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Radio-frequency (RF) waveform synthesis has broad applications in ultrawide-bandwidth wireless communica-
tions, radar systems, and electronic testing. Photonic-based approaches offer key advantages in bandwidth and

phase noise thanks to the ultrahigh optical carrier frequency. In this work, we demonstrate Fourier synthesis
arbitrary waveform generation (AWG) with integrated optical microresonator solitons. The RF temporal wave-
form is synthesized through line-by-line amplitude and phase shaping of an optical soliton microcomb, which is
down-converted to the RF domain through dual-comb optical coherent sampling. A variety of RF waveforms with
tunable repetition cycles are shown in our demonstration. Our approach provides not only the possibility of
precise Fourier synthesis at microwave and millimeter-wave frequencies, but also a viable path to fully integrated

photonic-based RF AWG on a chip.
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1. INTRODUCTION

Fourier analysis creates one-to-one mapping between the tem-
poral and frequency profiles of a waveform. Arbitrary temporal
waveforms can be generated through Fourier synthesis by
manipulating the spectral amplitude and phase in the frequency
domain. Optical spectral waveshaping, or optical line-by-line
waveshaping, has been widely applied to optical arbitrary wave-
form generation (AWG) [1,2], coherent control of quantum
processes [3—5], and optical communications [6]. The broad
optical bandwidth provides femtosecond temporal resolution
in the Fourier synthesis [7] that is not attainable by conven-
tional electronics.

Fourier synthesis in the optical domain can be down-
converted to microwave and millimeter-wave frequencies
[8-13] through the coherent dual-comb sampling method
[14], and it could have wide applications in wireless commu-
nications, radar systems, and electronic testing [15-17]. When
photomixing two optical frequency combs with different rep-
etition rates on a photodiode, an RF frequency comb will be
created, with its comb lines deriving their amplitudes and
phases from the dual optical combs. Line-by-line amplitude
and phase control on optical frequency combs [18] can then
be coherently mapped to the RF frequency comb for waveform
synthesis, which has been shown recently with electro-optic fre-
quency combs [8—13]. Compared with other existing photonic
methods for RF waveform generation [19-24], which rely on
optical delay structures to either provide enough dispersion for
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far-field frequency-to-time mapping, or route different replicas
of a low repetition rate optical pulse to different arrival times on
a photodiode, the Fourier synthesis method eliminates the need
for long tunable optical delay lines and low repetition rate
mode-locked lasers, and thus creates the potential for mass-scale
integration on a photonic chip.

In this work, we demonstrate RF spectral line-by-line wave-
shaping and Fourier synthesis of RF waveforms by using optical
dual-microresonator solitons [25-28]. The high repetition rate
of soliton microresonator-based frequency combs (micro-
combs) [28] enables line-by-line amplitude and phase control
of individual optical comb lines [18]. Dual-comb coherent
sampling is then used to coherently down-convert the wave-
shaped optical microcomb to RF frequencies by beating it with
another soliton microcomb on a fast photodiode. A complete
discrete Fourier series can be constructed for waveform synthe-
sis by nullifying the carrier envelope offset frequency in the
down-converted RF frequency comb. A series of temporal
waveforms, including tunable Gaussian, triangle, square, and
“UVA”-like logo, is demonstrated to illustrate arbitrary wave-
form synthesis. All critical components in the dual-microcomb
method, including soliton microcombs [28], wavelength multi-
plexers/demultiplexers [29], intensity and phase modulators
[30], optical amplifiers [31], and ultrafast photodiodes [32],
are compatible with photonic integration. A discussion of wave-
form quality and a comparison of the effective number of bits
(ENOB) with electronic AWG are presented at the end of the
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Fig. 1. Concept of RF line-by-line Fourier synthesis with dual-microresonator solitons. A radio-frequency (RF) comb that is composed of a series
of equidistant RF lines is created by photomixing two soliton microcombs with slightly different repetition frequencies on a photodiode (PD). The
RF comb spacing is set by the repetition rate difference of the two soliton microcombs, and the RF comb offset frequency is nullified by using a
common pump laser to drive both optical solitons. To implement line-by-line amplitude (4,) and phase (¢,) control of the RF comb lines, one of
the optical microcombs (signal solitons) goes through optical line-by-line waveshaping, and optical amplitude modulations (AMs) and phase mod-
ulations (PMs) are down-converted to the RF frequency comb through dual-microcomb coherent sampling. As the RF frequency comb forms a

complete Fourier series, arbitrary temporal waveforms can be synthesized.

