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Internal motions in femtosecond soliton molecules provide insight into universal collective dynamics in various
nonlinear systems. Here we introduce an orbital-angular-momentum (OAM)-resolved method that maps the rel-
ative phase motion within a femtosecond soliton molecule into the rotational movement of the interferometric
beam profile of two optical vortices. By this means, long-term relative phase evolutions of doublet and triplet
soliton molecules generated in an all-polarization-maintaining mode-locked Er-fiber laser are revealed. This sim-
ple and practical OAM-resolved method represents a promising way to directly visualize the complex phase dy-
namics in a diversity of multisoliton structures. © 2020 Chinese Laser Press

https://doi.org/10.1364/PRJ.398316

1. INTRODUCTION

Optical solitons in femtosecond lasers play an important role in
the study of solitary wave propagation and interaction effects
that are universal in a variety of research fields, ranging from
fluid and condensed matter physics to chemistry and neurobi-
ology [1,2]. It is generally recognized that dissipative soliton
formation is responsible for ultrashort pulse shaping and stabi-
lization in laser cavities [3–5]. In particular, interactions be-
tween individual dissipative solitons lead to various bound
states, which are frequently referred to as soliton molecules
[6]. Since their early observation, soliton molecules have at-
tracted tremendous attention due to their potential to upgrade
the transmission capability of optical communication [7,8] and
to demonstrate complex soliton interaction behaviors in
dynamical nonlinear systems [6,9–14].

In optical soliton molecules, the internal motions between
solitons turn out to have two degrees of freedom, namely, the
binding separation and relative phase between two solitons
[6,15,16]. Stationary femtosecond soliton molecules with con-
stant binding separation and relative phase have long been
proved to exist in various laser configurations by optical spectral
analysis, while the time-averaged measurements based on op-
tical spectral analyzers hinder the observation of more complex
soliton molecular dynamics [17–19]. Recently, various real-
time spectroscopic techniques as well as time-domain probes

[20–22] have been proposed to address this problem. In par-
ticular, a time-stretch dispersive Fourier transform (DFT) tech-
nique has been frequently utilized to unveil the shot-to-shot
evolution of soliton molecular spectra [23–30], enabling the
identification of different kinds of vibrating and oscillating
modes in soliton molecules [2,23–25,31,32]. While the DFT
technique is very appealing for probing the transient properties
within soliton molecules, the observation time frame is limited
to hundreds of microseconds (corresponding to tens of thou-
sands of round-trips), mainly confined by the storage capability
of the real-time oscilloscopes.

In this paper, we experimentally demonstrate a new probing
concept, an orbital-angular-momentum (OAM)-resolved
method, for visual extraction of long-term internal phase mo-
tions within soliton molecules produced by a mode-locked la-
ser. We show that temporally varying phases within soliton
molecules can be transformed to the spatial phase difference
between two optical vortices. As a consequence, by using a
fast-frame-rate CCD camera to monitor the rotational move-
ment of the combined vortices, the complex internal motion of
soliton molecules in terms of relative phase evolution can be
monitored over a long period. In a proof-of-principle experi-
ment, two different kinds of soliton molecular phase properties,
namely, stationary and monotonic phase evolutions, are char-
acterized. This technique provides a practical, low-cost, and
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simple diagnostic for internal phase dynamics within soliton
complexes.

2. EXPERIMENTAL SETUP

The experimental setup of the proposed OAM-resolved
method for relative phase characterization between the two
bound pulses within soliton molecules is schematically illus-
trated in Fig. 1. A home-built nonlinear amplifying loop mirror
(NALM) mode-locked all-polarization-maintaining (PM)
Er-fiber laser is used as the platform for soliton molecular gen-
eration. The laser design is identical to our previous reported
one [33] by simply excluding the vortex wave plate (VWP) in-
side the laser cavity. Soliton bound states with different binding
separations can be obtained in a reproducible way by fine ad-
justments of pump power and laser output ratio. The inset
shows a diagram of a twin-pulse molecule, where the relative
phase within the molecule is sketched. The soliton molecular
pulse train emitted by the laser is directed to the OAM-resolved
monitoring system. The working principle of this method will
be explained in more detail hereafter. Essentially, we utilize a
commercially available CCD (Bobcat-320, Xenics) to record
a sequence of images at a capturing rate of one frame per five
seconds for tracking the long-term variation of the relative
phase difference between the two bound pulses within the
soliton molecules.

