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An equivalence is made between the exceptional points proposed by the field of non-Hermitian quantum me-
chanics and the dead band observed in laser gyroscopes. The sensitivity enhancement near this exceptional point
is plagued by increased uncertainty due to broadening of the beat-note bandwidth. Also, near the dead band
the gyroscope response is caused by Rabi intensity oscillations and not solely by a phase modulation. Finally,
a distinction is made between conservative and non-conservative coupling. © 2020 Chinese Laser Press
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1. INTRODUCTION TO THE LASER GYROSCOPE

Decades ago it was realized that a ring laser could be used for
rotation sensing [1]. Two counter-circulating beams form a
standing wave fixed in an absolute (i.e., not rotating) frame of
reference, which can be used to determine the rate at which a
laboratory frame rotates at an angular velocity around it. A
small back-scattering can drag the standing wave pattern with
the motion of the rotating frame, which is observed as a “dead
band” in the response. In order to eliminate this dead band, the
mode-locked (ML) laser gyroscope (gyro) was introduced [2].

This bidirectional ML laser is equivalent to a quantum
mechanical two-level system perturbed by an electromagnetic
field [3]. In this equivalence, the counter-circulating intensities
correspond to the diagonal elements of a density matrix, while
the off-diagonal elements are associated with the beat signal
between the frequency combs issued from the laser. The “tran-
sitions” between the two levels are made by the complex cou-
pling between the two intracavity beams. Interest in this
quantum mechanical analogy resurfaced with the discovery
of the “exceptional points” (EPs) [4].

The laser gyro is a particular example of intracavity phase
interferometry (IPI) [5]. In IPI, mode pulling caused by the
added phase is exploited to measure many physical quantities,
including the Sagnac phase shift in the case of a gyro.
As we will see, however, near an EP, the laser signal becomes
amplitude modulated, which places limits on EP-enhanced
sensing.

2. INTRODUCTION TO EXCEPTIONAL POINTS

It has been shown that non-Hermitian Hamiltonians can result
in real and positive spectra if they are parity-time (PT )

symmetric [4]. Under certain circumstances, the eigenvalues
and eigenvectors of these Hamiltonians coalesce, i.e., one of
the eigenmodes becomes fully complex, leading to a situation
where the eigenvectors are not orthogonal and therefore no
longer span the space. This transitional location in parameter
space is known as an EP. The space surrounding this singularity
is characterized by a square-root dependence, which is being
exploited in optics to enhance the sensitivity of many different
systems [6–14], including the laser gyro [15].

The edge of the dead band [1,16–18] of a laser gyro is an
example of a non-PT -symmetric EP. This EP arises due to the
interplay of the detuning and coupling terms. In contrast, most
studies of EP-enhanced sensitivity focus on the PT -symmetric
EP that occurs at zero detuning (rotation rate), which relies on
the gain difference canceling the purely conservative coupling.
However, in real gyroscopes (in particular, cw ones), a non-
conservative component of the coupling usually remains.

In this paper it is shown that the non-conservative compo-
nent of the coupling leads to an amplitude modulation, which
in turn causes gain fluctuations that distort the signal. The out-
put pulses are non-sinusoidal, resulting in an accumulation of
harmonics in the beat-note spectrum. This broadening in-
creases the uncertainty of the beat-frequency measurement.

Assuming the electric fields within two coupled resonators
take the form of Ẽ1,2 � Ẽ1,2�t� exp�−iωt�, and converting to
the rotating frame, allows the coupled mode equations describ-
ing their complex field amplitudes to be expressed as [19]

_̃E1�t� � α1Ẽ1�t� − i
Δ
2
Ẽ1�t� � �s � κ̃1�Ẽ2�t�,

_̃E2�t� � α2Ẽ2�t� � i
Δ
2
Ẽ2�t� � �s � κ̃2�Ẽ1�t�, (1)
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where the subscripts correspond to the different coupled reso-
nators, α1,2 is the saturable (hence, time-dependent) gain/loss
coefficient, κ̃1,2 is the complex conservative part of the coupling
coefficient, s the non-conservative coupling, and Δ is the mode
splitting. A detailed explanation of s and κ̃1,2 is in Section 3.B.

Postulating the existence of a steady-state solution, one uses
the Ansatz

Ẽ1,2�t� � A1,2e−iΔωt (2)

for the complex amplitudes where A1,2 is a real constant, and
then solves the eigenvalue equation����

−iΔ∕2� iΔω s � κ̃1
s � κ̃2 iΔ∕2� iΔω

���� � 0, (3)

where the gain coefficients are both zero at the threshold. In the
absence of conservative coupling (κ̃1 � κ̃2 � 0), the eigenval-
ues are Δω � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Δ∕2�2 − s2

p
. The EP is then at Δ � 2s.

Note that while the Hamiltonian is not PT -symmetric in this
case [18], it is a complex symmetric non-Hermitian matrix,
which allows real eigenvalues under certain circumstances
(i.e., outside of the dead band).

