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Perfect optical vortices (POVs) provide a solution to address the challenge induced by strong dependence of
classical optical vortices on their carried topological charges. However, traditional POVs are all shaped into bright
rings with a single main lobe along the radial direction. Here we propose a method for enhanced control on the
ring profile (the radial intensity profile of circular rings) of POVs based on modulated circular sine/cosine radial
functions, which is realized by a circular Dammann grating embedded with a spiral phase. Specifically, a type of
“absolute” dark POVs surrounded by two bright lobe rings in each side is presented, which provides a perfect
annular potential well along those dark impulse rings for trapping low-index particles, cells, or quantum gases. In
addition, several POVs with different ring profiles, including conventional POVs with bright rings, the dark
POVs mentioned above, and also POVs with tunable ring profiles, are demonstrated. This work opens up
new possibilities to controllably tune the ring profile of perfect vortices, and this type of generalized POVs will
enrich the content of singular optics and expand the application scope of perfect vortices in a range of areas
including optical manipulation, both quantum and classical optical communications, enhanced optical imaging,
and also novel structured pumping lasers. © 2020 Chinese Laser Press

https://doi.org/10.1364/PRJ.387527

1. INTRODUCTION

An optical vortex is identified typically as a phase singularity
encircled with helical wavefront, which contributes essentially
to one of the important fundamentals of wave phenomena: any
wave field containing phase singularities, not limited to optics,
could carry orbital angular momentum (OAM) [1,2]. Due to
its unique properties, including its carried OAM associated
with doughnut-shaped profiles [3], optical vortices are arousing
ever-increasing interest among both the scientific and engineer-
ing communities. In the past decades, the optical vortex had
found exciting applications in a great variety of realms such
as stimulated emission depletion (STED) nanoscopy [4,5], op-
tical manipulation [6–8], both quantum and classical OAM-
multiplexed optical communications [9–11], optical vortex co-
ronagraphy [12], enhanced optical imaging [13,14], OAM-
based radars [15], extreme-ultraviolet vortices [16,17], and re-
cent high-intensity vortex physics [18–20]. Nowadays, the vor-
tex is not limited to optical waves; it has been extended into
other spectrum ranges, such as the X-ray [21], gamma-ray
[22], and terahertz (THz)-ray [23,24] ranges, and also other

waves including twisted electric beam waves [25,26] and acous-
tic vortices [27,28]. However, the size of the doughnut-shaped
patterns generated by conventional vortices is strongly depen-
dent on the carried topological charge, which hampers their
applications in many practical fields. In 2013, Ostrvsky and
coworkers [29] introduced the concept of perfect optical vor-
tices (POVs), which are shaped into a thin ring with their
radius being quasi-independent on the topological charge.
Thanks to this unique property, the new type of optical vortices
offers a possibility to couple multiple OAM beams into a cer-
tain fiber with a fixed annular index profile [30], and thus
POVs are intriguing for their brilliant prospects for the appli-
cation of OAM-multiplexed optical fiber communications.
Also, this “perfect” vortex beam is of significant interest in
dynamically trapping micro-particles, atoms, and quantum
gases along those bright rings. It has been demonstrated that
these POVs provide a possibility to transfer OAM to trapped
particles along bright circular rings [31,32]. More importantly,
the steady radial intensity profile and the independent ring
diameter enable control of the rotation velocity of trapped par-
ticles along the same orbit just by changing the topological

648 Vol. 8, No. 5 / May 2020 / Photonics Research Research Article

2327-9125/20/050648-11 Journal © 2020 Chinese Laser Press

https://orcid.org/0000-0002-7839-368X
https://orcid.org/0000-0002-7839-368X
https://orcid.org/0000-0002-7839-368X
mailto:Junjiey@siom.ac.cn
mailto:Junjiey@siom.ac.cn
mailto:Junjiey@siom.ac.cn
mailto:chazhou@mail.shcnc.ac.cn
mailto:chazhou@mail.shcnc.ac.cn
mailto:chazhou@mail.shcnc.ac.cn
mailto:chazhou@mail.shcnc.ac.cn
https://doi.org/10.1364/PRJ.387527


charge. Recently, POVs were also explored for other different
application purposes. Reddy et al. [33] demonstrated a type of
non-diffracting speckles generated by scattering a POV beam
through a rough surface. Zhang et al. [34] proposed a plas-
monic structured illumination microscopy imaging technique
with the use of POVs for enhancing the excitation efficiency of
surface plasmons and reducing the background noise of the ex-
cited fluorescence. Also, POVs were employed for exploration
of various nonlinear phenomena such as harmonic generation
[35], parametric down-conversion [36], and perfect quantum
optical vortex states [37]. Furthermore, a type of vectorial per-
fect vortices was proposed and demonstrated, which provides
more degrees of freedom in beam manipulation [38–40].
Subsequently, the concept of POVs was generalized to a type
of elliptical POVs, where those symmetrical circular rings were
transformed into asymmetric elliptical rings [41,42].

