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Approaches to generate and manipulate Cherenkov radiation (CR) are challenging yet meaningful. Optical topo-
logical transition (OTT) in novel materials and metamaterials is also promising for modern photonics. We study
the OTT of CR in graphene-based hyperbolic metamaterials (GHMs) for the first time. In GHMs, conventional
and hyperbolic CR can be switched when crossing the topological transition frequency. This frequency can be
altered by metamaterial components and external optical elements. For instance, external ultrafast optical pumps
cause an ultrafast OTT from the elliptical to the hyperbolic state. Then, hyperbolic CR can be excited by low-
energy electrons by leveraging the excellent photothermal properties of graphene. Hyperbolic CR vanishes when
the GHM returns to its original state. Furthermore, graphene nonlocality occurs when the electron velocity is low
enough, corresponding to a large wave vector. Concretely, when the electron velocity approaches the Fermi veloc-
ity of graphene, a nonlocality-induced OTT modifies the plasmonic properties of the GHM and brings a new
lower velocity threshold of hyperbolic CR. Therefore, hyperbolic CR can only be induced in a limited velocity
range. These findings pave the way for understanding CR properties in active plasmonic metamaterials and may
be applied to complex photonic and polaritonic systems. © 2022 Chinese Laser Press

https://doi.org/10.1364/PRJ.462603

1. INTRODUCTION

Free-electron-based sciences, technologies, and installations
have demonstrated enormous potential in fundamental physics,
devices, and applications of photonics and optoelectronics
[1–3]. The interactions between free electrons and materials
or metamaterials can be used to generate radiation from the
terahertz to the ultraviolet band [4,5]. The most widely known
free-electron radiations include Cherenkov radiation (CR)
[6–8], transition radiation [9,10], Smith–Purcell radiation
[11], synchrotron radiation, and bremsstrahlung. Free-electron
radiation depends not only on the parameters of free electrons
but also on the complex local or nonlocal properties of the
electromagnetic medium. Thus, we can control free-electron
radiation by manipulating the environment (e.g., materials
or structures) around electrons [12].

CR is one of the most widely studied categories of free-
electron radiation. The earliest CR experiments were per-
formed by Cherenkov and Vavilov in 1934 [13,14]. Then,
their experimental results were theoretically explained by
Tamm and Frank in 1937 [15]. CR is generated when the elec-
tron (or particle) velocity, u, exceeds the phase velocity of light
in the medium, c∕n, where c is the speed of light in free space

(vacuum), and n is the (effective) refractive index of the
medium. Since its discovery, CR has been used in various ap-
plications, including particle detectors and accelerators [16,17],
high-power vacuum electronic sources and devices [18], and
medical imaging [19].

Over the past two decades, the utilization of different natu-
ral materials and metamaterials has reignited research on CR
[12]. For example, we found that surface plasmon polaritons
supported by a noble metal film (e.g., Ag) excited by free elec-
trons can be transformed into intense and coherent CR in the
visible and ultraviolet bands [20]. However, a relatively high
electron velocity (i.e., u > c∕n) required for CR generation
severely limits the feasibility of this method [21]. Other re-
searchers then found that the strict electron velocity threshold
for CR generation can be eliminated by a hyperbolic meta-
material (HMM) in the visible band, which can be composed
of alternating nanometer-thin metal (e.g., Au) and dielectric
(e.g., SiO2) buffer layers [22]. Later, this concept was employed
in silicon plasmonics by momentum-resolved electron energy
loss spectroscopy in the ultraviolet band [23]. The latest results
show that natural materials (e.g., hBN) can also be used to gen-
erate CR by low-energy electrons [24–26].
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Besides, interesting CR phenomena can also be elicited in
photonic crystals or designed metamaterials [27,28]. We have
already demonstrated that reversed CR can be obtained exper-
imentally from a left-handed material in the microwave band
with opposite directions between the wave vector and energy
flux [29]. In addition to CR properties, we also devised a new
mechanism of direction-controllable inverse transition radia-
tion in a graphene multilayer structure working in the terahertz
and mid-infrared bands [30]. Compared with the general case,
transition radiation generated in this structure is dramatically
enhanced. Recently, we also found that in-plane CR can be
generated efficiently in the graphene hyperbolic grating, achiev-
ing a stronger CR than that generated in normal graphene-
based HMMs (GHMs) [31].