3. DESCRIPTION OF THE LASER GYRO

Applied to a single cavity laser gyro, the two � values of Δω
correspond to the frequencies of the counter-propagating elec-
tric field amplitudes so that the beat-frequency when the two
fields are interfered is 2Δω. As Δ is increased (i.e., the gyro is
rotated), there is the well-known square-root dependence of the
gyro response near its dead band [1,20].

This matches (at first sight) the experimental observations
with the ML ring laser sketched in Fig. 1. Two pulses counter-
propagate in the ring and meet at the × in the upper branch and
again at the bottom of the ring. When the bottom crossing is in
air, a linear response without dead band is measured [Fig. 1(a)].
If an interface is introduced at the crossing point, the response
includes a dead band as indicated in Fig. 1(b). The dependence
indeed follows a square-root curve as in the EP theories, with an
infinite differential sensitivity at the edge of the dead band.

However, there is an issue with the steady-state Ansatz of
Eq. (2). We can relax this assumption by allowing A1,2 to
be slowly varying with time (compared to Δω) or by simply
solving Eq. (1) numerically. The solutions are then found to
be oscillatory close to the EP. Near the EP the solutions are
of the form Ẽ1,2�t� � Ã1,2�t� exp�−iφ1,2�t��, with Ã1,2�t� �
cos Δωt and φ2 − φ1 � π∕2. Figure 2 (left) shows the numeri-
cal solution close to the EP (Δ � 0.101) for a system assumed
to be at equilibrium (α1,2 � 0), with s � 0.05 and κ̃1 �
κ̃2 � 0. As Δ approaches the EP, the polar plot approaches
a vertical line. The oscillation is thus an amplitude modulation
rather than a frequency modulation at a frequency Δω that
increases with the applied rotation and follows the square-root
curve. For large values of Δ, the polar plot (right Fig. 2) shows
a perfect circle, indicating that the solution has evolved to the
constant amplitude Ã1,2 � A1,2 and beat frequency that arises
from a pure phase modulation between correlated beams, i.e.,
2Δω � �φ2 − φ1�∕t . The fact that near the EP the beat sig-
nal is an amplitude modulation, susceptible to amplitude
fluctuations, explains why the steep slope at the foot of the dead

band has not found any use in more than 50 years of laser gyro
development.

A. Presence of Gain Saturation
A real laser system does not have a fixed time-independent
gain but a saturable gain. Introduction of a saturable gain in
Eq. (1) dramatically changes the behavior close to the EP. The
saturable gain coefficient used was α1,2 � α̂1,2∕�1� βI 1,2 �
γI 2,1� − αL, where α̂1,2 and αL are the linear gain and loss co-
efficients, β and γ are the self and mutual saturation coeffi-
cients, respectively, and I1,2 are the counter-propagating
intensities. Figure 3 (top) shows numerical solutions of

Fig. 1. Sketches of bidirectional ML gyro configurations (left) and
their corresponding beat-note responses (right). The × corresponds to
a pulse crossing that does not introduce phase coupling. G is the gain,
and Δϕ � Δ∕τrt is the differential round-trip phase shift. Note that
the time unit in Eq. (1) has been normalized to τrt . (a) Linear (i.e., no
dead band) response. (b) When a scattering interface is placed at
the crossing point, a square-root (i.e., dead band) response is observed
(data from Ref. [21]).

Fig. 2. Polar plots of the imaginary versus real part of the beat field
near (left) and far (right) from the EP (dead band). Near the EP the
beat note stems from amplitude modulation, while far from the EP it is
caused by pure phase modulation.
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Eq. (1) for the parameters β � 1, γ � 0, α̂1,2 � 1.1, αL � 1,
κ̃1 � κ̃2 � 0, and s � 0.05.

Experimental data (bottom Fig. 3) was taken using a bidi-
rectional dye-jet ML Ti:sapphire ring laser gyro. Rotation was
simulated by applying a voltage to a piece of intracavity lithium
niobate that was timed with one of the pulses. At large values of
Δ (or lithium niobate voltage), the response is sinusoidal. As Δ
is decreased towards the EP, the intensity modulation increases
in a nonlinear fashion, and the Fourier spectrum of the beat-
note contains an increasing number of harmonics. Similar har-
monics as in Figs. 3 and 4 have been observed in Fig. 2 of
Ref. [22] for a beat-note spectrum near an EP. A spectrum ana-
lyzer with finite bandwidth will measure the center of gravity
(COG) of the beat-signal spectrum

P∞
0 Ω · I�Ω�2∕P∞

0 I�Ω�2, which is plotted alongside one of the eigenvalue
curves in Fig. 5.

B. Conservative versus Non-Conservative Coupling
To better model experimental situations, the coupling vari-
ables in Eq. (1) have been separated into conservative (κ̃) and

non-conservative (s) terms. The s parameter accounts for any
light that is scattered directly into the counter-propagating
pulses with a phase that does not follow κ̃1 � −κ̃	2. If one face
of the scattering window in Fig. 1 is normal to the beam, the
coupling between the two beams is fully conservative (s � 0),
i.e., the total system energy is conserved. A simple proof of this
relation is as follows. If the two circulating fields are equal, then
the total intensities added to the system by the mutual coupling
should be zero, which is proportional to j1� κ̃1 � κ̃2j2, where
κ̃1 is the coupling from Ẽ1 into Ẽ2, and κ̃2 is the exact opposite.
For this to be true to first order, κ̃1κ̃	2 should be purely imagi-
nary, implying