The concept of dual-microcomb RF line-by-line waveshap-
ing is illustrated in Fig. 1. Signal solitons with repetition rate of
f,» and local solitons with repetition rate of f, + Af, are
generated in two Kerr microresonators pumped by the same
laser [33,34]. A radio-frequency (RF) comb with zero offset
frequency and a comb spacing of Af, can be created by
beating the signal and local solitons on a fast photodiode.
The RF comb forms a Fourier series, with V(¢) =
> A, cosanAf t + ¢,), where V(¢) is the voltage out-
put of the photodiode, 7 is the comb line number, and 4, and
@,, are the amplitude and phase of the nth comb line, respec-
tively. As the amplitude and phase of the RF comb lines are
fully derived from the amplitude and phase of the correspond-
ing optical comb lines, the line-by-line optical waveshaping on
the signal solitons can fully control the amplitude and phase of
the RF comb. In principle, dynamic waveform synthesis is pos-
sible by using time varying modulations of 4, and ¢,, through
the use of electro-optic modulators. Here, an off-the-shelf op-
tical waveshaper is used instead to demonstrate static, repetitive
waveform synthesis.

2. EXPERIMENTAL METHODS

In our experiment, the signal and local solitons are generated in
SiN micro-ring resonators [35] with intrinsic quality factors of
7.7 x 10° and 4.3 x 10°, respectively. The radii of the signal
and local soliton resonators are set to 228.65 pm and
228.30 pm, respectively, which introduces a 150 MHz repeti-
tion rate offset (A f,) between the two solitons. To create an RF
comb with zero offset frequency, both optical solitons are gen-
erated using the same pump laser [33,34]. Thermoelectric cool-
ers (TECs) are placed beneath microresonators to coarsely align
the resonance frequencies of the two resonators at the pump
laser wavelength. The thermal tuning of the resonant frequency
is ~2.5 GHz/°C, and the TEC has a resolution of 0.01°C. A
rapid laser frequency scanning method that leverages the single-
sideband suppressed-carrier (SSB-SC) modulator [36] is used
to generate single soliton states in both resonators simultane-
ously [34]. The pump frequency is controlled by the voltage-
controlled oscillator (VCO) that drives the SSB-SC modulator,

which scans over ~3 GHz in 150 ns from shorter to longer

wavelength. Figure 2(a) illustrates the simplified experimental
setup. The optical spectra of signal (red) and local (blue) sol-
itons are shown in Fig. 2(b). No active locking technique is
used in our experiments for stabilization.

An optical line-by-line waveshaper [18] is used to control
the phase of each comb line in the signal solitons (¢3). The
signal and local solitons are then combined in a 50/50 fiber
coupler, and a second waveshaper is followed to control the
amplitudes of each comb line pair (45, AL). An erbium-doped
fiber amplifier (EDFA) is used to amplify the solitons, and a
high-speed, high-power photodiode converts the optical dual
solitons into a zero offset RF frequency comb. The dual-comb
optical spectrum after EDFA is measured on an optical spec-
trum analyzer, and an oscilloscope with 4 GHz bandwidth is
used to characterize the RF temporal waveform, the spectrum
of the RF comb, and the phase of the RF comb. Figure 2(c)
presents the measurements when no phase or power adjust-
ments are added by the waveshapers, except compensating
for the dispersion introduced by optical fibers. This can serve
as a reference point for line-by-line waveshaping in the RF do-
main. In our experiment, we purposely select a small RF comb
spacing, A f = 150 MHz, such that the analog bandwidth of
the RF comb will not exceed the 4 GHz bandwidth limit of our
oscilloscope. The analog bandwidth in our experiment is lim-
ited by the oscilloscope, not by the Nyquist frequency of the
coherent dual-comb sampling method [14] or the speed of the
photodiode.

