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Ultra-high quality (Q) whispering gallery mode (WGM) microtoroid optical resonators have demonstrated highly
sensitive biomolecular detection down to the single molecule limit; however, the lack of a robust coupling method
has prevented their widespread adoption outside the laboratory. We demonstrate through simulation that a phased
array of nanorods can enable free-space coupling of light both into and out of a microtoroid while maintaining a
high Q . To simulate large nanostructured WGM resonators, we developed a new approach known as FloWBEM,
which is an efficient and compact 3D wedge model with custom boundary conditions that accurately simulate the
resonant Fano interference between the traveling WGM waves and a nanorod array. Depending on the excitation
conditions, we find loaded Q factors of the driven system as high as 2.1 × 107 and signal-to-background ratios as
high as 3.86%, greater than the noise levels of many commercial detectors. These results can drive future exper-
imental implementation. © 2019 Chinese Laser Press

https://doi.org/10.1364/PRJ.7.000967

1. INTRODUCTION

Ultra-high-quality (Q) factor whispering gallery mode (WGM)
optical resonators such as microtoroids and spheres have dem-
onstrated sensitive biomolecular detection down to the single
molecule level. To enable widespread use of these devices out-
side the laboratory and to enable portable point of care systems,
robust light coupling strategies are needed [1]. Most often, light
is evanescently coupled into a microtoroid optical resonator us-
ing optical fibers that have been tapered to hundreds of nano-
meters in diameter [2]. These tapers, however, are fragile,
sensitive to environmental vibrations such as fluid flow fluctu-
ations, and require precise alignment to phase match with the
WGM with high efficiency [3–6]. Other coupling approaches
include prism coupling, direct illumination from embedded
light emitters in a resonator, angled fiber illumination, and pol-
ished half-block couplers, but these methods suffer from either
Q degradation due to poor coupling or difficulty in maintain-
ing robust coupling to on-chip WGM resonators [7]. An effi-
cient and high Q free-space coupling scheme is chaos-assisted
momentum transformation, which can couple free-space light
into deformed, nonrotationally-symmetric microresonators
without external couplers [8–13]. This method is broadband
and free from a phase-match condition as a result of its

pump-induced nonresonant dynamical tunneling nature
[8–10]. However, the spectra and mode field distribution
are irregular in these devices, which can limit their use in
applications such as frequency comb generation or evanescent
biosensing, where a predictable and regular response is advanta-
geous. Previously, randomly positioned polystyrene nanospheres
on the microtoroid surface have been used for incoupling of light
[14]; however, tapered fibers were still used to couple the light
out of the microtoroid. Furthermore, the random positioning of
these particles prevented efficient coupling. Finally, individual
nanoscale scatterers placed on the surface of microspheres have
been used in conjunction with nanopositioners in laboratory set-
tings to couple in free-space light with a high coupling efficiency
of 16.8% [15,16]. However, this method relied on using the mi-
crosphere itself as a ball lens for focusing the light onto the scat-
terer, which would not work for microtoroid-shaped resonators.

Precisely positioned photonic nanostructures have the po-
tential to alleviate these problems through their unique ability
to trap and direct light scattering via surface plasmon resonan-
ces (SPRs), antenna resonances [17], and/or grating resonances
[18]. The design of efficient coupling structures can be accom-
plished by full three-dimensional (3D) finite-element method
simulations of smaller (lower-Q) nanostructure-microresonator
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hybrid systems [8,19]. For example, in Ref. [8], a 12 μm major
radius and 2 μm minor radius microtoroid is simulated, which
is significantly smaller in volume than the microtoroid simu-
lated here, which has major radius R � 45 μm and minor ra-
dius r � 2 μm. These toroid dimensions and an operating
wavelength near 633 nm are chosen to match previous experi-
ments [2,20]. Conventional 3D simulations remain intractable
for such large high-Q WGM microresonators. For WGM res-
onators with complete azimuthal symmetry (e.g., bare micro-
toroids), a 2D axisymmetric simulation method is often used,
while for resonators with axial translation symmetry, such as
cylindrical microcapillaries [21], a planar 2D simulation can
be used, but neither approach can simulate isolated nanopar-
ticles on a resonator surface.