However, those thin rings of POVs mentioned above are all
bright rings, i.e., there is only a single main lobe in the intensity
profile of the bright rings along the radial coordinate, and those
bright rings could also hinder their applications in some scenar-
ios. An important case, for instance, is that particles/cells will be
difficult to trap along those bright rings generated by conven-
tional POVs when their refractive index is lower than the sur-
rounding medium. Recently, Liang et al. [43] proposed an
interesting scheme for trapping the low-refractive-index par-
ticles with POVs, where the size of the trapped particles was
comparable to the radius of the circular rings generated by those
POVs. Moreover, a point trap was needed to improve the
stability of the ring trap, and that composited trap could essen-
tially be regarded as a dark ring constructed by the central point
spot and the surrounding annular ring. Most recently, the same
group [44] presented an attractive scheme for generation of a
dark POV, termed double-ring POVs by them, through the use
of the Fourier transform of azimuthal polarized Bessel beams,
which could be regarded essentially as incoherent superposition
of two opposite circularly polarized POVs. However, the
sharpness of those dark POVs degenerated with the increase
of topological charge.

In an ideal situation, the complex amplitude of a POV could
be expressed by δ�ρ − ρ0� exp�ilφ� [29], where δ�·� denotes the
Dirac delta function, (ρ,φ) are the radial and azimuthal coor-
dinates, and ρ0 is the ring radius of the POVs. This formula
indicates that, similar to a spatial impulse, the ring width of the
POVs could be infinitely thin and the ring brightness could be
infinitely intense in theory. Actually, in the late 1990s, Amidror
[45,46] called this spatial delta function in the two-dimensional
(2D) case an impulse ring and pointed out that the Fourier
spectrum of a 2D radially periodic function consists of half-
order derivative impulse rings δ1∕2�ρ − ρ0� when he investi-
gated the spectrum of radially periodic images. Amidror’s work
became an important basic theory for the development of a
novel diffractive optical element called circular Dammann gra-
tings (CDGs), which was first proposed by Zhou et al. [47],
about 10 years later [48,49]. In our previous paper [50], we
demonstrated that a CDG could provide an effective method
for generation of controllable impulse rings and predicted that
this method could be used for generation of perfect vortices
with a controllable ring profile, especially those dark POVs.

In this work, we propose a method for enhanced control of
the ring profile (the intensity profile of impulse rings along the
radial coordinate) of POVs based on modulated circular sine/
cosine functions, which are realized by a CDG embedded with
a spiral phase. Specifically, one could obtain a type of “absolute”
dark perfect vortex rings surrounded by two bright lobe rings in
each side by controlling the structure of the CDGs. This work
opens up new possibilities to controllably tune the ring profile
of POVs, and this type of generalized perfect vortices will
enrich the content of singular optics and find applications in
a variety of areas such as optical manipulations, quantum
and classical optical communications, enhanced optical imag-
ing, and also novel structured pumping lasers.

2. PRINCIPLE AND METHODS

A. Design Principle
It is well demonstrated that the transmission function of a cir-
cular grating could be decomposed into a series of circular sine
or cosine functions with different radial frequencies, and it can
be written as a sum of a Fourier series (or called a Hankel series)
[45,46]. After a spiral phase is embedded, the transmission
function can be written as

T �r, θ� � T �r� exp�ilθ�

� a0
2

exp�ilθ� �
X∞
m�1

am cos
�
2πm

r
Λ

�
exp�ilθ�, (1)

where (r, θ) are the polar coordinates on the plane of a circular
grating and the Fourier coefficient of the mth order am, with
constant coefficients omitted, can be expressed by

am �
Z

Λ

0

T �r� cos
�
2πm

r
Λ

�
dr: (2)

Themth order of the Hankel series expressed in Eq. (1) can also
be, according to Euler’s formula, rewritten as

hm�r, θ� �
am exp�ilθ�

2

�
exp

�
i2πm

r
Λ

�
� exp

�
−i2πm

r
Λ

��
:

(3)

Note that these two power expressions in the square bracket
essentially denote the transmission functions of an axicon pair:
a negative axicon and the other positive one [51]. The coeffi-
cient am can be rewritten as

am � cm � c−m � jcmj exp
�
i
Δϕm

2

�
� jc−mj exp

�
−i
Δϕm

2

�
,

(4)

where c�m � 1
2

R
Λ
0 T �r� exp��i2πmr∕Λ�dr, with Δϕm �

j argfcmg − argfc−mgj being the phase delay between these
two coefficients and jc�mj being their amplitudes. For binary
(0, π) pure-phase gratings, jc�mj � jc−mj, and the mth order
can be rewritten further as

hm�r, θ� �
X∞
m�1

jcmj cos
�
2πm

r
Λ
� Δϕm∕2

�
exp�ilθ�, (5)

where the coefficient can be expressed as
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r
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with {rn} being the normalized transitional points in one period
along the radial direction of a binary (0, π) pure-phase circular
grating, which is also called a circular Dammann grating, and
N being the total number of transitional points in one period.
Then the Fraunhofer diffraction field of the mth non-zeroth
order can be written as