Considering different topological materials and structures,
topological photonics is being rapidly developed and can be
applied to control the properties of light in different media
[32,33]. For example, the optical topological transition
(OTT) in some metamaterials enables innovative and effective
control [32–34]. The OTT can also appear in HMMs and
natural hyperbolic materials [34–36]. If the OTT occurs in
an HMM, its topological iso-frequency surface can transform
from ellipsoid to hyperboloid and vice versa. This phenomenon
can be applied to manipulate light–matter interactions in
HMMs, such as the spontaneous emission rate of nearby emit-
ters [34]. With the development of theoretical and experimen-
tal techniques in recent years, the OTT can also be induced in
natural materials by external ultrafast optical pump beams [36].
Thus, the topology phase of the iso-frequency surface of GHMs
can be switched between ellipsoid and hyperboloid in an ultra-
fast manner.

In this study, we determined the importance of the OTT to
generate and manipulate CR in GHMs, in which the OTT
frequency, ft , directly correlates to the generating conditions
of CR, such as the required electron velocities and frequency
range. When the working frequency crosses ft , the GHM
switches from the elliptical state to the hyperbolic state or vice
versa. In the elliptical state, only conventional CR can be ex-
cited by high-energy electrons. However, in the hyperbolic
state, hyperbolic CR can be induced even by low-energy elec-
trons. We also devised methods to analyze the OTT of CR
in the GHM, including macroscopic effective medium theory
(EMT) and microscopic scattering-matrix theory (SMT).
Based on our theoretical derivations and numerical calcula-
tions, the OTT of CR in the GHM is comprehensively char-
acterized and analyzed. Specifically, we emphasize two novel
OTT-induced phenomena involving the photothermal prop-
erty and nonlocality of graphene. We indicate that not only
the plasmonic dispersion is modified, but additional CR phe-
nomena are induced in the GHM. The photothermal property
can be used as novel ultrafast CR sources, and nonlocality en-
ables a new lower velocity threshold of CR. Finally, we sum-
marize results, draw conclusions, and present future research
directions.

2. METHOD

In this section, we present the methods to analyze the GHM
properties and then calculate and explain several phenomena

related to the OTT of CR in the GHM. First, the basic struc-
ture of the studied GHM for this work is described. Then,
the macroscopic EMT and microscopic SMT are detailed.
Finally, three widely used graphene conductivity models are
presented, including the classical Drude model, photother-
mal (temperature-dependent) model, and nonlocal model
(wave-vector-dependent), which is based on random-phase
approximation with relaxation-time approximation. Note that,
among these three models, only the last model considers
momentum- or wave-vector-dependent effects, but just the
function of frequency.

A. GHM
We use a graphene-dielectric multilayer structure as the plat-
form of the HMM for CR because graphene provides numer-
ous advantages as the metallic part of the HMM [37].
Remarkably, graphene possesses excellent tunable electrical/
optical properties, broadband and ultrafast optical response (es-
pecially in the terahertz and mid-infrared bands), high electron
mobility and low energy consumption [38], and wave-vector-
dependent or nonlocal property [39]. As a result, GHMs can
establish a promising platform for tunable CR-based sources,
detectors, and devices.

The proposed GHM for CR is illustrated in Fig. 1. Free
electrons with constant velocity u move parallel to the positive
x axis at a constant distance on top of the GHM. The GHM is
composed of alternating graphene and dielectric buffer layers.
In this work, just for convenience, we keep the number of gra-
phene layers unchanged (equal to 10) because the conclusions
for CR in the GHM would not change in the case of different
graphene layers. Owing to the field polarization induced by
moving electrons, without loss of generality, we only consider
the transverse magnetic polarization and neglect the effect on
the y axis (Fig. 1).

B. Macroscopic EMT
The thicknesses of the graphene and dielectric buffer layers in
our GHM are much lower than the considered wavelengths.
Therefore, the GHM can be approximated as a homogeneous

Fig. 1. CR excited by low-energy electrons in the GHM. Features
of the hyperbolic CR in the hyperbolic state (left half ) and conven-
tional CR in the elliptical state (right half ).
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anisotropic medium described by the macroscopic EMT [40],
which provides its effective in-plane (parallel) and out-of-plane
(perpendicular) permittivity components.

The effective permittivity component of the GHM can be
approximated using previous results [41,42]. By the EMT, we
can analyze the OTT of CR generated in the GHM, including
the effective in-plane and out-of-plane permittivity compo-
nents, εeff -in and εeff -out, respectively, the effective refractive in-
dex, neff , the propagating directions of wave vector θk and
energy flux θS , and the effective power density spectrum of CR.
In Sections 3, these parameters and some related formulas of
EMT are presented in detail.

C. Microscopic SMT
From the microscopic perspective, the dispersion relation and
field distribution of plasmon modes inside the GHM can be
calculated by rigorously applying the SMT. According to the
SMT, multiple plasmon modes inside the GHM can be excited
flexibly by altering the electron velocities. Interactions between
these plasmon modes are complicated and make them deviate
from their original positions. Effective hyperbolic CR generated
in the GHM is the superposition of coupled plasmon modes,
especially acoustic modes.