Previously, eigenfrequency analysis was used to simulate a
thin 3D wedge of a microresonator coupled to nanoparticles
with perfect electrical/magnetic conductor boundary conditions
and perfectly matched layers [22,23]. While these simulations
provided some insight, they do not accurately model typical trav-
eling-wave WGM experiments, because the perfect conductor
boundary conditions can only simulate standing waves. When
the WGM is a traveling wave, a nanoparticle would experience
the same time-average field intensity regardless of its azimuthal

coordinate on the resonator, while in the case of a standing wave,
the nanoparticle experiences significantly different fields depend-
ing on whether it is located at a node, an antinode, or somewhere
in-between. As a result, it is unlikely that standing-mode simu-
lations would accurately predict the interaction between a trav-
eling wave WGM and plasmonic nanostructures, a case which is
common in biosensing experiments [23].

Here we design a gold nanorod (NR) grating as an exper-
imentally feasible alternative for robust coupling of free-space
light to a microtoroid resonator [Fig. 1(a)], and numerically
demonstrate a compact and computationally efficient 3D
model that simulates the performance of the driven system.
The WGM backaction-mediated reflection spectrum is charac-
terized by a Fano-like optical interference between the WGM
and the plasmonic grating resonance [Fig. 1(b)]. All simulations
are carried out using the software package COMSOL
Multiphysics (wave optics module).

2. SIMULATION APPROACH

We are able to simulate the large microtoroid in 3D by sim-
ulating a small (five wavelengths in arclength) wedge using peri-
odic Floquet-wedge boundary conditions (see Appendix B for

Fig. 1. Free-space coupling to a WGMmicrotoroid optical resonator via a phased array of gold nanorods. (a) Schematic view. (b) Collection of far-
field scattering from the grating shows the Fano resonance corresponding to the interference between the grating and WGM resonances.
(c) Established 2D axisymmetric simulations identify a resonance of the bare WGM at λ2 ≈ 633 nm, corresponding to an azimuthal mode number
m � 660. (d) The FloWBEM simulation of the same bare toroid as in panel (c). Surfaces S1 and S2 are simulated with Floquet boundary conditions,
and S3 is simulated with scattering boundary conditions. (e) For simulating the driven system, a far-field domain (S4) is added at the circumference,
replacing the Floquet and scattering boundary conditions for that region. (f ) Nanorods are placed in the equatorial plane, between the light source,
which is incident at 45°, and the silica toroid. A field continuity condition is applied between the light source and the domain surrounding the toroid.
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detailed methods descriptions) with a beam envelope method
solver, a method we call FloWBEM. The beam envelope
method (not to be confused with the beam propagation
method [24]) has been previously used to simulate ring reso-
nators in 2D [25] but to the best of our knowledge has never
been used to simulate a 3D WGM. In FloWBEM, the Floquet
boundary conditions are applied to the faces of the wedge, ex-
cept for a small far-field port at the outer circumference of the
domain when simulating externally driven systems [Figs. 1(d)
and 1(e)]. In this way, the Floquet boundary conditions are
applied to the toroid and its surrounding evanescent zone.
The remaining outer surface of the wedge uses scattering boun-
dary conditions. This approach allows the simulation to accu-
rately capture the periodic nature of the wedge to form a toroid
structure without imposing mirror boundary conditions, which
prevent simulation of traveling waves.