Hm�ρ,φ� � �−i�l�1 k
f

exp�ilφ��umHc
m�ρ� � vmHs

m�ρ�	,

(7)

where

Hc
m�ρ� �

Z
R

0

cos�2πmr∕Λ�J l �kρr∕f �rdr, (8a)

Hs
m�ρ� �

Z
R

0

sin�2πmr∕Λ�J l �kρr∕f �rdr: (8b)

The Fourier spectrum of the mth-order circular cosine
function embedded with a spiral phase expressed in Eq. (7)
is essentially a weighted sum of two impulse rings (see details
in Appendix A) with coefficients of um � cos�Δϕm∕2� and
vm � −sin�Δϕm∕2�. Thus, we can control the ring profiles
of POVs by changing the phase delay Δϕm determined by
the grating structure. Given a phase delay Δϕm, one can deter-
mine the side-lobe ratio (defined as the ratio of peak intensities
of the brightest lobe ring to the main ring) as

β�Δϕm� �
�
jHmin

m ∕Hmax
m j2, if jHmax

m j ≥ jHmin
m j

jHmax
m ∕Hmin

m j2, if jHmax
m j < jHmin

m j , (9)

where Hmin
m and Hmax

m are the minimum and maximum values
of the radial diffraction field of the mth order described in
Eq. (7), respectively. According to this equation, one can con-
trol the side-lobe ratio by changing the phase delay Δϕm, which
is determined by the grating structure. Thus, one can control
the radial intensity profile of impulse rings of POVs just by
changing the grating structure. For example, an “absolute” dark
ring surrounded by two bright lobe rings in each side could be
expected due to destructive interference when the side-lobe ra-
tio is equal to 1. Then the whole design flow for generation of
POVs with controllable ring profiles can be divided into four
steps as follows.

(1) Determining the period number inside the aperture and
the side-lobe ratio of the ring profile along the radial direction,
and choosing the topological charge according to application
requirements.

(2) Calculating the target phase delay according to Eqs. (7)–
(9). Then searching for transitional points in each period of the
CDG by minimizing the difference between the target phase
delay and the actual phase difference between the axicon pair
corresponding to the mth order of the CDG.

(3) By using the transitional points obtained in step (2) as
initial solutions, optimizing further transitional points by min-
imizing the difference between the actual side-lobe ratio and
the target value and maximizing the feature size (defined as
the finest linewidth of the structure of CDGs) with a suitable
weight factor between these two optimization criteria.

(4) After the transitional points are determined, one can ob-
tain the grating structure by assigning those concentric rings
periodically along the radial direction with the chosen period
number.

It should be noted that, in theory, one could design a CDG
for generation of POVs at any high diffraction order, and it is
also possible to achieve multiple concentric impulse rings of
POVs [50]. Here we just set the order as m � 1 in practice,
and thus a single impulse ring will be expected, similar to tradi-
tional POVs. Furthermore, the integrals in Eqs. (8a) and (8b)
will approach the l th-order Hankel transform of circular cosine
and sine functions expressed in Eqs. (A7) and (A8) (see
Appendix A), when the aperture size R is large enough.
However, in practice, it is impossible to obtain an infinitely
large aperture, and the limited aperture size determines that
the period number inside the aperture is also limited. When
the period number inside the aperture is not large enough, the
phase delay is sensitive to the period number, and thus we need
to reoptimize the grating structure when the period number is
different.

B. Experimental Scheme
In order to verify the designed gratings embedded with vortices,
we design a proof-of-principle experiment setup as shown in
Fig. 1 for investigation of those generalized POVs. An ex-
panded and collimated laser beam operating at 532 nm