By adapting the existing SMT [43,44], we calculate the
imaginary part of the reflection coefficient, Im�rp�, of the
GHM, which indicates the dispersion of the supported modes
in an optical system, such as plasmonic and phononic modes.
We also consider boundary matching conditions in the pres-
ence of 2D surface current density (using graphene conduc-
tivity). The basic principles of this method are described as
follows and illustrated in Fig. 2.

In the SMT, each interface and region is represented by a
2 × 2 optical matrix called a scattering matrix (S-matrix). If
there are n interfaces, then 2n S-matrices are defined. By simple
equivalent mathematical operations, H- and G-matrices can be
derived by S-matrices. Then, I-matrices are calculated through
H- and G-matrices, which describe the transmission and reflec-
tion properties of each interface. Finally, the field distribution
of plasmon modes with given frequencies and wave vectors can
be recovered through I-matrices. Notably, the clinodiagonal el-
ements of the propagating matrix in the SMT are consistent,
substantially differing from the transfer matrix method. As a
result, the SMT provides higher numerical stability than the
transfer matrix method. Similar processes of the SMT can also
be found in very recent studies that have also considered the
nonlocality of noble metals [43,44].

D. Conductivity Model of Graphene
The most used conductivity model of graphene is the classical
Drude model, which only considers intraband electron transition
and often neglects temperature-dependent effects in highly
doped graphene [37,39]. However, the chemical potential of gra-
phene depends on the temperature of graphene electrons when
it is high enough. With highly efficient and ultrafast thermody-
namic properties, electrons can be heated instantaneously when
an ultrafast laser illuminates graphene, while the temperature of
crystal lattice remains almost unchanged. Therefore, the photo-
thermal properties of graphene optical conductivity should be
described by a modified model involving electron temperature
[35,45]. In this work, we suggest that graphene photothermal
conductivity can be used to analyze the ultrafast OTT of CR
in the GHM. It can be caused under the illumination of an
external optical pump, as explained in Section 3.

On the other hand, when the electron velocity is low
enough, it causes a large wave vector. When this happens, gra-
phene nonlocality should be considered. Based on the widely
used nonlocal random-phase approximation graphene nonlocal
conductivity model, which neglects the interaction between
graphene electrons, we investigate the effects of graphene non-
locality on the OTT of CR in the GHM. In addition to dis-
persive modifications, it also brings a new lower velocity
threshold to achieve the OTT for CR. This velocity threshold
is roughly equal to the Fermi velocity of graphene, at which
electrons enter the electron-hole continuum or Landau damp-
ing region [39]. Strictly, the nonlocal phenomena of quantum
materials should be analyzed by further theoretical methods,
such as quantum-corrected hydrodynamics and microscopic
surface-response functions, which are beyond the scope of
this work.

3. RESULTS AND DISCUSSION

In this section, we first use the classical Drude model for analy-
sis. Then, the photothermal and nonlocal models are used to
analyze the electron temperature- and wave-vector-dependent
effects of CR in the GHM.

The EMT allows for describing the effective permittivity
components of the GHM accurately. Specifically, the effective
permittivity of graphene, εg , can be described as [41,42]

εg�ω� � 1� iσg�ω�
ε0ωtg

: (1)

Fig. 2. Basic principles of SMT. T and R represent the transmission and reflection coefficients, respectively. The purple and red boxes indicate the
connection of scattering matrices in the interface and inside the region, respectively.
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In addition, the effective in-plane and out-of-plane permit-
tivities of the GHM can be well described as [41,42]

εeff -in � f εg � �1 − f �εb, εeff -out �
1

f ∕εg � �1 − f �∕εb
,

(2)

respectively, where f � tg∕�tg � d � is the filling factor of
graphene, tg and d are the thicknesses of graphene and the di-
electric buffer, respectively, and εb is the permittivity of the
dielectric buffer.

The effective reflective index neff of the GHM can be de-
scribed as [22]

neff �ω, u� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εeff -in �

�
1 −

εeff -in
εeff -out

��
c
u

�
2

s
, (3)

which depends on not only frequency but the velocities of free
electrons.