To validate the FloWBEM approach, we first compare it to
the established 2D axisymmetric model of a bare toroid [26]
[Figs. 1(c) and 1(d)]. Both models are run using an eigenfre-
quency solver, which finds the normal modes of the system
without considering any specific type of excitation. As ex-
pected, both simulations show the same mode field pattern
and exhibit similar Q (7.4 × 107 using a 2D axisymmetric sim-
ulation and 7.3 × 107 using FloWBEM). Following previous
approaches [14], we assume an imaginary part of the refractive
index equal to 10−8 to limit the Q factor to values similar to
what is seen in experiments.

3. RESULTS AND DISCUSSION

Using an external light source to drive the system and a linear
array of nanorods acting as a grating, we find that it is possible
to couple from the far-field into a high-Q WGM (Fig. 2). We
choose a grating periodicity (Λ � 264.8 nm) that provides par-
tial phase-matching (see Appendix B Fig. 7) between the inci-
dent light and the WGM to study the simultaneous excitation
of degenerate clockwise (CW) and counterclockwise (CCW)
modes. In the grating, the nine individual nanorods are mod-
eled as nanocylinders with a length-to-diameter aspect ratio of
1.87 and a radius of 5 nm. Our simulation results show that the
two modes remain uncoupled due to the lack of any major per-
turbations (internal defects, quantum emitters, etc.) that would
lift the degeneracy [27–30]. Mode splitting due to a lifted
degeneracy becomes sizeable only if the frequency splitting
is larger than the linewidth of the WGM resonance [29].
Here, we find that is not the case and coupling the grating
to the WGM results in only a frequency shift and broadening
of the linewidth (see Appendix B Fig. 8) [31].

From a series of frequency-domain simulations, the reso-
nance of the driven system can be identified and characterized
by the energy stored in the resonator as a function of wave-
length [Figs. 2(a) and 2(b)]. Owing to the perturbation induced
by the grating on the WGM, the TE resonance shifts slightly
from λ2 ≈ 632.58 nm for a bare resonator to λres ≈ 633.74 nm
in the coupled system (see Appendix C). The loaded Q of this
driven TE mode is λres∕ΔλFWHM � 4.53 × 106, which is only

Fig. 2. Frequency domain simulations of the driven system. (a) Intracavity energy of the coupled TEWGM with a grating spaced d � 1000 nm
from the toroid. Zoom-in: ΔλFWHM � 0.14 pm. (b) Intracavity energy of the coupled TM WGM with a grating-toroid spacing d � 1000 nm.
Zoom-in: ΔλFWHM � 0.22 pm. (c) TEWGM backaction-mediated reflection spectrum corresponding to the same simulation as panel (a). (d) TM
WGM backaction mediated reflection spectrum corresponding to the same simulation as panel (b). In all panels, the wavelength step is 0.5 nm for
the broad spectrum, and between 0.005 pm and 2 pm in the vicinity of the resonance (insets). The SBR and δλFWHM values for panels (c) and (d) are
given in Table 1.
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degraded by approximately 1 order of magnitude relative to the
intrinsicQ of the bare toroid due to the scattering and absorption
by the grating. Because we have specified a particular azimuthal
mode number m through our Floquet boundary conditions, we
find only a single resonance despite the free spectral range of order
1 nm for a microtoroid of this size. Other resonances can be iden-
tified by selecting a different m. As a result, we expect the spec-
trum to be accurate only within a small neighborhood of the
resonance and not over the full background. As a validation of
our simulation approach, we find very similar loaded Q factors
by performing eigenfrequency simulations of the coupled grating-
toroid system, where Q is evaluated as Reff resg∕�2 Imff resg�
and f res is the complex eigenfrequency (Table 1). The advantage
of eigenfrequency simulations is that they can be run significantly
faster than a series of frequency domain simulations.