It has been demonstrated that optical vortices can be utilized
to map the temporal phase difference into spatial dimension,
providing spatiotemporal phase manipulation capacity for op-
tical frequency combs [34,35] and related spectroscopic appli-
cations. Here we take advantage of this property of optical
vortices, for the first time to our knowledge, to retrieve internal
phase motions in femtosecond soliton molecules, which is re-
ferred to as an OAM-resolved method. Specifically, this tech-
nique is based on interference of two optical vortices with
opposite topological charges (l 1 � 1 and l2 � �1). Note that
the precision of the interferometric process strongly relies on
temporal overlap. To this end, the bound soliton pairs are sent
to a Mach–Zehnder-like interferometer (MZI), where the front
pulse and the rear pulse are split, delayed, and then recombined
as shown in Fig. 1. The time delay set in one arm allows us to
finely tune the optical path difference and thus leads to a del-
icate overlap between the two bound pulses by using the au-
tocorrelation trace as the monitor. It should be pointed out that

environmental noises result in differential length fluctuations
between the two arms of the MZI and thus result in a phase
fluctuation. To minimize the environmental noises, a highly
stable translation stage is employed, and the two arm lengths
are set to be as short as possible.

A quarter-wave plate (QWP) is inserted into each arm of the
MZI, and it translates the vertically linearly polarized output
pulses from the mode-locked laser into circular polarization.
The slow axes of the two QWPs are vertically placed so that
the outputs from the two arms of the MZI show opposite cir-
cular polarization. The combined beams pass through a VWP
(Thorlabs WPV10L-1550) in the following, and thus two op-
tical vortices with opposite topological charges are produced.
The superposition of the two optical vortices results in a
cylindrical vector beam (CVB) [36–38] whose state can be
described as
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where Δϕ
2 is the phase difference between the optics vortices

with topological charges l1 � 1 and l2 � �1, which is the rel-
ative phase of soliton molecule under test, and ϕ is the initial
phase of the CVB, which is introduced by MZI and can be
obtained in advance by using a single pulse as the input of
the MZI, where Δϕ � 0. Figure 2(a) illustrates the procedure
to produce a cylindrical vector beam by superposition of two
optical vortices with opposite topological charges. A simple
numerical simulation has been conducted here to better

Fig. 1. Experimental setup. AC, autocorrelator; BS, beam splitter;
PBS, polarization beam splitter; QWP, quarter-wave plate; VWP, vor-
tex wave plate. The inset shows the diagram of a twin-pulse molecule.

Fig. 2. Principle of the OAM-resolved method. (a) Interference pat-
tern created by two optical vortices with topological charges l1 � 1
and l2 � �1; (b), (c) temporal and spectral properties of a simulated
soliton molecule; (d) simulated spectral evolution over 500 round-trips
in consideration of linear relative phase evolution; (e) the phase evo-
lution retrieved from (d) and the corresponding interferometric pat-
terns. Arrows are used to indicate the polarization distributions in each
case. The lobes present the results measured behind a horizontal
polarizer.
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understand the working principle of the OAM-resolved
method. Figures 2(b) and 2(c) present the time-domain and
spectral-domain profiles of a simulated twin-pulse soliton mol-
ecule centered at 1560 nm with a temporal separation of 2 ps,
respectively. The relative phase within the molecule evolves lin-
early with cavity round-trip time. Figure 2(d) shows the evolv-
ing interferometric optical spectra over 500 round-trips.
Figure 2(e) shows the linear phase evolution retrieved from
Fig. 2(d) and the interferometrical patterns of cylindrical vector
beams based on the OAM-resolved method. Four typical cylin-
drical vector beams with different Δϕ are shown here. The lobe
structures illustrate the corresponding beam profiles after pass-
ing a polarization beam splitter. The two-lobe pattern rotates
around its own central null with the increase ofΔϕ [39]. At this
point, the phase difference within soliton molecules is mapped
into rotation direction of an interferometric pattern. In turn,
the phase motions within soliton molecules can be read out
from the dynamical rotation of the interferometric pattern.
To obtain the relative phase within a soliton molecule, we need
to extract the axis that the interferometric lobes would rotate
about. Similar to the least-squares solution method [40], which
is derived for estimating the average center and the axis of ro-
tation of 3D motion data, the following procedures are taken:
(i) the intensity distribution of the mode field is represented as
I�x, y�; (ii) we define the moment of the mode field about
an arbitrary axis ax � by � c � 0 as d � u�a, b, c�; (iii) we
minimize the moment u�a, b, c�, and therefore, the line (axis)
in the Visualization 1 is obtained; (iv) the slope of the axis
θ � arctan �� a

