60 80

Topological Charge (/) Topological Charge (/)
Fig. 3. Generation of annular POVs. (a) Simulated intensity distri-
bution and (b) simulated phase distribution of the annular POVs with
TCs [/ = 1 and 80. Scale bar: 1 mm. (c) Radius plot of annular POV,
with TCs /= 1-80. (d) Experimental intensity distribution and
(¢) measured interference patterns of the annular POVs with TCs
/ =1 and 80. Scale bar: 20 pm. (f) Radius plot of annular POVs,
with TCs / = 1-80.
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From the simulation results shown in Fig. 3(c) we deter-
mined that the largest change rate g is ~0.14% and the average
change rate & is ~0.09% for a TC increasing from 1 to 80,
revealing the perfection of the annular POVs generated with
the free lenses.

In contrast, the intensity distributions of the experimentally
generated annular POVs are shown in Fig. 3(d) with TCs / = 1
and 80, and the radius of light fields in the back focal plane of
the objective is 30 pm. To verify the intrinsic characteristics of
the generated annular POVs, we measured the TCs using the
interference method [25,39]. High-contrast interference pat-
terns [Fig. 3(e)] reveal that the TC is equivalent to the fringe
number. The radius of the annular POV, defined as the dis-
tance from the POV’s center to the intensity maxima on the
ring, changes from 30 pm (/ = 1) to 33.2 um (/ = 80) with
an average change rate & of ~0.12% [Fig. 3(f)], which is slightly
larger than the simulation results (0.09%) [Fig. 3(c)]. Through
the simulation and experimental studies on the generation of
annular POVs, we verified that the FLM method is a tool that
can generate annular POVs with high perfection.

B. Generation of 2D GPOVs

Next, we went further to generate more complex light fields
using the FLM method. For instance, we created some 2D
GPOVs with polygon curves by setting the parameter py(¢)
to satisfy the relation

po(@) = 1- % cos(gp), (11)

where p controls the smoothness of the polygon and ¢ controls
the shape of the curve. In this case, the described curve of the

2D GPOVs is

uy(@)|2p grov = (1 —’% COS({M’))(P)fo)- (12)

Setting appropriate parameters (p, ¢) according to Eq. (11),
we obtained oval (p = 5,4 = 2), tiangular (p = 10,9 = 3),
square (p = 15,4 = 4), and pentagonal (p = 20,4 = 5) dig-
ital lenses according to Eq. (1) [Fig. 4(a)]. The light field mod-
els of some different GPOVs are shown in Fig. 4(b). To
generate such light fields, we loaded the corresponding
phase maps [Fig. 4(c)] onto the SLM, thus obtaining the ex-
perimental intensity distributions with / = 1 [Fig. 4(d)] and 80
[Fig. 4(e)]. Comparing the intensity patterns, little variation for
/=1 and 80 indicates that the GPOVs generated with the
FLM method share similar characteristics with annular
POVs. The average change rate & of the beam’s size along
the dotted lines in Figs. 4(d) and 4(e) is 0.23%, 0.12%,
0.15%, and 0.13%, respectively.

Note that as the value of g increases, p should be gradually
increased to keep the smoothness of the polygon (smaller cur-
vature). The nonuniform curvature will cause “hot spots”
(i.e., the local intensity maxima), which will severely degrade
the quality of the light fields. Further, in optical trapping,
the high-index particle will be bound by the hot spots and fail
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Fig. 4. Generation of 2D GPOVs. (a) Free lens models.
(b) Simulated light field models. (c) The phase of the free lenses in
(@) with TC / =1. (d), (e) Experimentally generated light fields
for / =1 and 80 using the oval, triangular, square, and pentagonal
free lenses, respectively. Scale bar: 20 pm.

to move along the beam trajectory [9,27]. In addition, in
lithography, uneven light fields will lead to inhomogeneous pat-
terns. Several studies have been undertaken to address this
problem [40,41]. The flexible free lens [Fig. 5(a)] is an excellent
solution to solve this problem by varying the parameter p in
Eq. (11) to change the smoothness of the light fields. The ex-
perimental results [Figs. 5(b)—5(e)] reveal that a larger value of p
leads to a smoother curve while keeping g4 constant, meaning
better uniformity of the intensity distribution. However, when
p increases infinitely, the intensity profile tends to be circular.
Therefore, the parameter p should be adequately set according
to specific requirements.