In an experiment, it would be difficult to measure the
intracavity energy, and instead one would track the resonance
by measuring the power reflected (scattered) by the grating cou-
pler [Figs. 2(c) and 2(d)]. Mediated by the WGM backaction,
the reflection is characterized by a Fano lineshape due to the

Table 1. Calculation Methods for Loaded Q of the Driven WGM Coupled to a Gratinga

Driven TE Driven TM

Coupling distance d 1000 nm 700 nm 1000 nm 700 nm
Frequency domain driven Q (λres∕ΔλFWHM) 4.53 × 106 6.34 × 106 2.88 × 106 2.10 × 107

Eigenfrequency coupled Q
�

Reff resg
2 Imff resg

�
4.59 × 106 6.04 × 106 2.91 × 106 1.80 × 107

Reflected spectrum linewidth (δλFWHM) 0.16 pm 0.1 pm 0.28 pm 0.04 pm
SBR (from reflected spectrum) 3.86% 0.05% 1.33% 1.18%
Normalized intracavity energy (W ∕I0) 9.77 × 10−23 m2 · s 4.36 × 10−23 m2 · s 3.81 × 10−23 m2 · s 2.60 × 10−22 m2 · s

aColumns 2 and 4 correspond to the simulations shown in Fig. 2. The spectra for columns 3 and 5 are shown in Appendix A Figs. 5 and 6.

Fig. 3. Effect of grating-WGM separation on linewidths. Loaded Q
factors for both TE and TM polarizations depend on grating-toroid
separation. Q factors are evaluated using three methods: eigenfre-
quency Reff resg∕�2 Imff resg� (solid circles and lines), eigenfrequency
2πf resW ∕�Pabs � Prad� (hollow circles), and frequency domain
λres∕ΔλFWHM (red stars). Owing to the increased computational costs
of frequency domain simulations, only four points are shown.

Fig. 4. Mode field distributions of the driven coupled system. (a) 3D frequency domain simulation of the microtoroid coupled to the grating with
various separation distances. The CCW mode is shown, which is selected through appropriate choice of the Floquet boundary conditions. The
incident light is s-polarized, which drives a TE WGM. Field distributions are plotted as field amplitude jEj. (b) Same as panel (a), but with a
separation of d � 1000 nm. (c) Same as panel (b), but where the CW solution has been selected through the choice of Floquet boundary conditions
with opposite sign. (d) The superposition of the field distributions in (b) and (c).
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interference of the ultra-narrow WGM resonance with the
broadband plasmonic grating resonance, corresponding to a ra-
diative continuum of states. In general, Fano lineshapes result
from the coherent interference between narrow and broad spec-
tral features [32]. The different lineshapes in Figs. 2(c), 2(d), 5,
and 6 are commonly encountered in Fano interference and are
due to differences in phase between the WGM and plasmonic
grating resonance [33–36]. To track any resonant shifts with the
greatest precision during sensing experiments, it is important
that the linewidth should be narrow and the line amplitude
be easily detectable above the background. The polarization of
the light and the spacing between the grating and toroid influ-
ence the reflected spectrum linewidth and signal-to-background
ratio (SBR). As shown in Figs. 2(c) and 2(d) and Table 1, we can
achieve ultra-narrow linewidths while maintaining SBR levels of
the order of 1%, which is greater than the noise levels of many
commercial detectors. In Table 1, we also report the intracavity
energy W normalized by the intensity I0 � Pin cos 45°∕A of
the incident plane wave, where P in � 1 mW is the input optical
power through the input side surface of the far-field domain [see
Fig. 1(e)], which has an area of A � 2.72 × 10−12 m2.

The distance between the grating and the toroid also im-
pacts the loaded Q (Fig. 3) and stored energy in the cavity
(Appendix B Table 2). Experimentally, different grating-toroid
spacings could be obtained by mounting the nanoparticles on a
flat transparent substrate that is independently positioned [36],
by constructing a scaffold out of a dielectric material with a rel-
atively low refractive index [37] or by using nanoparticles that are
coated with a dielectric shell [38]. In general, a stronger coupling
at shorter distances between the grating and WGMdecreases the
loaded Q due to increased scattering and absorption losses.
However, we also find a peak in loaded Q at d � 700 nm,
due to strong destructive interference between the incident light
scattered by the grating and the circulating WGM light also
scattered by the grating (see Appendix A Figs. 5 and 6). As a
further validation of our system, we see good agreement in Fig. 3
for three different methods of calculating Q : the previously
discussed driven-system frequency-domain λres∕ΔλFWHM and
eigenfrequency Reff resg∕�2 Imff resg�, as well as another
method: eigenfrequency 2πf resW ∕�Pabs � Prad�, where W is
the intracavity energy and Pabs � Prad the total power loss [39].