3. RESULTS

To illustrate line-by-line waveshaping in the RF domain, four
types of Gaussian based temporal waveforms are demonstrated
in Figs. 2(d)-2(g). The fundamental Gaussian waveform is
shown in Fig. 2(d), which has a Gaussian envelope with flat
phase in both the frequency and temporal domains. The power
and phase of the generated RF comb match the designed ones
very well, which are shown in red circles. The corresponding
temporal waveform is a Gaussian pulse train with a time period
of 6.71 ns, peak voltage of 0.94 V, and pulse width of 235 ps.
No electrical amplifier after the photodiode is used in this work.
The number of pulses in one period can be doubled by
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Fig. 2. Line-by-line waveshaping of RF Gaussian waveforms. (a) Simplified experimental setup. The pump laser frequency is derived from the
frequency of a continuous-wave (cw) laser, f;, and the voltage-controlled oscillator (VCO), fy - (b) Optical spectra of the signal (red) and local
(blue) microresonator solitons. Sech? envelope fittings are shown by dashed lines. The waveform synthesis is shown in (c)—(g) to illustrate the line-
by-line control of the amplitude and phase of the RF comb. (c) Reference dual-microcomb waveforms with only dispersion compensation.
(d) Amplitude control of the RF comb lines to shape temporal waveforms into Gaussian pulses with 235 ps pulse width. (e) Further amplitude
control to add an equidistant Gaussian pulse and double the RF comb repetition frequency. (f) Adjust the relative Gaussian amplitudes through
comb line amplitude control. (g) Combined amplitude and phase control of the RF comb to tune the relative position of the two Gaussian pulses.
From top to bottom in each panel, we show (i) the optical spectra of soliton dual-microcomb after waveshaping, (ii) the down-converted RF spectra,
(iii) the phase of RF comb lines, and (iv) the temporal waveforms. Designed comb line powers and phases are shown with red circles, and the

designed temporal waveforms are shown with dashed blue lines.

knocking out half of the RF comb lines [Fig. 2(e)]. This is
equivalent to adding an equidistant Gaussian pulse with the
same amplitude in one temporal period. The amplitude of
the added Gaussian pulse can be adjusted by changing the am-
plitude of the RF comb [Fig. 2(f)]. Finally, the temporal posi-
tion of the added Gaussian pulse can be shifted by modifying
both the amplitude and the phase of the RF comb lines
[Fig. 2(g)]. The demonstration of these four Gaussian wave-
forms illustrates the full control of amplitude and phase in
our RF line-by-line shaping method.

One direct application of line-by-line waveshaping is AWG.
Three representative waveforms, including triangle, square, and
“UVA”-like waveforms, are demonstrated here. For each tem-
poral waveform, the corresponding amplitude and phase of
each comb line can be derived by discrete Fourier transform
of the temporal waveform. The Fourier transform of the
triangle waveform is  x.(¢) = al n? cos[2anA fit +
(-1Y7/2], where j is the integer number, and »=2j+ 1.

The triangle waveform only has comb lines with odd number
n, where the phase of the comb line alternates between -7 /2
and 7/2, and the amplitude decays quadratically with the line
number 7. These features are well reproduced in the power and
phase spectra [Fig. 3(a)], and a triangle wave with period of
6.84 ns and 2.4 V peak to peak voltage is generated.
Similarly, the square waveform is composed of comb lines
with odd number: x(r) = > 2, ncos(RanAf t - x/2).
Figure 3(b) shows the measurements of the square waveform.
Finally, a “UVA”-shaped waveform is shown in Fig. 3(c) to il-
lustrate that the waveform construction in our method is arbi-
trary. All three demonstrated waveforms agree very well with
the designed waveforms.

As the RF waveform repetition period is set by the repetition
rate difference between the signal and local solitons, it can be
tuned directly by adjusting the repetition rate of one of the
solitons. Small range tuning of repetition period can be
achieved by adjusting the temperature of the local soliton
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Fig. 3. Arbitrary waveform generation by using dual-microcomb RF Fourier synthesis. (a) Triangle waveform. (b) Square waveform. (c) “UVA”-
like waveform. The corresponding (i) optical spectra, (ii) RF spectra, (iii) comb line phases, and (iv) temporal waveforms are shown from top to
bottom in each panel. Designed comb line powers and phases are shown with red circles, and the designed temporal waveforms are shown with

dashed blue lines.