According to the EMT, the real part of the effective in-plane
permittivity, Re�εeff -in�, is shown in Figs. 3(a) and 3(b).
Re�εeff -in� is negative at low frequencies and becomes positive
at high frequencies. At the OTT frequency ft, Re�εeff -in� equals
zero. When we change d , and the Fermi level of graphene
EF , ft shifts accordingly. For example, for EF of 0.15 eV, if
we decrease d from 300 to 30 nm, ft increases from 8.6 to
27.1 THz [Fig. 3(a)]. For d of 30 nm, if we increase EF from

0.15 to 0.35 eV, ft increases from 27.1 to 41.5 THz [Fig. 3(b)].
Hence, we can select ft by simply altering related dielectric and
graphene parameters. When Re�εeff -in� is negative (positive), the
GHM exhibits the hyperbolic (elliptical) properties, which de-
cide whether CR can be induced by low-energy electrons.

With the effective in-plane permittivity components [Figs. 3(a)
and 3(b)], we can obtain neff and normalized electron velocity,
vn � u · neff∕c, for CR in the GHM at different electron veloc-
ities, as shown in Figs. 3(c) and 3(d).

If the electron velocity is lower or higher than the phase
velocity of light in the dielectric buffer layer, vb �
c∕nb � 2c∕3, where nb � 1.5 is the refractive index of the di-
electric buffer, the dependence of neff on the frequency consid-
erably varies. When u > vb (u < vb), neff increases (decreases)
with increasing frequency and is smaller (larger) than c∕vb be-
low ft [Fig. 3(c)]. Figure 3(d) shows that the highest frequency
for CR generation by low-energy electrons is ft . In other words,
the hyperbolic state of the GHM induces a large neff and allows
CR generation by low-energy electrons (u < vb) below ft. On
the other hand, the elliptical state of the GHM excited by
high-energy electrons (u > vb) corresponds to conventional CR
generation.

Shortly, in the GHM, neff changes greatly, especially in the
hyperbolic region [Fig. 3(c)]. Furthermore, with neff , we
can calculate vn [Fig. 3(d)], which can help us to decide
whether CR can be generated at a working point (frequency

Fig. 3. Effective in-plane permittivity of the GHM described by the EMT. Re�εeff -in� for (a) EF � 0.15 eV and (b) d � 30 nm. (c) Effective
refractive index neff and (d) normalized electron velocity vn at different electron velocities, EF � 0.15 eV, and d � 30 nm (f t , OTT frequency).
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and electron velocity). If vn > 1, then CR can be generated.
When the GHMs locate in a hyperbolic state, this condition
can only be satisfied by low-energy electrons. When we decide
whether CR can be induced, we need to consider the dispersion
of the whole optical system. Specifically, in this work, the
modes that can be supported in the GHM (hyperbolic state)
require extremely high wave vectors, which can only be pro-
vided by low-energy electrons (e.g., u � ω∕q). Therefore, CR
can only be generated by low-energy electrons when the GHM
locates in the hyperbolic state.

We can also obtain the directions for effective CR, including
wave vector k and energy flux S. The corresponding results are
shown in Fig. 4(a). When u < vb (e.g., u � 0.1c, 0.3c), the
directions of k and S (relative to the x axis) differ. Although
they still propagate forward, there exists an angle between
them, which can be as large as 180° (antiparallel) below ft.
However, when u > vb (e.g., u � 0.7c, 0.9c), the directions
of k and S are nearly the same, with a small discrepancy caused
by the anisotropic permittivity components along with the par-
allel and perpendicular directions of the GHM. In addition,
Fig. 4(a) shows that different electron velocities have distinct
effects on the CR angles. When u > vb, the CR angles increase
with higher electron velocities. When u < vb, they remain
nearly unchanged with different electron velocities, being con-
sistent with the property of an HMM in the limit of large
wave vectors.

The normalized effective CR spectrum is shown in Fig. 4(b).
There exist two regions for CR. For high-energy electrons
(u > vb), only conventional CR can be induced above ft [top
right region of Fig. 4(b)]. Below ft, the GHM expresses hyper-
bolic properties, and vn is lower than the unit, impeding CR
generation. On the other hand, for low-energy electrons
(u < vb), hyperbolic CR occurs below ft [bottom left region
of Fig. 4(b)]. Both higher working frequencies and electron
velocities can improve the intensity of conventional CR. In
contrast, the strongest hyperbolic CR occurs at relatively low
frequencies around 15 THz [black dashed line in the bottom
left region of Fig. 4(b)], and slower electrons can even slightly
increase the CR intensity. More interestingly, although the elec-
tron velocity is much lower, the strength of hyperbolic CR can
be comparable to that of conventional CR because their inten-
sities are in the same order of magnitude.