The FloWBEM approach enables visualization of the
magnitudes of the traveling-mode WGM fields. In the systems
presented here, the CCW mode [Figs. 4(a) and 4(b)] is pref-
erentially excited due to the partial phase matching of the x
component of the incident light wavevector, the grating period,
and the WGM wavenumber (see Appendix B Fig. 7 and
Appendix B Table 2). The CW mode [Fig. 4(c)] is also excited
at the same wavelength (see Appendix B Fig. 8) but with a
lower amplitude than the CCW mode. Thus, the net electric
field within the toroid consists of a partially traveling/partially
standing mode, manifested by the ripples seen in Fig. 4(d). The
ripples could be reduced and a purer traveling mode excited by
fine-tuning the phase matching of the grating to account for the
precise distance between the grating and toroid mode, by shap-
ing or tapering the grating to further promote a particular mode
direction [40] and/or by increasing the number of nanorods in
the grating to minimize backward scattering due to edge effects.

4. CONCLUSIONS

In summary, a major barrier to widespread commercialization
of microtoroid resonator sensors is the need for evanescent light
coupling using fragile fiber tapers. As an alternative to these
fragile tapers, we designed a gold NR grating that eliminates
the tapered optical fiber, while maintaining a high Q factor
and sufficient SBR ratio. Ultimately, these designs could be fab-
ricated using pick-and-place nanomanufacturing approaches or
through directed self-assembly [41,42]. Simulations of this
structure were made possible by a novel finite-element 3D
beam-envelope model with custom boundary conditions called
FloWBEM that can model interactions among traveling waves
within the microtoroid, nanostructures on its surface, and far-
field radiation. Both eigenfrequency and frequency-domain
solvers are reliable in studying the driven system. Frequency-
sweep simulations run slower than eigenfrequency simulations
but allow the Fano optical response to be determined. We antici-
pate that our proposed modeling approach can solve a variety of
other nanostructure-microcavity coupled systems in the future,
including single-photon resonator-atom interactions [43,44].

APPENDIX A: FIGURES FOR TABLE 1

Fig. 6. Reflected spectrum exhibiting a Fano lineshape, correspond-
ing to the fifth column in Table 1 of the main text (d � 700 nm).
The SBR is 1.18%.

Fig. 5. Reflected spectrum exhibiting a Lorentzian lineshape, cor-
responding to the third column in Table 1 of the main text
(d � 700 nm). The SBR is 0.05%.
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APPENDIX B: DETAILED SIMULATION
METHODS

In all simulations, the refractive indices of the various materials
are nSiO2

� 1.45� i10−8 for the silica toroid, and nwater �
1.33 for the water background; the optical parameters of the
gold are described by an interpolation function from the
COMSOL Material Library [45].

B1. 2D Axisymmetric Method Simulations
2D axisymmetric simulations of the bare toroid are used to val-
idate the 3D FloWBEM simulations [26]. In these simulations,
the microtoroid has a major (minor) radius R � 45 μm
(r � 2 μm). The thickness of the simulated background water
domain is 5λ2∕nwater in the minor radial direction, which is
large enough to ignore the performance difference between
the perfectly matched layers (PMLs) and scattering boundary
condition in terms of absorbing and scattering. Simulation re-
sults show that WGM eigenmodes can be accurately simulated
using either PMLs or scattering boundary conditions. The an-
gular dependence of the electric field is given by e−imφ, where m
is an azimuthal mode number of 660 for the WGM resonance
λ2 ≈ 633 nm. There are two degenerate traveling wave modes
with the same field distribution and resonance frequency, cor-
responding to clockwise (CW) and counterclockwise (CCW)
propagation.