C. Generation of 3D GPOVs

A principal advantage of FLM is its high flexibility to generate
arbitrary 3D optical fields with high power usage. 3D GPOVs
can be generated by setting the focal distance /(@) of the lens
being related to the azimuthal coordinate. For example, the fo-
cal distance f(¢) in Eq. (1) can satisfy the relation

Flp) = £, 2007 Sij(l"”) , (13)

where 2 controls the slope and 4 controls the tilting times.
When 6 is a fraction smaller than 1, the light field will appear
as a truncated GPOV. Combining Egs. (11) and (13), we can
design various digital lenses with different parameters (p, ¢, 4, b)
[Fig. 6(a)] to generate 3D GPOVs [Fig. 6(b)]. Therefore, the
intensity curve of 3D GPOVs takes the form

- sin(b
w@ncror = (1= wstao) o f,=2). (1a

Loading the phase maps of the free lenses [Fig. 6(c)] on
the SLM, we produced tilted (1, 0, 5, 1), waved (1, 0, 5,
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Fig. 5. Generation of 2D GPOVs with different parameters.
(a) Model of different free lenses. Variation of the smoothness of
the light fields with parameter of (b) p =15, (¢ p =10,
(d) p =15, and (e) p = 20 for GPOVs. Scale bar: 20 pm.

2), tri-waved (1, 0, 5, 3), truncated (1, 0, 5, 1/2), tilted oval (5,
2,5, 1), tilted triangular (15, 3, 5, 1), tilted square (15, 4, 5, 1),
and tilted pentagonal (20, 5, 5, 1) 3D GPOVs. The generated
3D light fields shown in Fig. 6(d) constructed from 200 2D
transverse intensity distributions at various axial positions show
consistent profiles compared to the simulation results. The
sample stage was controlled by a 1D motion controller (P-
736 Piezo Stage, Physik Instrumente, Karlsruhe, Germany),
with a scanning interval of 0.1 pm. Here, the values
z] = -4.8 pm and 25 = 5.2 pm refer to the distance with re-
spect to the focal plane of the objective along the optical axis,
and z5 = 0 denotes the focal plane of the objective. Note that
the exact axial distance of light fields is twice the moving dis-
tance of the reflector [42]. As illustrated in Figs. 6(e)—6(g), the
generated light fields are free from the disturbance of zero-order
diffraction, ensuring the high quality of the produced light field
(see Visualization 1).

Then, by altering the value of 4, we carried out further in-
depth studies of the FLM method by verifying the annular
GPOVs at various tilt angles. We changed # from 1.1 to 10
and the tilt angles changed from 42.3° to 5.7° accordingly,
which means that using the FLM method we can experimen-
tally produce 3D GPOVs with a tilt angle of nearly 45°. We
measured the transverse and axial intensity distributions at
three positions [Position 1, Position 2, and Position 3, shown
in the first row of Figs. 6(b) and 6(e)-6(g) on the ring].
Positions 1 and 3 are the distal and proximal ends of the tilted
annular GPOVs (relative to the laser source), and Position 2 at
the focal plane of the objective. The dependence of the inten-
sity profiles [Fig. 6(h)] of the GPOV on the tilt angle was veri-
fied by measuring the normalized intensity. As the tilt angle
increases, the intensity at all these three positions gradually de-
creases and the intensity at Position 2 remains the highest. The
transverse FWHM plots at Positions 1, 2, and 3 are shown in
Fig. 6(i) and the axial FWHM plots are shown in Fig. 6(j). Both
the transverse and axial FWHDMs increase sharply at Position 3,
decrease slightly at Position 1, and remain nearly unchanged at

Position 2. The 3D annular GPOVs with different tilt angles
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are shown in Visualization 2. Additionally, we can anticipate
the same trend for other 3D GPOVs.

Finally, we compared the power usage between the FLM
method and the complex amplitude method, reported by
Arrizén [43] and Rodrigo e al. [34]. As we mentioned in
Section 2.B, the end-to-end efficiency for the FLM method
was 15%, regardless of the variation of the produced
GPOVs. In contrast, the end-to-end efficiency for the complex
amplitude method was about 2% to generate 2D annular
POVs. Note that the efficiency would be lower to generate
more complex GPOVs using the complex amplitude method
because more light would be distributed to the zero-order.
Consequently, we can conclude that highly flexible 3D
GPOVs can be readily produced with high power usage using
the FLM method.

4. PARTICLE MANIPULATION WITH FLM

Numerous investigations [9,15,22,44,45] have been carried
out in this field since Ashkin ez al [46] first proposed optical
tweezers (OTs). Particles trapped by a focused vortex will rotate
along the ring trajectory of the vortex because of the scattering
force arising from the phase gradient [47]. Generally, a larger
TC will lead to a larger phase gradient, and thus larger driving
force. Therefore, particles trapped by a vortex with a larger TC
will rotate faster. For POVs, the driving force acting on the
particle is proportional to the phase gradient; i.e., the TC.
Chen er al. [9] first applied POVs to OTs and discovered
the linear relationship between rotation rates and the TC.
Here, we applied GPOVs in OTs to further verify the practi-
cability of the FLM method and realized more versatile
manipulation with microparticles.