microresonator. Figure 4(a) presents the RF comb repetition
rate versus the temperature of the local soliton microresonator,
and a tuning rate of ~30 MHz/°C is measured. The spectra
and temporal profiles of two Gaussian waveforms at (I)
21.95°C and (II) 22.15°C are shown in Figs. 4(b) and 4(c),
where a difference of 0.29 ns in the waveform repetition peri-
ods can be seen. Large change of waveform period can be
achieved by generating local solitons in a microresonator with
slightly different radius. The RF comb repetition rate changes
from ~150 to ~85 MHz when the radius of the local soliton
microresonator is varied from 228.30 to 228.53 pm. Finally,
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Fig. 4(d) presents the Allan deviation of the RF comb repetition
rate, which is subject to the pump laser frequency drift and
environment temperature fluctuation in our free-running
system.

4. DISCUSSION

An important figure of merit for RF AWG is the effective num-
ber of bits (ENOB) [37], which can be used to evaluate the
waveform quality or the effective resolution of the waveforms.
For our dual-comb AWG method, the fundamental limit of its
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Fig.4. Tuning the repetition frequency of the RF comb and temporal waveforms. (a) The RF comb repetition frequency is tuned by adjusting the
repetition rate of local solitons. Small range tuning is realized by tuning the temperature of the local soliton microresonator with a thermoelectric
cooler (TEC). Large range tuning is accomplished by generating local solitons in a microresonator with a slightly different radius. Soliton repetition
rates are indicated in the figure legend. (b) and (c) show the electrical spectra and corresponding temporal waveforms at three different operating
points indicated in (a). (d) Allan deviation of RF comb repetition rate at point I in (a).
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ENORB is set by the optical power of the frequency combs. The
fundamental limit of the ENOB in the dual-comb AWG
method can be calculated using the ratio of signal voltage to
the root-mean-square noise voltage fluctuations, and it is de-
fined as 2ENOB — Vp / \/ng, where Vl’ is the time domain
peak voltage, and V2 is the voltage noise variance. As harmonic
distortion is not observed in our experiments, it is not included
in our ENOB calculation. The digital quantization noise is not
included either for our analog system. It should be noted that
the widely used ENOB expression for sinusoidal waveforms
[37] agrees with our definition when excluding harmonic dis-
tortion and digital quantization noise. For the sinc-shaped
waveform, where all comb lines are shaped into equal power,
the ENOB can be expressed as the following when the
noise variance is dominated by shot noise (6%) and thermal
noise (6%):

ENOB = +1 { Vs }
T2 0R (62 + o)

1 2R2 . N2])2

= —log, { 0 ]) (1)
2 (4¢-R-NPy+ kpT/Ro) - faw

where we have used V, = 2R,q-R- NPy, ot =4e-R-
NPy - foy> and 6% = kgT /R - [y~ Rioad is the load re-
sistance of the photodiode, R is the responsivity of the photo-
diode, /V is the number of comb lines, P is the optical power
per comb line, ¢ is the electron charge, k3 is the Boltzmann
constant, 7" is the temperature, and fpy is the total band-
width. It can be seen that the ENOB increases with the total
comb power (IVP), but decreases with total bandwidth.

For Kerr soliton microcombs, the comb line power at
the envelope center (P.) can be expressed as [38] P, =
(0.88145/N)? x P“;““, where P;li“ is the minimum pump
power required for soliton existence, N is the number of
one-sided comb lines in the 3 dB spectrum bandwidth, and
n = Q/Q, is the waveguide to resonator loading factor. Q, is
the external or coupling Q-factor, and Q = (Q;' + Q;')™!
is the total Q-factor (Q, is the intrinsic Q-factor). We can plot
the fundamental limit of ENOB versus center comb line power
(P,) and the minimum pump power (P]‘)“i“) for the sinc-shaped

(a) Minimum pump power (dBm)
10 10 14 18 22 26 30

—— w/o post-amplifier

—— w/ post-amplifier
- - - - Keysight M8199A

Effective number of bits
~

-20 -15 -10 -5 0
Center comb line power (dBm)