B2. 3D FloWBEM Bare Toroid Simulations
A 3D eigenfrequency analysis using the electromagnetic wave
beam-envelope method was performed to simulate a 3D wedge
of the microtoroid without the plasmonic nanorod grating. In
the simulation, the whole microtoroid is reduced to a wedge
using periodic Floquet boundary conditions, and the large
water background is truncated using scattering boundary con-
ditions as illustrated in Fig. 1 of the main text. The geometry of
the circular simulated cross section is the same as in the 2D
axisymmetric model. The wedge has an azimuthal angle of
θwd � 2Nπ∕m radians, where N � 5. All domains are speci-
fied with a phase of zero so that the same phase definition works
equally well for both CW and CCW modes. Even though this
phase is not accurate for the modes in the toroid, we are using a
mesh density that is greater than six cells per effective wave-
length within the toroid, which is enough for the beam
envelope method to recover the correct jEj field [46]. The
Floquet vector for the wedge boundary conditions is deter-
mined by

kF � � 2π

λeff
n̂ϕ � � 2π

2πR
m

n̂ϕ ≈�m
R
n̂x , (B1)

where the sign corresponds to the direction of the mode that is
being simulated (� for CW, − for CCW). Note that COMSOL
uses the Floquet vector to relate the fields (U src and U dst, which

Fig. 7. Far-field scattering from isolated nanorods and nanorod arrays without a WGM resonator. (a) Intensity of the far-field scattering of a single
nanorod excited at the LSPR. (b) 3D grating of 10 nanorods with nonphase matched periodicity Λ � 228.5 nm, excited at normal incidence and at
the LSPR of the individual rods. (c) Same as (b), but at 45° incidence. (d) Same as (c), but with nine nanorods with periodicity Λ � 264.8 nm that is
perfectly phase-matched for backward scattering when excited at 45° incidence. For the case of finite-length nanorods positioned near the curved
surface of the toroid, we expect only partial phase matching (see main text Fig. 4) and not perfect phase matching. (e) Same as (c), but excited with
transverse polarization, which would correspond to a TM-polarized WGM. (f ) Same as (d), but excited with transverse polarization. The six panels
are solved in frequency domain at a wavelength of 630 nm. The dark orange arrows denote the incoming angle of the light.
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can be either electric or magnetic fields) on the two faces of
the wedge:

Udst � Usrc exp�−ikF · �rdst − rsrc��: (B2)

B3. Grating Simulations without the Microtoroid
In the grating, the nanorods are modeled as nanocylinders with
a length-to-diameter aspect ratio of 1.87 and a radius of 5 nm
so that the dipolar longitudinal surface plasmon resonance
(LSPR) is at λ1 ≈ 633 nm. The grating consists of nine nano-
rods spaced at Λ � 264.8 nm. A 3D full-wave frequency do-
main analysis was performed for the finite gold nanorod grating
in the absence of the WGM resonator. The grating is placed
above a flat silica substrate at a separation of d � 1000 nm
and immersed in a water background. The scattered field is
solved in a domain enclosed by PMLs. The free-space light
is simulated by defining a background wave type (a linearly
polarized plane wave). The far-field scattering patterns of the
grating for both LSPR and TSPR illustrate the coupling mecha-
nism (Fig. 7). The reflection of the driven system gives a spec-
tral dip at 630 nm [main text Figs. 2(c) and 2(d)], consistent
with the LSPR of the nanorods.