κ̃1 � −κ̃	2 (4)

or κ̃1κ̃2 � −jκ̃j2 [23]. This relation also applies to coupling be-
tween fibers and resonators as well as between microresonators
[24–26]. For this fully conservative coupling case, the eigenval-
ues of Eq. (3) are Δω � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Δ∕2�2 � jκ̃j2

p
, which indicates

no dead band or EP.
Experiments with a non-normal interface show a dead

band of width correlated with the surface quality (scratch-
dig), consistent with simulations assuming a non-conservative
(nonzero s) scattering [5,21]. Experimental situations likely in-
clude coupling contributions from both conservative (due to a
non-symmetric interface or evanescent wave coupling) and
non-conservative (due to scattering) sources. Including both
types of coupling leads to the eigenvalue solutions

Δω � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Δ∕2�2 � jκ̃j2 − s�κ̃ − κ̃	� − s2

q
: (5)

Figure 5 shows numerical solutions to Eq. (1) (with α1,2 � 0)
that display how the gyro beat-note response curve (circles)

Fig. 3. Beat-signal spectrum from a numerical solution of Eq. (1)
(top), and experimentally measured beat-note signal (bottom) showing
the clustering of frequency harmonics near the dead band (left) and
their absence for larger Δ (right).
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Fig. 4. Beat-signal spectrum from a numerical solution of Eq. (1)
showing the clustering of harmonics near the EP (dead band).
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Fig. 5. Gyro beat-note response curve changes with κ̃ and s. All large
circles are beat frequencies numerically solved from Eq. (1) with
κ̃ � 0.05 and s � 0 (blue), s � 0.03 (orange), s � 0.05 (yellow), and
s � 0.06 (purple). The green circles are with κ̃ � 0 and s � 0.05. The
red-dashed curves correspond to the eigenvalue beat frequency 2Δω
determined from Eq. (5). When saturable gain is included, the green
circles shift to the positions of the cyan crosses because the COG
(rather than the most prevalent peak) of the spectrum must be used.
An example of data matching the κ̃ � 0 case can be found in Ref. [21].
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shifts from the fully conservative Hermitian response
Δω � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Δ∕2�2 � jκ̃j2

p
(blue circles) to the fully non-

conservative complex symmetric case Δω � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Δ∕2�2 − s2

p
(green circles) by adjusting the s parameter. Notice that when
jκ̃j > s there is not a dead band/EP but a reduction in sensi-
tivity at small Δ. In the experiment sketched in Fig. 1, both
s and κ̃ can be tuned by adjusting the position and angle of
the scattering interface [21]. Note that while κ̃ was chosen
to be real in this example, the more general case would include
a phase factor.

The numerically calculated beat-frequencies plotted in
Fig. 5 were found by solving Eq. (1) for Ẽ1,2�t�, calculating
the intensity when the fields are overlapped in time on a de-
tector I�t� � jẼ1�t� � Ẽ2�t�j2 and recording the most preva-
lent peak in the corresponding spectra I�Ω� � FT �I�t��.
When saturable gain is included, this value would not be ex-
perimentally resolvable near the EP. As the EP is approached,
the harmonics seen in Fig. 4 will cluster together until they
become unresolvable, so the COG of the positive signal would
be required, reducing the sensitivity enhancement. This is
shown by the cyan crosses in Fig. 5 where saturable gain
(α̂1,2 � 1.1, β � 1, αL � 1) was included in the purely non-
conservative (κ̃ � 0, s � 0.05) curve. Thus, the closer the sys-
tem is to the EP, the broader and more uncertain the beat-note
measurement becomes, and the larger the deviation of the
COG from the most prevalent peak is.

C. Gain Difference Exceptional Point
A way to deal with these problems may be to switch to the
PT -symmetric EP, which does not suffer from the same broad-
ening into harmonics because, ideally, the temporal oscillations
are sinusoidal [18]. Including saturable gain in Eq. (3) leads,
with s � 0, to an eigenvalue solution of

Δω � i
α1 � α2

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jκ̃j2 − ��α1 − α2� − iΔ�2

p
: (6)

Clearly there is another EP at zero detuning where the positive
conservative coupling is offset by the negative gain difference
term [15,27]. This EP is PT -symmetric [18], and the re-
sponse curve is shown in Fig. 6. In this case, the two
counter-propagating electric fields have the same frequency
(see Visualization 1), which is why Fig. 6 is not a frequency
splitting but an absolute frequency that depends on the detun-
ing. This is a result of assuming homogeneous gain saturation.
To obtain a frequency splitting, one must use inhomogene-
ously broadened gain as in Refs. [8,14]. We note that the sa-
turated gain must be different for the two directions to access
this EP. In addition, even though it is more sinusoidal, the
beat-note at this EP still arises from amplitude modulation.
Indeed, we have shown that the use of any EP in a single laser
resonator will lead to increased susceptibility to ampli-
tude noise.
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