Fig. 1. Schematic diagrams of the experimental scheme. (a) The
proof-of-principle experimental setup. L1 ∼ 2 are lenses for expanding
and collimation. L3 and L4 are a confocal lens pair, and L5 is the
focusing lens; PBS1 ∼ 2 are polarizing beam splitter cubes; BS1 is
a non-polarizing beam splitter; M is a reflective mirror; SLM denotes
a spatial light modulator; P1 ∼ 2 denote polarizers; λ∕4 denotes a
quarter-wave plate. CMOS denotes a complementary metal-oxide
semiconductor camera. (b) Phase distributions of a typical binary
CDG, (c) a spiral phase, and (d) the CDG embedded with the spiral
phase. The insets in the bottom-right corner indicate the enlarged por-
tions in those rectangular areas in (b) and (d), respectively.
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(Coherent Verdi 6) is used as the light source. The collimated
beam passes through a polarizer P1, and then it is divided into
two paths by a polarizing beam splitter cube PBS1. The trans-
mitted path is horizontally polarized (p polarization), and it is
directed by a non-polarizing beam splitter cube BS1 onto the
liquid-crystal display (LCD) of a programmable spatial light
modulator (SLM, HoloEye, Pluto NIR-011, pixel size
8 μm, and 1080 × 1920 pixels), where the phase of the
CDGs embedded with a spiral phase encoded into a blazed gra-
ting is loaded. Next, the modulated beam is reflected back from
the LCD, and then it is relayed by a confocal lens pair L3 and
L4 with a tunable iris for singling out the first diffraction order,
which carries the designed phase of the CDGs embedded with
spiral phases. The filtered field is then focused by a converging
lens L5 with focal length of 600 mm, and a CMOS camera
(Edmund Optics, EO2323M, pixel size 4.8 μm, and
1200 × 1920 pixels) is located in the back focal plane of lens
L5 to detect the intensity field. Another path is vertically po-
larized (s polarization), and it is reflected by a reflective mirror
M. Then this reference path is finally combined with the first
aforementioned path by another polarizing beam splitter cube
PBS2, the interference field passes a λ∕4-wave plate with a fast
axis of π∕4 rad and a polarizer P2, and then it is detected by the
CMOS camera. Care must be taken to adjust the distance be-
tween lenses L1 and L2 to make sure that the expanded beam is
free of spherical aberrations. A homemade shearing interferom-
eter is used here to examine the transmitted wavefront. Besides
the interference fields, the focused field of the generated POVs
on the focal plane is also captured by the CMOS camera when
the reference beam is blocked.

3. RESULTS AND DISCUSSION

A. Dark Perfect Optical Vortices
As pointed out above, one can control the ring profile by chang-
ing the phase delay between those two impulse rings (through
the change of the grating structure). One important case is that
a dark ring surrounded by two bright lobe rings on each side
could be realized when destructive interference is achieved be-
tween those inward- and outward-oriented impulse rings. Here,
as examples, we design three type of CDGs embedded with
spiral phases for generation of dark POVs with charges of
l � 1, −5, and 15, and the period number inside the aperture
is always set to be 20 in the following unless otherwise specified.
The normalized transitional points {rn} in the first half-period
of these three CDGs are {0.36309, 0.48272}, {0.26388,
0.44996}, and {0.28769, 0.47858}. The phase distribution
in the last half-period is inversed, and thus those normalized
transitional points along the radial coordinate can be derived
by {rn � 0.5} [52].

Figure 2 illustrates the experimental results of these three
POVs with dark rings, compared with their simulation results.
It is seen clearly that dark POVs are all well generated as ex-
pected. Moreover, from those intensity profiles along the dotted
line crossing the center, one can also see that the valleys of these
dark rings are always kept low enough for all cases, which sug-
gests that the sharpness of these dark POVs is almost indepen-
dent of the topological charge. Furthermore, the interference
fringes between these POVs and plane waves are also shown.

It is seen that those interferograms are characterized by petal-
like patterns, and each interferogram possesses an l -fold rota-
tional symmetry. In addition, the amplitude of topological
charges can be figured out based on the petal-like patterns,
and it is l if the number of those petals is 2l . It is indicated
that, according to this rule, the amplitudes of topological
charges carried by these dark POVs are 1, 5, and 15, which
is in good agreement with theoretical predictions. Note that
interference fringes on the focal plane are l -fold rotational sym-
metric, and one could not easily identify the sign of the topo-
logical charge from those interferograms on the focal plane.
However, the sign can be identified by checking the rotational
direction of the interference fringes on the defocused planes.
Those petal-like patterns will become a series of helices on
the defocused planes, and the sign of the topological charge
can be identified by the rotational direction of those helices.
Figure 3 shows the simulation and experimental results of
the interference fringes on defocused planes for two dark
POVs with charges of l � 10 and l � −5. It is clearly shown
that the helix-type fringes are obtained as predicted, and the
sign of the topological charge can be identified by the chirality
of the helices. For those interferograms on the defocused plane

Fig. 2. Simulation and experimental results of dark POVs generated
by CDGs embedded with spiral phases with charges of (a) l � 1,
(b) −5, and (c) 15. In each box, the simulation results of the intensity
distribution and interferograms are shown in the first and second rows;
the experimental results of the intensity distribution and interfero-
grams are shown in the third and fourth rows, respectively. The insets
are enlarged portions of dark impulse rings in rectangular areas in those
sub-images for intensity distribution. The scale bar denotes 300 μm.
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before the focus, the clockwise helices indicate a positive
charge, while the anticlockwise helices suggest a negative
one, and the rotational directions of those helices are inversed
for those interferograms on defocused planes after the focus.