Polystyrene spheres with a refractive index of 1.59 and
diameters of 3 pm were selected as the trapping candidates.
The laser power for trapping was set to 200 mW at the back
aperture of the objective. We recorded the rotation motion of
the particle in annular POVs with different TCs for more than
1 min [Fig. 7(a)]. The time-lapse image [Fig. 7(b)] confirms the
circular trajectory of the rotating particle. Since the produced
annular POVs have high perfection according to the simula-
tions, it is possible to realize linear control of the OAM by vary-
ing the TC. According to Visualization 3, we found that the
particle underwent a uniform rotation along a circular trajec-
tory in the annular POV. Then, we investigated the rotation
rate of the particle for various TCs [Fig. 7(c)]. The linear fitting
shows that the rotation speed increases linearly for / = 18-44;
for / = 14-16 and 46-56, however, the rotation is beyond the
linear region. The reason is that the driving force arising from
the phase gradient in the azimuthal direction is so small for a
small TC (say / < 16) that the disturbance of the surrounding
medium and the friction would have a significant influence on
the rotation. Under these conditions, the rotation speed will
decrease. For large TCs (i.e., / > 46 in our experiment), how-
ever, the pixelated structure of the SLM would lead to the deg-
radation of the generated light fields, which in turn affects the
trapping performance.

In addition, GPOVs can drive particles to rotate along
shaped curves, such as oval, triangular, square, and pentagonal
(see Visualization 4). Figure 8 provides screenshots of the
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Fig. 6. Generation of 3D GPOV:s (see Visualization 1). (a) Free lens models of different 3D GPOVs, including the tilted annular, waved annular,
tri-waved annular, truncated annular, tilted oval, tilted triangular, tilted square, and tilted pentagonal, respectively. (b) Simulated light field models
corresponding to (a). (c) Calculated free lens phase. (d) Side view of the rendered 3D light fields (scale bar: 20 pm) of different 3D-GPOVs. (e)-
(g) Measured light intensity distribution in the x-y plane at different z positions, Scale bar: 20 pm. First line: the 1D intensity profile of Position 1,
Position 2, and Position 3. (h) Normalized intensity, (i) transverse FWHM, and (j) axial FWHM of tilted annular 3D GPOVs (see Visualization 2)
with increasing tilt angle in different 3D positions corresponding to Position 1, Position 2, and Position 3.
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Fig. 7. Capture performance of annular POVs (see Visualization 3).
(a) Screenshot of the rotated particle in an annular POV. Scale bar:
10 pm. Particle size: 3 pm. (b) Time-lapse image of the captured par-
ticle in an annular POV. (c) Rotation rate against the TC.

captured particles and time-lapse images of the manipulation
results. In these studies, the TC of all GPOVs was set to
20. When the particle is manipulated by the oval GPOV,
the average rotation rate is about 0.5 Hz [Fig. 8(a)]. The par-
ticle motion is affected by the curvature of the light field, which
slows the particle down at the corner. For the case of a triangu-
lar GPOV, the average rotation rate is about 0.25 Hz
[Fig. 8(b)]. The particle is easily confined at the corner of
the light fields, which could be seen in Visualization 4. The
reason is that “hot spots” emerge at the corners that have a
larger curvature. The driving force caused by the phase gradient
is weakened by the large intensity gradient force. For the square
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Fig. 8. Capture performance of GPOVs (see Visualization 4).
Screenshot and time-lapse of captured particles by the (a) oval
GPOV, (b) triangular GPOV, (c) square GPOV, and (d) pentagonal
GPOV with TC / = 20. Scale bar: 10 pm; particle size: 3 pm.
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case, the average rotation rate is 0.33 Hz [Fig. 8(c)]. As the
triangular case, the particle’s rotation with a square GPOV
has an obvious deceleration and restriction at the corner.
The particle rotates much more uniformly for the pentagonal
case, with an average rotation rate of 0.28 Hz [Fig. 8(d)].

5. CONCLUSION

The FLM strategy presented in this paper is based on the point
spread function engineering perspective and offers flexibility,
accuracy, and high power usage. Arbitrarily shaped high-perfec-
tion 2D and 3D GPOV:s can be generated by elaborately vary-
ing the basic parameters of the free lens, significantly increasing
the potential applications for structured light fields. We antici-
pate that the FLM method will find widespread use in various
areas. For example, POVs have shown great potential in high-
capacity optical communications [5,19]. Using the FLM
method, GPOVs with larger topological charges can be readily
created, which is significant to increase information capacity. In
addition, the FLM method can be a powerful tool in lithogra-
phy thanks to its high power usage in shaping 3D GPOVs [48].
Predictably, it can also be applied to study particle interactions

[49] and optical delivery [30].
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