B4. 3D FloWBEM Grating-Toroid Frequency-Domain
Simulations
A 3D frequency-domain analysis using the electromagnetic wave
beam-envelope method was performed to study the microtoroid
wedge coupled to a grating. In the far-field domain, the incident
plane wave is delivered using a port that is 2 μm away from the
toroid, and the reflection is collected using scattering boundary
conditions. The separation between the port and toroid is
sufficient to ensure only a far-field interaction between them.
There are no Floquet boundary conditions in this “port” domain.
The electric (magnetic) field expression for the s-polarized
(p-polarized) plane wave is defined as Ez � E0e−ikinc·r

(Hz � H 0e−ikinc·r), where kinc � �2πnwater∕λ��
ffiffiffi
2

p
n̂x −

ffiffiffi
2

p
n̂y�.

The field amplitudes E0 and H 0 are derived from the input
optical power Pin � 1 mW.

The phase definition required by the beam envelope method
is specified as kinc · r in this domain. To handle the potential
phase discontinuity with respect to the phase definition in the
toroid and evanescent domains, a field continuity boundary con-
dition is used at the interface between these two domains. The
boundary ensures that the tangential components of the electric
and the magnetic fields are continuous at the boundary [25].

When calculating Q factors based on stored and dissipated
power [2πf resW ∕�Pabs � Prad�], the intracavity energy (W ) is
a volume integral of the time-average energy density over the
toroid domain, the absorbed power (Pabs) is the volume integral
of the total power dissipation density over nanorod domains,
and the radiated power (Prad) is the surface integral of the
time-average power flow over all outer surfaces in the radial
direction. The reflected (scattered) spectrum lineshape is based
only on the integral of the total power flow over all surfaces at
the external boundary in the far-field domain, except that of the
source itself.

Mode splitting can occur when the toroid couples to nano-
particles. When the nanorods are placed as a linear array, scat-
tering becomes strong and directed, opening an efficient local
channel to couple light in and out of the toroid. In Fig. 7 above,

the finite grating nonequally scatters forward and backward
along its periodicity due to phase matching, which induces a
free-space coupling primarily into a CCW mode. The phase
matching condition is

kinc,x �
2π

NΛ
� 2π

Mλeff
, (B3)

where N and M are integers. Here, we have used
N � M � −1. The phase matching condition is approxi-
mately equivalent to

2πnwater
λ

sin 45°� 2π

NΛ
� m

MR
(B4)

based on the circular geometry of the microtoroid, although
not exactly due to the mode being pushed to the edge of
the microtoroid. Because there is always some backscattering,
the mode is not purely CCW, but a CCW character can still be
assigned based on the dominant propagation direction as de-
termined by plotting the time-averaged power flux. Because
the degree of light–matter interaction between the WGM
and the plasmonic grating is different for these two eigenmodes,
the two modes exhibit different intracavity energy (field inten-
sity) and loaded Q (Fig. 8). In the case of a strong coupling, the
resonant frequencies of the two modes can split, but we do not
see this in our weakly coupled results [43,44].

Fig. 8. Intracavity energy spectra for the TE CCWmode (blue) and
the TE CW mode (red). The CCW mode is dominant due to partial
phase matching between the incident light, grating periodicity, and
WGM mode.

Table 2. Intracavity Energy of the Frequency Domain
Driven TE CCW and CW Modes for Different Coupling
Separation

d (nm)

Energy
of the Driven
TE CCW (J)

Energy
of the Driven
TE CW (J)

Energy
Ratio for the
TE CCW/CW

400 4.67 × 10−16 4.05 × 10−16 1.15
700 1.13 × 10−14 2.71 × 10−15 4.18
1000 2.50 × 10−14 1.20 × 10−14 2.08
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B5. Mesh
For the 2D axisymmetric simulations of the bare microtoroid,
the maximum size of the free triangular mesh is λ2∕�6neff � in-
side the microtoroid and λ2∕�3nwater� in the surrounding water
and PML, where neff is the effective refractive index of
the WGM, which is approximately equal to the bulk refractive
index of SiO2.