In order to further verify the generated vortices, the phase
distributions of dark POVs with charges of l � 10 and l � −5
on defocused planes (defocus distance is about Δd � 25 mm)
are extracted by six-step phase-shifted interferograms as shown
in Fig. 4. By rotating the transmission axis of polarizer P2 at six
different angles with a constant step of π∕6 rad, one can extract
the phase on the defocused planes using those six phase-shifted
interferograms (see details in Appendix B). From this figure, it
is seen clearly that the amplitudes of topological charge are
jl j � 10 and jl j � 5 for these two dark-ring POVs, respec-
tively. Furthermore, one can also see that the anticlockwise
phase gradient direction indicates a positive charge (l � 10),
while the clockwise one suggests a negative charge (l � −5).
It should be pointed out that the gradient of the extracted
phase is not perfectly linear along the azimuthal coordinate,
which is predominately caused by mechanical vibrations, air

disturbances, temperature fluctuations, and also instability of
the laser source.

Therefore, the type of dark POVs surrounded by two bright
lobe rings on each side proposed here is an “absolute” dark ring
due to destructive interference, which provides an annular po-
tential well along the dark impulse ring. This annular potential
well could be used for trapping low-index particles, cells, or
quantum gases and transferring OAM carried by those dark
POVs to trapped targets. Different from the method proposed
by Liang et al. [43], this scheme proposed here is essentially the
coherent superposition of two impulse rings, an inside-oriented
one and the other outside-oriented one. Thus, one can tune the
ring profile by changing the phase delay between those two im-
pulse rings. As demonstrated by Liang et al., there is residual
non-zero intensity in the dark ring generated by their scheme.
Moreover, the residual non-zero valley is higher for larger topo-
logical charge, which indicates that the sharpness of the poten-
tial well will degenerate for those POVs with large topological
charge. The dark POVs proposed here could totally overcome
this drawback.

B. Bright Perfect Optical Vortices
It is straightforward that, besides the dark POVs, one can also
obtain bright POVs by choosing a phase delay resulting in con-
structive interference. In this case, the side-lobe ratio reaches its
minimum value by optimizing the structure of the CDGs.
Figure 5 illustrates simulation and experimental results of an-
other three bright POVs with topological charge of l � 1, −5,
and 20 generated by CDGs embedded with spiral phases. The
normalized transitional points {rn} in the first half-periods of
these three CDGs are {0.14655, 0.46455}, {0.07592,
0.48340}, and {0.029716, 0.48696} for those three bright
POVs. It is seen that a bright impulse ring accompanied by
weak lobe rings is well generated as predicted, with the consid-
eration of various errors, such as alignment errors, phase errors
induced by imperfect gamma correction of the SLM, and also
various residual aberrations of the focusing system. In this case,
the number of bright petals in interferograms on the focal plane
indicates the amplitude of the topological charge, and the sign
can be identified by checking the rotational direction of inter-
ference helices on defocused planes, similar to the aforemen-
tioned dark POVs. It should be noted that the side-lobe
ratio increases with the topological charge, which will be
discussed further in the following.

C. Perfect Optical Vortices with a Controllable Ring
Profile
It has been shown that one can control the ring profile by
changing the weight coefficient through choosing the corre-
sponding phase delay, since the Fourier spectrum of each dif-
fraction order is essentially a weighted sum of two impulse
rings. In this part, we will demonstrate that the ring profile
can be continuously adjusted by changing the grating structure
of CDGs. As examples, we design a POV with charge of l � 10
with six different ring profiles, gradually ranging from a dark
ring to a bright ring, within a whole transition cycle [the phase
delay Δϕm in Eq. (9) is ranged from 0 to 2π]. Figure 6 shows a
typical curve of the side-lobe ratio versus the phase delay under
the condition of charge l � 10 and period number inside the

Fig. 3. Simulation and experimental results of interferograms on
defocused planes (with defocus distance Δd � 10 mm) for dark
POVs with charges of (a) l � 10 and (b) −5. In each box, the sim-
ulation and experimental results are shown in the first and second
rows, and the results on defocused planes before and after the focus
are shown in the first and second columns, respectively. The scale bar
denotes 300 μm.

Fig. 4. Simulation and experimental results of phase distributions
on defocused planes (with defocus distance Δd � 25 mm) for dark
POVs with charges of (a) l � 10 and (b) l � −5. In each box, the
simulation and the experimental results are shown in the first and sec-
ond rows, and the results on defocused planes before and after the
focus are shown in the first and second columns, respectively. The scale
bar denotes 300 μm.
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aperture of N � 30. From this figure, one can see clearly how
the side-lobe ratio is influenced when the phase delay Δϕm is
gradually varied in the range of [0, 2π]. It can be seen that,
when Δϕm � 0, the side-lobe ratio is 0.41, and a single bright
ring accompanied by a relatively weak lobe ring outside is gen-
erated. When Δϕm continues to increase, the side-lobe ratio
starts to decrease, and then it reaches its minimum value of
0.28 at Δϕm � 0.2122π. In this case, the Hankel spectrum
is the result of constructive interference of those inward-
and outward-oriented impulse rings, and thus a bright ring
is obtained at the mth order. Actually, this case is the best sol-
ution of POVs for side-lobe suppression. Then, when Δϕm in-
creases further, the side-lobe ratio starts to increase gradually to
its maximum value at the point ofΔϕm � 1.3499π. This time,
the spectrum is the result of destructive interference of those
inward- and outward-oriented impulse rings, and thus a dark
ring surrounded by two bright lobe rings is generated. When
Δϕm continues to increase until it reaches 2π, the side-lobe
ratio decreases and at last it reaches its initial value again.
Up to now, a full cycle of evaluating the ring profile of the im-
pulse spectrum of the mth order was discussed when the phase