waveform, where the optical power per comb line is shaped to
half of the center comb line power (Py = P,/2). In Fig. 5(a),
the blue trace is obtained with the parameters of n = 0.91,
N =20, fpr=50GHz, Ryg =508, responsivity [32]
R=0.8A/W, and 3 dB insertion loss (1 dB from phase
and intensity modulators [30], 2 dB from the wavelength de-
multdiplexer and multiplexer [39]) between the resonators and
the photodiode. It can be seen that for comb line power below
-10 dBm, the ENOB is affected by photodiode thermal noise,
which can be addressed by using an optical post-amplifier to
amplify the dual-comb power (red trace). A noise figure of
4 dB is assumed for the post-amplifier in the calculation of
the ENOB. The ENOB of Keysight M8199A at 50 GHz is
indicated with a dashed line in Fig. 5(a). It should be noted
that ENOB for electronic AWG is typically measured for
the sinusoidal waveform instead of the sinc waveform, and thus
here it only serves as a rough reference for our photonic AWG
analysis. The ENOB versus analog bandwidth is shown in
Fig. 5(b) for center comb line power of 0 dBm (dashed)
and -10 dBm (solid). The ENOB of our experiment (~4) is
much lower than the theoretical limit, because of the high loss
in our optical path and the transmitted ASE noise from the
pump EDFAs before microresonators. Both of these can be ad-
dressed in a fully integrated system.

The ultrahigh analog bandwidth has been the key advantage
of photonic AWG systems. A 60 GHz analog bandwidth has
been achieved previously using frequency-to-time mapping
[19] and direct time-domain synthesis [23]. The analog band-
width of the dual-comb Fourier synthesis method is ultimately
limited by the Nyquist frequency of optical coherent sampling
[14], i.e., half of the optical frequency comb repetition rate, and
the bandwidth of the photodiode. The Nyquist frequency of
dual-microcomb can range from a few gigahertz to a few hun-
dred gigahertz [40,41]. The high Nyquist frequency has been
applied to increase the bandwidth or sampling rate in dual-
microcomb spectroscopy [27,33], Lidar [42,43], and imaging
[44,45]. In terms of photodiodes, bandwidth exceeding hun-
dreds of GHz has been demonstrated, and has been combined
with soliton microcombs to generate RF signals with excep-
tional performance in power [46], phase noise [47,48], and
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Fig. 5. Theoretical analysis of effective number of bits (ENOB). (a) Theoretical limit of dual-comb AWG ENOB versus the comb line power for
50 GHz analog bandwidth. The minimum pump power required to achieve such comb line power in the single soliton microcomb state is also
shown. In this calculation, we assume 3 dB loss between the microresonators and the photodiode, and a 4 dB noise figure for the optical
post-amplifier. (b) ENOB comparison of dual-comb AWG and state-of-the-art commercial electronic AWG.
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time jitter [49]. It is thus possible to extend the analog band-
width of dual-microcomb AWG beyond 100 GHz. In addi-
tion, all the critical components in dual-microcomb Fourier
synthesis, including lasers, Kerr microresonators, multiplexers/
demultiplexers, modulators, amplifiers, and ultrafast photodi-
odes, have been shown to be compatible with silicon photonics
integration. Also, it eliminates the need for low-rate mode-
locked lasers and long tunable delay lines required by the pre-
vious proposed on-chip solutions [19,23,24], and has the
potential for mass production on a photonic chip. Finally,
the time-bandwidth product (TBWP) of our current static
arbitrary waveform demonstration is limited by the number
of comb lines, which gives a maximum TBWP of 20. In con-
trast, a TBWP of 600 has been demonstrated by combining
frequency-to-time mapping and optical interferometry [20]. In
the future, the TBWP of our method can be increased dramati-
cally by replacing the static waveshaper with phase and ampli-
tude modulators for dynamic line-by-line phase and amplitude
control [6,12,30], and the time aperture of the waveforms will
be directly set by the time aperture of the modulation signals.

In summary, we have demonstrated arbitrary RF waveform
generation through spectral line-by-line shaping with optical
dual-microresonator solitons. In our experiment, the analog
bandwidth of the waveform is 3 GHz, which is set purposely
such that the waveform bandwidth will not exceed our oscillo-
scope bandwidth. The waveform analog bandwidth in our
dual-microcomb method can be conveniently increased by ad-
justing the free spectral range (FSR) difference between the two
soliton microresonators, which can be precisely controlled in
microfabrication. In addition, although the demonstrated
waveform generation is periodic and static, dynamic waveform
generation can be implemented by using time varying ampli-
tude and phase modulation of the optical comb lines through
integrated photonic modulators [6,12,30].
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