The EMT allowed us to demonstrate that the GHM, which
serves as a tunable HMM, can be used in principle as an ideal
platform for CR generation using low-energy electrons. The
main parameter that determines the generation of CR inside
the GHM is the OTT frequency ft, which sets the frequency
range for CR. According to our results, CR can be generated by
extremely low electron velocities at frequencies below ft, which
is tunable by graphene and dielectric parameters in the GHM.
Nevertheless, the EMT treats the whole GHM as a system and
uses effective permittivity components to calculate the proper-
ties of CR in the GHM. To unveil the detailed behaviors inside
the GHM and discuss the generation of hyperbolic CR even by
low-energy electrons, we should use a microscopic method for
analysis.

To determine the specific behavior inside the GHM, we
should calculate the supported plasmonic modes and dispersion
properties of the GHM by an optical matrix method such as
the SMT [43,44]. The SMT provides the imaginary part of the
reflection coefficient, Im�rp�, of the GHM to obtain the
dispersion of plasmon modes shown in Figs. 5(a) and 5(b).
The 2D plane of plasmon dispersion can be approximately di-
vided into two areas separated by ft [27.1 THz, white dashed
line in Fig. 5(a)]. Above ft , only one plasmonmode (i.e., optical
mode) can be excited, indicating that plasmonic interaction be-
tween the graphene layers is relatively weak. Below ft, multiple
plasmon modes are supported, indicating strong coupling be-
tween different graphene plasmon modes. Although all plas-
mon modes have higher frequencies when they are excited
by slower electrons, the intensity of a plasmon mode in the
hyperbolic region is much smaller than that in the elliptical
region because the plasmonic interactions redistribute the
weight among different plasmon modes.

If the plasmon modes have larger wave vectors, they are
weaker and more difficult to be excited. For example, except
for the strongest optical plasmon mode [the rightmost one
in Fig. 5(a)], other plasmon modes are weaker. The most in-
tense position of Im�rp� in the hyperbolic region appears at a
finite frequency point roughly at 15 THz, being consistent with
the effective CR spectrum shown in Fig. 4(b). Hence, effective
CR is closely related to the plasmon modes supported in the
GHM. Furthermore, at almost any electron velocity satisfying
u < vb (e.g., 0.01c–0.05c), several plasmon modes can be

Fig. 4. Effective CR properties. (a) Directions of wave vector k and energy flux S. (b) Normalized CR intensity (for EF � 0.15 eV and
d � 30 nm).
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excited simultaneously. These modes contribute to the hyper-
bolic properties of the GHM and occur in the broad frequency
range below ft. When u > vb, the GHM expresses elliptical
properties, and it is unable to support any plasmon mode, thus
impeding hyperbolic CR generation.

Suitable GHM topological states and electron velocity
should be simultaneously provided to ensure CR generation.
If the system locates in the hyperbolic state, the plasmon modes
can be excited by low-energy electrons, and effective hyper-
bolic CR can be generated. In contrast, if it exhibits elliptical
properties, the plasmon modes cannot be excited, and CR can
only be induced by high-energy electrons. From the plasmon
dispersion, we can analyze the OTT of CR in the GHM from
the hyperbolic state to the elliptical state. In Fig. 5(b), we select
some frequencies below and above ft , and observe plasmon
mode excitation. Below ft (e.g., 15, 25 THz), the optical and
acoustic plasmon modes can be excited simultaneously. With
increasing frequency, the excitation of all plasmon modes re-
quires lower electron velocities. Above ft (e.g., 35, 45 THz),
the acoustic plasmon modes cannot be observed now, and only
the optical plasmon mode can be excited. In other words, in the
GHM, the existence of hyperbolic CR depends on whether the
acoustic plasmon modes can be excited.

The field distribution of graphene plasmon modes indicates
that effective CR generation is essentially the superposition of
coupled propagating plasmon modes excited in each graphene
layer, which notably differs from the mechanism of conven-
tional CR generated in normal media. By the SMT, the rep-
resentative spatial field distribution of plasmon modes in the
GHM is shown in Fig. 6 and corresponds to the points labeled
by white letters in Fig. 5(a), in which we also indicate the
directions of effective CR calculated by the EMT [Figs. 6(c)–
6(f )]. The white dashed lines in Fig. 6 indicate the positions of
graphene layers.

For frequencies above ft , only the optical plasmon modes can
be excited in the topmost graphene layer, but this excitation can
hardly spread to the bottom graphene layers owing to insufficient
coupling and high loss. Compared with the plasmon mode ex-
cited at point B, the mode at point A has a much higher wave
vector, which leads to stronger field confinement in the direction
parallel to the z axis [Figs. 6(a) and 6(b)]. In these cases, CR
cannot be generated in the GHM by low-energy electrons.