delay Δϕm is gradually varied from 0 to 2π. Here, as examples,
six different POVs (with charge of l � 10 ) with different ring
profiles are also shown in Fig. 6. It is shown that an impulse
ring with side-lobe ratio of 1/3 with a lobe ring outside, 1/3
with a lobe ring inside, 2/3 with a lobe ring inside, 2/3 with
a lobe ring outside, and also a bright and a dark POV, could be
achieved when phase delay is Δϕm � 0.1204π, 0.3733π,
1.0095π, 1.663π, 0.2122π, and 1.3499π, respectively. After
further optimization, the normalized transitional points {rn}
in the first half-period for those CDGs are {0.03723, 0.23090},
{0.06364, 0.20280}, {0.04368, 0.45274}, {0.32144, 0.47779},
{0.01662, 0.20280}, {0.38419, 0.46847} for those six POVs
with different ring profiles, respectively. It is seen explicitly that
one could control the ring profile of POVs by changing the
phase delay, which is finally determined by the grating structure
of the CDGs, and an impulse ring with side-lobe ratio of 1/3
with a lobe ring outside, 1/3 with a lobe ring inside, 2/3 with a
lobe ring inside, 2/3 with a lobe ring outside, and also a bright
and a dark POV, is well generated as predicated. The interfero-
grams on the focal planes indicate that those POVs carry
topological charge of l � 10. A much more subtle transition
from a bright POV to a dark one and then again to a bright
POV is demonstrated in Visualization 1. Up to now, we
have demonstrated that a type of generalized POVs with a con-
trollable ring profile could be well generated as expected. Thus,
the method proposed here opens an avenue for controllable
tuning of the ring profile of POVs by changing the structure
of CDGs.

D. Characterization of Generated Perfect Optical
Vortices
In this section, we will discuss how the performance parameters
of POVs generated by CDGs embedded with spiral phases are
influenced by the topological charge and period number, which
include ring size, ring width, and also side-lobe ratio. Figure 7
shows experimental and simulation results of these influences.
It can be seen from Fig. 7(a) that the ring size increases with the
topological charge both for bright and dark POVs, and the in-
crement is much smaller than that of its ring radius. So, similar
to those all “perfect” optical vortices reported in the past
[53,54], the POVs proposed here are also only quasi-perfect
in the strict sense [55]. The influence of topological charge
on the ring width is shown in Fig. 7(b), from which one
can see that the ring width decreases slightly with the charge
for bright POVs, while those ring widths for dark POVs are
nearly invariable. Further, the ring width of the dark POVs
is smaller than that of bright POVs. Figure 7(c) shows the
side-lobe ratios versus the topological charge. It is seen that
the side-lobe ratios are all nearly unity for those dark POVs,
which indicates that the dark POVs are of high quality.
However, those side-lobe ratios increase with the charge for
those bright POVs. Figures 7(d)–7(f ) show the ring radii, ring
width, and side-lobe ratio versus the period number inside the
focusing aperture. It is shown that the ring radius is linearly
increased with the period number both for bright and dark
POVs. One can also see from Fig. 7(e) that the ring widths
are nearly constant with the increase of the period number.
It should be noted that the side-lobe ratios for those bright
POVs decrease with the period number, while those of dark

Fig. 5. Simulation and experimental results of bright POVs gener-
ated by CDGs embedded with spiral phases with charges of (a) l � 1,
(b) −5, and (c) 20. In each box, the simulation results of the intensity
distributions and interferograms are shown in the first and second
rows; the experimental results of the intensity distributions and inter-
ferograms are shown in the third and fourth rows, respectively. The
insets are enlarged portions of bright impulse rings in rectangular areas
in those sub-figures for intensity distribution. The scale bar denotes
300 μm.
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Fig. 6. Simulation and experimental results of POVs with tunable ring profiles generated by CDGs (with period number of N � 30 inside the
aperture) embedded with spiral phase with charge of l � 10. (a) The curve of the side-lobe ratio β as a function of the phase difference δϕ; a POV
with side-lobe ratio of (b) 1/3 with a lobe ring outside, (c) 1/3 with a lobe ring inside, (d) 2/3 with a lobe ring inside, and (e) 2/3 with a lobe ring
outside; (f ) a POV with a bright ring profile (a bright POV with the smallest side-lobe ratio), and (g) denotes its interferogram on the focal plane;
(h) a POV with a dark ring profile (a dark POV with unity side-lobe ratio), and (i) is its interferogram on the focal plane. The scale bar denotes
500 μm.