b� is calculated. The extraction process of θ
described above can be given as follows:

min u�a, b, c�,
u�a, b, c� � RRRR jd �x, y�j2I�x, y�dxdy,

jd�x, y�j2 � �ax�by�c�2
a2�b2 ,

θ � arctan �� a
b�: (2)

The validity of this algorithm is shown in Visualization 1,
where accurate θ extraction over 180 deg rotation of the
two-lobe interferometric pattern is represented.

3. RESULTS AND DISCUSSION

With fine adjustment of waveplate angles, a stable single-pulse
mode-locking state is obtained with pulse repetition rate of
80 MHz when the pump power is well above the threshold
pump power. The laser operates at the anomalous dispersion re-
gime with a net cavity dispersion estimated to be �0.0096 ps2.
The pulse duration of the single soliton is 170 fs. Then the
soliton molecular regime can be achieved by further increase
of the pumppower beyond a critical level. Since solitonmolecule
generation in a laser cavity relies on a dissipative mode-locking
process, soliton molecules with various phase evolution states
can be stimulated by means of changing the output coupling
ratio and the pump power.

A. Stationary Soliton Molecule
First, a stationary twin-soliton molecule with locked relative
phase is observed. The optical spectrum features a high-contrast
interferometric pattern as depicted in Fig. 3(a). The 10 nm

modulation period in the spectrum corresponds to a binding
separation of 800 fs, which is verified by the autocorrelation
trace. Figure 3(b) shows the measured spectral evolution over
10 min by using the optical spectrum analyzer. The acquisition
time for each spectrum is 8 s. Figure 3(c) presents the relative
phase evolution within the soliton molecules over 400 s based
on the OAM-resolved method. The relative phase has been re-
trieved by the angle of the two-lobe interferometric pattern dis-
played on the CCD. The exposure time for obtaining each
beam profile is as short as 5.6 μs. The inset shows selected in-
terferometric patterns, and no obvious rotation in their angles is
observed. The solid line in Fig. 3(c) shows the linear fit of the
400 s relative phase evolution. There is a slight fluctuation
around the averaged 0.53 π relative phase with a standard
deviation of 0.01π. Note that this relative phase contains both
the soliton molecular relative phase and the initial phase of the
MZI. The initial phase of the MZI is predetermined as 0.5π
with a standard error of 0.001π by conducting the OAM-re-
solved measurement under a single-pulse mode-locking state
(not provided here). Therefore, we obtain the relative phase
within soliton molecule by applying θ � Δϕ� π∕2, where
θ is the relative phase retrieved based on the OAM-resolved
method and Δϕ is the relative phase between the bounded sol-
iton pairs. The relative phase within the soliton molecule is cal-
culated to be 0.03π, which agrees well with that retrieved from
the modulated optical spectrum.

B. Soliton Molecules with Monotonically
Evolving Phase
Next, by carefully adjusting the output ratio and changing the
pump power, we further resolve several soliton molecule
states with monotonically evolving phase based on the OAM-
resolved method as shown in Figs. 4(b), 4(d), 4(f ), and 4(h).
Figures 4(a), 4(c), 4(e), and 4(g) display the corresponding
measured spectra over 10 min with a standard grating spec-
trometer, showing soliton molecular binding separations of
0.8, 1.4, 1.8, and 4 ps, respectively. Note that the 2D contour

Fig. 3. Stationary soliton molecule. (a) Spectrum of the twin-soliton
molecule, (b) spectral evolution over 10 min, (c) relative phase evo-
lution of two soliton pulses within the soliton pairs within 400 s. The
insets show the interferometric patterns after PBS.
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plots obtained by an optical spectral analyzer fail to unveil the
evolving relative phase over time due to the long integration
time. The monotonically evolving phase observed with the
OAM-resolved method can be attributed to slightly different
amplitudes within the doublet soliton molecule. When propa-
gating in each cavity round-trip, the amplitude difference can
be converted to different carrier envelope phase shift,
which leads to a long-term evolution of the relative phase
[24,41]. Figures 4(b), 4(d), and 4(f ) show that the slope of
phase evolution over time flattens with the increase of pulse
separation, and then it changes its sign. As is evident from these
three figures, there shows a “turning point,” which has been
observed earlier in Ref. [23] and interpreted as a consequence
of soliton attraction and repelling interactions. This law of mo-
tion does not apply to Fig. 4(h) because the pulse separation is
too large, leading to a much weaker interaction between two
solitons.