For frequencies below ft, the plasmon modes can propagate
inside the GHM, as shown in Figs. 6(c)–6(f ). The distributions
for the second and fourth modes at 25 THz and the fourth
mode at 15 THz are shown in Figs. 6(c)–6(e). For modes with
higher wave vector and higher frequency, the required electron
velocity to excite plasmon mode is lower, indicating that they
have larger wave vectors and higher confinements. In Fig. 6(f ),
given the propagation loss of graphene, the plasmon intensity

Fig. 6. Electric field spatial distributions of excited plasmon modes
parallel to the x axis corresponding to the white labels shown in
Fig. 5(a). (a) Point A with the optical mode at 45 THz. (b) Point B
with the optical mode at 35 THz. (c) Point C with the second mode at
25 THz. (d) Point D with the fourth mode at 25 THz. (e) Point E
with the fourth mode at 15 THz. (f ) Point F with the tenth mode
at 15 THz. The white dashed lines indicate graphene layers.

Fig. 5. (a) Dispersion of plasmon modes in the GHM characterized by the imaginary part of reflection coefficient, Im�rp�, displayed in log100
scale. (b) Imaginary part of reflection coefficient: Im�rp� at 15, 25, 35, and 45 THz.
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in the very bottom graphene layer is much weaker than that in
the topmost layer. This represents the 10th mode at 15 THz,
which is hard to observe in Fig. 5(a). However, it still enables
CR generation, as described approximately by the EMT results
shown in Fig. 4. The effective hyperbolic CR in the GHM is
composed of evanescent waves (graphene plasmon polaritons)
instead of propagating waves. The coupling between different
plasmon modes establishes an effective propagating field.
Similar phenomena can also be found in our previous study
on transition radiation [30].

Although the properties of hyperbolic CR can be altered by
various parameters of the GHM, active optical manipulating
methods of CR remain to be devised. Instead of electrical tun-
ing of the Fermi level of graphene, we propose the concept of an
ultrafast CR source by leveraging the photothermal effect of
graphene [35,45]. The temperature-dependent effects of gra-
phene electrons can be used to induce ultrafast OTT in the
GHM given the extremely small electronic heat capacity of gra-
phene. On the other hand, conventional electrical tuning is dif-
ficult to implement in a multilayer structure, rendering optical
modulation of graphene properties more attractive.

Hot carriers in graphene are generated almost instantane-
ously in an ultrafast response caused by an external ultrafast
optical pump [35,45]. Ultrafast photothermal properties can
be obtained owing to advantages of graphene such as low carrier

density and high carrier mobility, low electronic heat capacity,
large variation of the optical response induced by electronic
heating, and relatively weak electron-phonon interactions, all
of which result in the ultrafast and substantial photothermal
response of graphene. With an optical pump, graphene under-
goes ultrafast heating (<1 ps) and much slower cooling
(in the order of a few picoseconds) processes. Besides, graphene
electrons can reach extremely high temperatures, notably ex-
ceeding the crystal lattice temperature. As a result, the temper-
ature of graphene electrons can achieve several thousands of
kelvins in extremely short time scales [35,45].

In our calculations, we only use the possible temperature
range of graphene electrons to calculate temperature-dependent
conductivity. Strictly, in this case, the ultrafast pump-induced
effects of graphene should be considered in the analysis.
However, we notice that some works already get several beau-
tiful results of that, by which the temperature and graphene
conductivity can be calculated in a consistent manner [35,45].
On the other hand, in this work, we only hope to theoretically
reveal the possibility of this ultrafast pump-induced OTT of
CR in the GHMs. The calculation and analysis of the entire
ultrafast pump-induced processes in graphene are beyond
the scope of this work.

The graphene conductivity considering photothermal
effects can be calculated as [35,45]

Fig. 7. Temperature-dependent photothermal properties. (a) Imaginary part of temperature-dependent conductivity, Im�σ�. (b) Real part of
temperature-dependent effective in-plane permittivity, Re�εeff -in�. The white line indicates Re�εeff -in� � 0. (c) Effective refractive index neff at
u � 0.1c. The white line indicates neff � 10, or vn � 1. (d) Normalized CR intensity at u � 0.1c. The white line indicates the boundary for
CR generation.
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σ�ω� � e2

πℏ2

i
ω� iτ−1

×
�
μD −

Z
∞

0

dE
f �E� − f �−E�

1 − 4E2∕�ℏ2�ω� iτ−1�2�

�
, (4)

in which the chemical potential of graphene depending on elec-
tronic temperature T e can be described by

μD � μ� 2kBT e lnf1� exp�−μ∕�kBT e��g, (5)

μ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
F � �2log24�2�kBT e�4

q
− 2�2log24��kBT e�2

r
: (6)

According to these formulas, the imaginary part of the
temperature-dependent graphene conductivity, Im�σ�, is
shown in Fig. 7(a). Im�σ� is strongly dependent on the elec-
tronic temperature of graphene instead of the background
(e.g., crystal lattice) temperature, and it will increase if the
frequency decreases and/or the temperature increases. Then,
Re�εeff -in� can be directly obtained from the relation between
permittivity and conductivity [Eqs. (1) and (2)], as shown in
Fig. 7(b). The entire process of ultrafast heating and cooling is
conducive to the ultrafast OTT that allows the GHM to switch
from the elliptical state at low temperatures to the hyperbolic
state at high temperatures and eventually return to the original
elliptical state. This process takes approximately several picosec-
onds entirely.