Fig. 7. Influences of topological charge and period number on performance parameters of POVs with bright and dark ring profiles generated by
CDGs. (a) The ring radius, (b) the ring width, and (c) the side-lobe ratio as a function of the charge; (d) the ring radius, (e) the ring width, and (f ) the
side-lobe ratio versus the period number inside the aperture. In each sub-figure, the blue solid line denotes the simulation results of POVs with bright
ring profiles (bright POVs) and the red broken line denotes the simulation results of POVs with dark ring profiles (dark POVs); the square denotes
the experimental results of bright POVs, and the circle is the experimental results of dark POVs.
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POVs are nearly invariable. It suggests that one can effectively
reduce the side lobe by increasing the period number inside the
focusing lens. In addition, it is noted that experimental results
of the ring width of bright POVs are almost always larger than
theoretical predictions, while the situation is reversed for dark
POVs. Also, the side-lobe ratios of bright POVs in experiments
are always larger than the theoretical ones. These deviations are
mainly caused by residual aberrations. On the other hand,
those disagreements between theoretical and experimental val-
ues of the ring radii are predominantly attributed to the
deviation of the focal length of the converging lens L5.
Moreover, the non-zero background noise that is induced by
environmental light and also dark current of the camera also
contributes to all these errors.

4. CONCLUSION AND OUTLOOK

POVs enable one to overcome the limitation caused by strong
dependence of the ring diameter on the topological charge for
conventional optical vortices. However, in the past, POVs were
all shaped into bright rings with a single main lobe in the radial
intensity profile. Here a method based on modulated circular
sine/cosine functions is proposed for enhanced control of the
ring profile of POVs, especially a type of “absolute” dark POVs,
and is demonstrated. As examples, several dark POVs are pre-
sented, and the experimental results agree well with theoretical
predictions. The interference field can be used for detecting
topological charges. Also, this method can be used for gener-
ation of conventional bright POVs, and several examples are
demonstrated theoretically and experimentally. It is shown that
bright impulse rings can be well generated compared with other
reported schemes. In addition, a POV with a controllable ring
profile is demonstrated. It should be noted that, similar to those
all “perfect” optical vortices reported in the past, the POVs pro-
posed here are also only quasi-perfect in the strict sense.
Moreover, it is shown that the side-lobe ratio for bright
POVs decreases with the period number, which suggests that
one could effectively reduce the side lobe by increasing the
period number inside the lens aperture. Therefore, this type
of more generalized POVs opens up new possibilities to
controllably tune the ring profile of perfect vortices; this type
of novel perfect vortices will enrich the content of the attractive
subject of singular optics, and it should be of high interest for
its potential in a range of applications such as optical manip-
ulations, optical communications, enhanced optical imaging,
and also novel structured pumping lasers. Recently, micro-/
nano-cavity lasers, especially micro-/nano-ring lasers, are at-
tracting considerable interest for their high quantum yields,
tunable emission wavelength, and easy integration [56]. The
impulse ring proposed here could be an optimal option for
pumping those micro-/nano-ring lasers.

APPENDIX A: THEORY OF THE HANKEL
TRANSFORM FOR CIRCULAR GRATINGS

It is known that the transmission function of a circular grating
with a radial periodic property can be decomposed into a series
of circular cosine or sine functions with different frequencies
[45,46]. The 2D Fourier transform (also called the zeroth-order
Hankel transform) of the circular cosine/sine functions can be

written as

cos�αr�↔H α

2

1

�α∕2� πρ�3∕2 δ
�1∕2��α∕2π − ρ�, (A1)

sin�αr�↔H α

2

1

�α∕2� πρ�3∕2 δ
�1∕2��ρ − α∕2π�, (A2)

where α is the scale parameter that determines the diameter of
the impulse ring, ρ is the radial coordinate in the Fourier plane,
and δ1∕2�·� denotes the half-order derivative Dirac delta func-
tion. These two equations reveal the impulse behavior of the
Fourier spectrum of circular sine and cosine functions.
Among them, the two impulse rings δ1∕2�α∕2π − ρ� and
δ1∕2�ρ − α∕2π� represent an inward-oriented impulse ring
and the other outward-oriented one, respectively. When a phase
shift Δϕ is introduced, a more generalized form of a circular
cosine or sine function can be expressed as

cos

�
αr � Δϕ

2

�
� u cos�αr� � v sin�αr�, (A3)

sin

�
αr � Δϕ

2

�
� −v cos�αr� � u sin�αr�, (A4)

where the two weight coefficients are u � cos�Δϕ∕2� and
v � −sin�Δϕ∕2�. It means that the phase-shifted circular sine
or cosine function can be expressed by a weighted sum of a pair
of circular cosine and sine functions. For brevity, we only dis-
cuss the case of circular cosine functions in the following.
According to Eqs. (A1), (A2), and (A3), the Fourier transform
of a phase-shifted circular cosine function can be written as [57]