The evolution of the CCD-recorded interferometric pat-
terns corresponding to Figs. 4(b), 4(d), 4(f ), and 4(h) is plotted
in Figs. 5(a)–5(d), respectively. At each binding separation, an
apparent rotational movement of the two-lobe pattern is visible
due to the constant variation of the soliton molecular phase
difference. The rotation directions are also different for differ-
ent binding separations, indicating distinct soliton interaction
behaviors.

C. Soliton Molecule with Triplet Pulses
By further increasing the pump power, a soliton molecular state
with equally spaced triplet pulses can be also observed, which is
shown in Fig. 6. Figure 6(a) presents the optical spectrum.
A series of spectra are recorded over 10 min as displayed in
Fig. 6(b). The spectral modulation period is 8 nm, correspond-
ing to a binding separation of 1 ps for neighboring pulses,
which is further confirmed by the autocorrelation trace in
Fig. 6(c). Here the relative phase between the leading soliton
and center soliton is denoted by Δϕ12, the relative phase be-
tween the leading (center) soliton and trailing soliton is denoted
by Δϕ13 (Δϕ23), and the corresponding retrieved relative
phases based on OAM-resolved method are defined as θ12,
θ13, and θ23. By carefully adjusting the delay line to optimize
the temporal overlap, the relative internal phase dynamics
can be characterized. The red scatters in Fig. 6(d) show the

Fig. 4. Soliton molecules with monotonically evolving phase differ-
ence. Recorded spectra over 10 min with different pulse separations of
(a) 0.8 ps, (c) 1.4 ps, (e) 1.8 ps, and (g) 4 ps. (b), (d), (f ), and (h) The
corresponding relative phase dynamics versus time.

Fig. 5. Interferometric patterns recorded after PBS for different
pulse separations of (a) 0.8 ps, (b) 1.4 ps, (c) 1.8 ps, and (d) 4 ps.

Fig. 6. Relative phase evolution within a tri-soliton molecule.
(a) Spectrum of the tri-soliton molecule, (b) spectral intensity variation
during 10 min, (c) autocorrelation trace of the tri-soliton molecule,
(d) relative phase evolution of θ12 � θ23 and θ13 based on the
OAM-resolved method.
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superposed relative phase variations of θ12 and θ23. For com-
parison, the dynamics of θ13 (blue scatters) have also been re-
corded in Fig. 6(d). Note that the slopes are very similar when
linearly fitting the variations of relative phase motions in the
two cases, indicating Δϕ13 � Δϕ12 � Δϕ23 (the initial phase
has been subtracted here), which is typical for relative phase
variation within triple-soliton molecules [30]. This finding re-
veals a monotonic relative phase variation of the three bound
solitons, which is in good agreement with the observed mol-
ecule dynamics in Ref. [24].

4. CONCLUSION

To conclude, by means of the OAM-resolved method, we suc-
cessfully resolve the long-term relative phase evolution of sol-
iton molecules produced by a femtosecond Er-doped mode-
locked fiber laser. Various soliton molecular states with station-
ary and monotonically evolving phase are characterized here.
By translating the relative phase within a soliton molecule into
the rotation of the interference pattern that is directly visible on
a CCD, this method offers a simple and flexible alternative for
tracking the relative phase dynamics within multisoliton com-
plexes. Should a high-performance CCD (for example, 4 Quik
E ICCD Camera, Stanford Computer Optics, Inc., ∼1 ns ex-
posure time) be used, it is possible to freeze a single-shot in-
terferometric pattern for soliton molecules (even when the
repetition rate is as high as ∼1 GHz). Given that the
OAM-resolved method is capable of transferring the temporal
phase of soliton pairs to the spatial phase of vector beams, this
technology holds the potential to trap and control the rotation
of nanoparticles via manipulating soliton-molecular relative
phases.
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