For 3D simulations of the bare toroid wedge, a free triangu-
lar mesh is generated on one of the faces with maximum size
λ2∕�3nwat� in the water domain and λ2∕�3neff � in the toroid
domain. This free triangular mesh is then swept across the
wedge such that the mesh cells become triangular prisms with
thickness <λ2∕�6nwat� and <λ2∕�6neff �, respectively. Because
we use the beam-envelope method, only six mesh cells per “beat
wavelength” are required, where the beat wavelength corre-
sponds to the error in the prescribed phase required by the
beam-envelope method and the true phase of the physical sys-
tem. In our simulations, the beat wavelength equals the true
wavelength as we prescribed a phase of zero. Thus, we can
use a relatively coarse mesh for the cross sections of the wedge.
COMSOL requires approximately 220 GB of memory to run
simulations at this mesh density.

To verify that the mesh was sufficiently fine, we investigated
the effects of even finer meshing. When reducing the thickness
of mesh cells in the sweep direction from <λ2∕�6neff � to
<λ2∕�10neff �, we found that the resonance wavelength for
the bare TEmode withm � 660 only shifted slightly from λ2 �
632.89 nm for the coarser mesh to λ2 � 633.01 nm for the
finer mesh. In both cases, the Q remains 7.3 × 107. However,
owing to the computational costs involved in running simula-
tions at the finer mesh and the consistent results obtained with
the coarser mesh, we elected to use the coarser mesh resolution
described above for the bulk of our simulations.

For 3D simulations of the isolated grating, the maximum
sizes of the free tetrahedral mesh for nanorod and background
domains are set as rNR∕2 and λwat∕3, respectively, where rNR is
the nanorod radius. The PMLs are λ2 thick and are swept with
a mesh size of λ2∕�3neff �. For 3D simulations of the toroid
wedge with a plasmonic grating, a free tetrahedral mesh with
size varying from rNR∕6 to rNR∕2 is used for the nanorod do-
mains. A free tetrahedral mesh with size<λ2∕�3nwat� is used for
the domain enclosing the nanorods that is 1.1 μm thick in the
radial direction. Outside of these domains, a swept free triangu-
lar mesh is used, similar to the 3D bare toroid simulations. We
use the same mesh for frequency domain and eigenfrequency
simulations.

APPENDIX C: SINGLE NANOROD SIMULATIONS

As an additional validation step and to better understand the
wavelength shift induced on the WGM by the nanostructure,
we performed a series of TE-mode simulations using only a
single nanorod and not a full grating. We validated the results
against the prediction from the Bethe–Schwinger cavity pertur-
bation (BSCP) formula [19,47,48], with good agreement, as
shown in Fig. 9. The equation used for BSCP is

Δω
ω

� −
n2waterα∥�AR�jE0j2
2ε0n2Sio2V mjE0j2max

, (C1)

where jE0j2 � 2.00 × 1015 V2⋅m−2 is the magnitude-squared
electric field of the unperturbed cavity at the location of the
nanorod, jE0j2max � 1.91 × 1016 V2⋅m−2 is the maximum
magnitude-squared electric field inside the toroid, V m �
0.2 μm3 is the mode volume of the field in the wedge segment,
and αjj�AR� is the polarizability of the nanorod as a function of
aspect ratio [19,49]:

α∥ � ΔV ε0
εAu − n2water

G∥εAu � �1 − G∥�n2water
, (C2)

where ΔV � 1470 nm3 is the nanorod volume, and

G∥ � Rs
1 − e2c
e2c

�
−1� 1

2ec
ln

�
1� ec
1 − ec

��
, (C3)

where Rs � 0.74 is a shape correction to account for the
differences between a cylinder and a prolate spheroid [50],
and ec �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − d 2∕L2

p
is the eccentricity.

Although the fit is good between FloWBEM and BSCP for
a single rod, BSCP is not expected to be a good model for the
grating, as it is known that systems that are designed to effi-
ciently radiate are not well-described by BSCP [35].
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