Concretely, for example, consider a CR frequency of
30 THz. When Re�εeff -in� is positive at a low temperature
(e.g., <1000 K), CR cannot be generated with low-energy free
electrons. However, Re�εeff -in� becomes negative when the tem-
perature increases above 2000 K. CR can be generated by low-
energy electrons now because the GHM expresses hyperbolic
properties. Re�εeff -in� becomes positive again when the temper-
ature reduces below the critical temperature, and hyperbolic
CR fades. In other words, neff increases with the electron tem-
perature at most frequencies [Fig. 7(c)], and once the condition
for CR generation is satisfied (i.e., vn > 1), hyperbolic CR can
be excited. With this behavior, we can calculate the effective
CR spectrum at different temperatures, as shown in Fig. 7(d).
Effective CR is induced at high temperatures in a broad fre-
quency range corresponding to regions where Re�εeff -in� is neg-
ative. We propose that this novel principle can be applied to
develop ultrafast integrated CR sources, detectors, and other
devices in the future.

We have demonstrated that the macroscopic EMT and mi-
croscopic SMT could unveil basic properties of effective CR
and plasmon modes excited by low-energy electrons in the
GHM, in which the electron velocity for excitation can be
0.01c or even lower. However, at such low electron velocities,
the wave vector carried by free electrons can be extremely large.
Hence, the nonlocal (wave-vector-dependent) properties of gra-
phene should be considered because it affects CR generation.

Fig. 8. Nonlocal properties. (a) Imaginary part of nonlocal graphene conductivity, Im�σ�. (b) Real part of effective in-plane permittivity,
Re�εeff -in�. The black dashed line indicates the new lower electron velocity threshold for CR, which is equal to the Fermi velocity of graphene,
vF . (c) Dispersion relation: the imaginary part of the reflection coefficient, Im�rp�, is displayed on log100 scale. The white dashed lines indicate the
positions of the Fermi velocity of graphene, vF , and the phase velocity of light in the buffer layer, vb.
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Nonlocal properties of CR have recently been studied in multi-
layer metal-dielectric structures, with the nonlocal properties of
the metal being caused by finite structural dimensions and the
nonlocal nature of metallic electrons [43,44,46]. Given the
extremely strong many-body effects in graphene, including
complex electron-electron and electron-phonon interactions,
nonlocality is considerable in many cases [47].

For demonstration, we use the widely used nonlocal gra-
phene conductivity model based on random-phase approxima-
tion with relaxation-time approximation, which disregards the
many-body interactions between electrons [47]. The imaginary
part of the nonlocal graphene conductivity, Im�σ�, is shown in
Fig. 8(a). The properties of Im�σ� substantially differ from
those in the low-wave-vector limit. When the wave vector ap-
proaches the Fermi wave vector of graphene, kF , Im�σ� initially
increases to large positive values and then suddenly becomes
negative when the wave vector is higher than kF . This unusual
property occurs when the quasiparticles decay into electron-
hole pairs. The corresponding region is usually determined by
the electron-hole continuum or Landau damping region [47].

Then, the real part of the nonlocal effective in-plane permit-
tivity, Re�εeff -in�, is shown in Fig. 8(b). A lower bound of the
electron velocity for CR generation appears near the Fermi
velocity of graphene, vF ≈ 106 m∕s � c∕300. This new lower
threshold of CR in the GHM is induced due to the OTT ap-
pearing when the wave vector carried by electrons is larger than
kF . Therefore, hyperbolic CR can only be induced at electron
velocities between vF and vb. The dispersion curve of plasmon
modes considering the nonlocality of graphene is shown in
Fig. 8(c). Compared with the local result shown in Fig. 5(a),
a lower bound of velocity appears, and the dispersion curve
with nonlocality shows differences, such as the blueshift of
the plasmon frequency. Specifically, at a given electron velocity,
the frequency of the plasmon mode considering nonlocality is
much higher than that in the local case. This effect has also
been reported in the plasmonic properties of metal described
by the hydrodynamic model [48].