H
�
cos

�
αr � Δϕ

2

�	

� α

2

1

�α∕2� πρ�3∕2

×
�
uδ1∕2

�
ρ −

α

2π

�
� vδ1∕2

�
α

2π
− ρ

��
, (A5)

whereHf·g denotes the zeroth-order Hankel transformation. It
is seen from this equation that the Fourier spectrum of a phase-
shifted circular cosine function essentially denotes a weighted
sum of the spectra of circular cosine and sine functions.
Furthermore, when another spiral phase with topological
charge of l is introduced, the Hankel spectrum of a circular
cosine function can be derived as

H
�
cos

�
αr � Δϕ

2

�
eilθ

	
� 2πeilφ

Z
∞

0

�u cos�αr�

� v sin�αr�	 J l �2πρr�rdr
� 2πeilφ�uHc�ρ� � vHs�ρ�	,

(A6)

where the integrals Hc and Hs can be written as the l th-order
Hankel transform of circular cosine and sine functions, respec-
tively, and these two integrals can be written in the form of
piecewise functions as [58]
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where Γ�·� denotes a gamma function and 2F 1�a, b; c; x� is a
hyper-geometric function. It indicates that there is a singularity
at the position of ρ � α∕2π for these two piecewise functions.
It has been shown that these two piecewise functions essentially
represent a pair of impulse rings: one impulse ring with a trail-
ing wake inward and the other one with a trailing wake outward
[45]. Therefore, the Fourier spectrum of the circular cosine
function embedded with a spiral phase expressed in Eq. (A6)
can be regarded as a weighted sum of two impulse rings with
coefficients of u � cos�Δϕ∕2� and v � −sin�Δϕ∕2�, which
are determined only by the phase delay Δϕ. It is suggested that
an impulse vortex ring, i.e., a POV, could be generated, and
one can adjust the weights of those two impulse rings by chang-
ing the phase delay and finally control the intensity profile of
the impulse rings of perfect vortices. It should be noted that the
impulse ring would become a dark ring surrounded by two
bright lobe rings on each side due to destructive interference
of those inward- and outward-oriented impulse rings when
those two coefficients have equal amplitude but opposite signs,
i.e., um � −vm.

APPENDIX B: PHASE RETRIEVAL FROM SIX-
STEP PHASE-SHIFTED INTERFEROGRAMS

In the experiment, the p component is transmitted from the
polarizing beam splitter PBS1, and it is modulated by the
SLM. Then the modulated beam is reflected back and com-
bined with the s-polarized path by another polarizing beam
splitter PBS2. The two paths with crossed polarization are con-
verted into a pair of circularly polarized beams with inversed
chirality after passing through a quarter-wave plate with a fast
axis of π∕4 rad. Then the interference field after passing
through polarizer P2 can be written as

I�x, y� � A2
x

2
� A2

y

2
� AxAy cos�ϕ�x, y� � 2θ	, (B1)

where Ax and Ay are the amplitudes of the two crossed polar-
ized paths and ϕ�x, y� is the phase difference between them. θ is
the oriented angle of polarizer P2. By rotating the transmission
axis of polarizer P2 with a constant step of Δθ � π∕6 rad, we
can obtain six phase-shifted interferograms. Then the phase
ϕ�x, y� can be retrieved by [59]

ϕ�x, y� �
(
arctan�y∕x� − π, x > 0 and y > 0
arctan�y∕x�, x > 0 and y < 0
arctan�y∕x� � π∕2, x < 0

,

(B2)

where

x � I0 − 4I 2 � 3I 4, y � −�3I 1 − 4I 3 � I 5�,
and

In �
A2
x

2
� A2

y

2
� AxAy cos�ϕ�x, y� � 2nΔθ	,

n � 0, 1, 2, 3, 4, 5,

where Δθ � π∕6 rad is the rotation step of polarizer P2. Then
the phase carried by the POVs could be identified by the phase
difference ϕ�x, y� only if the reference beam is well collimated
and it can be regarded as a plane wave. It should be pointed out
that another path also introduces the phase difference, i.e., the
random phase difference caused by mechanical vibrations, air
disturbances, temperature fluctuations, and also instability of
the laser source. Here we recorded a series of interferograms
by the CMOS camera (with frame rate 50 frames per second,
and each video includes more than 1200 frames) instead by a
single image for each step. For each video, those frames with
contrast over a threshold are chosen as the effective images wait-
ing for further processing. First, each effective frame is binar-
ized. Next, those binarized images are summed up, and the
summation is binarized again. Then we calculate the correla-
tion coefficients between each binarized frame and the above
binarized summation and choose the frame with the highest
correlation coefficient as the interferogram for each step.
Finally, the 2D phase is retrieved from those six phase-shifted
interferograms according to Eq. (B2).
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