4. CONCLUSION AND OUTLOOK

In this work, we comprehensively studied the OTT of CR in the
GHMs theoretically for the first time. We propose that the topo-
logical phase or the OTT frequency of the GHMdetermines the
feasibility of CR generation by low-energy electrons. These
parameters can be modified by various factors in regions such as
the graphene and dielectric parameters. They can also be manip-
ulated by an external optical pump in an ultrafast manner. In the
GHMs, hyperbolic CR, also known as threshold-free CR, is pro-
duced by the superposition of plasmon modes excited in differ-
ent graphene layers effectively. Both the topological state and
electron velocity should be adjusted to ensure CR generation.
Combining the advantages of the EMT and SMT, we can clarify
the detailed mechanisms of the OTT of CR in the GHMs from
both macroscopic and microscopic perspectives. Moreover, the
nonlocality and ultrafast pump-induced photothermal properties
of CR in hyperbolic media are also important and should be
considered in future work.

Nevertheless, our results are achieved without considering
the effects of the many-body interactions in graphene, and

the GHM is only one of the hyperbolic media, both of which
should be extended to satisfy more complex and broader situa-
tions in the future. Specifically, the Fermi velocity of
graphene is treated as a constant value throughout this work.
However, the Fermi velocity of graphene is just the nonlocality-
induced lower velocity threshold of CR in the GHMs. As far
as we know, the Fermi velocity of graphene can be tuned by
the electron-electron interactions [49]. By this method, the
Fermi velocity of graphene can be promoted near threefold
(3 × 106 m∕s), compared to the normal value (1 × 106 m∕s).
Furthermore, we notice that the substrate [50], carrier-carrier
screening effect [51,52], twisted bilayer graphene structure
[53], electron-phonon interactions [54], and vacuum fluctua-
tions [55] can be applied to tune the Fermi velocity of gra-
phene, which is necessary for the tuning of the lower velocity
threshold of hyperbolic CR.

For the experimental demonstration in the future, it requires
two main technical conditions as follows: first, the effective fab-
rication and electrical tuning of high-quality graphene and the
GHMs; second, the efficient production and flexible controlling
of the free electrons, and the precise electromagnetic radiation
measurements. For the former, previous experimental results in-
dicate that the fabrication and manipulation of the GHMs in
the mid-infrared are achievable and realizable [41,42]. For the
latter, previous experimental results indicate the feasibility of the
observation of the interactions between HMMs and free elec-
trons [17,22]. Additionally, in this work, we also propose an
ultrafast CR device caused by the ultrafast photothermal effects
of graphene. In recent research, experimental achievements in
the fields of ultrafast lasers and ultrafast electron pulses can pro-
vide high-performance measurements [1–5]. With the develop-
ments in ultrafast lasers and ultrafast electron pulses, we believe
our designs can be realized in the future.

Although the OTT of CR in the GHMs is well investigated
in this work, the properties and applications of OTT can hardly
cover. Specifically, the OTT can make wave propagation in the
forbidden directions of the optical systems [56], produce the
optical spin–Hall effect [57], and so on. For the optical devices
based on OTT, these include the hyper-lens [58], the epsilon-
near-zero devices [59], and the solar cell for energy transfer
[60]. With the development of topological photonics, the ef-
fects and devices based on the OTT can be achieved in the
future [32–34].

On the other hand, in the terahertz and mid-infrared bands,
many optical phenomena associated with the OTT can be
achieved in materials and metamaterials, and these materials
and metamaterials can be controlled by electronic, magnetic,
and thermionic methods [61–63]. We believed that these
materials and metamaterials that possess brilliant properties
can be combined with free electrons in the future and can pro-
vide more possibilities in the research of the terahertz and mid-
infrared sources, devices, and applications.

The interaction between free electrons and materials or
metamaterials is expected to gain importance in future research
and applications. In addition to graphene, various natural
materials can be used as platforms for studying free-electron-
based light–matter interactions, such as hexagonal boron ni-
tride, transition metal dichalcogenides, topological materials,
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and other polariton materials [64]. The ultrafast property of
electrons will be another hotspot for studying and using
light–matter interactions based on intense ultrafast laser and
free-electron sources [1–3]. Efficient, compact, low-cost, and
highly tunable stimulated-CR and CR-based free-electron laser
sources, detectors, and electronic/photonic devices are chal-
lenging to develop yet promising.

We expect that the mechanisms, explanations, and findings
of this study will support future work in the field. Free-
electron-based sciences, technologies, and applications will con-
tinue expanding, and we believe that our work is valuable for
understanding complex interactions between free electrons and
novel materials/metamaterials. Furthermore, our findings may
pave the way for the development of future high-performance
integrated and tunable free-electron-based light sources,
devices, and applications.
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