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Extending the length of femtosecond laser filamentation has always been desired for practical applications. Here,
we demonstrate that significant extending of a single filament in BK7 glass can be achieved by constructing phase-
nested beams. The filamentation and the following energy replenishment are assembled in a single phase-nested
beam. The central part of the phase-nested beam is an apertured Gaussian beam, which is focused into one focal
spot to produce a short filament. In contrast, the rest of the annular part converges gradually towards the central
axis to continuously replenish the energy for supporting the regeneration of filaments. The common-path gen-
erating system ensures the stability of generated filaments and easily optimizes the beam parameters to obtain the
longest high-quality filament due to its flexibility. In addition, we discuss the significance of continuous
replenishment for extending filaments and the potential for generating more extended filaments based on this
method. © 2018 Chinese Laser Press

https://doi.org/10.1364/PRJ.6.001130

1. INTRODUCTION

Ultrashort laser filamentation has attracted great attention and
been widely used since it was observed for the first time by
Braun and his colleagues in 1995 [1]. Light filament acts as
a long-range self-guiding propagation process [2] with clamped
intensity [3] and self-compression of pulses [4]. It is often ac-
companied by many specific physical phenomena [5], such as
the generation of plasma channels [6], broadband radiation of a
supercontinuum [7], and generation of a terahertz (THz) wave
[8]. Many applications based on these properties expand the
utility of this physical phenomenon [9]. The supercontinuum
generation during this self-guiding propagation can be ex-
ploited for supervising air pollution based on the technique
of multi-component light detection and ranging (LIDAR)
[10,11]. The plasma column induced by the high-intensity fil-
aments propagating in gas can be used as triggers and channels
for electric discharge, which can then be used as a new type of
lightning rod [12–14]. Moreover, the localized intensity of this
self-guiding laser pulse can be applied for laser-induced plasma
spectroscopy for remote targets [15].

One always seeks generation of the longest filaments because
the length has not yet reached the actual requirement, which
limits the development of related research and applications.
Filamentation requires pulse energy higher than a certain
critical value. Properly increasing the energy of laser pulses

can prolong the length of the filament to some extent [16].
However, excessively high power density will induce strong
absorption and multi-filamentation, which greatly limits the
long-range propagation of filaments [17]. Moreover, the energy
of the laser pulses cannot be increased without limit. Therefore,
a major challenge here is how to make full use of the limited
laser energy to produce the filament to be as long as possible. In
fact, the key factor for producing the long filament is the back-
ground reservoir rather than the intense filament core. The
background reservoir, which covers a large area and carries most
of the pulse energy but low power density, has been demon-
strated to be necessary to maintain the long-range propagation
of the filament [18]. The dynamic energy exchange between
the reservoir and the filament core plays an important role
in extending the filament [19]. Many efforts have been made,
and several methods aiming to prolong the filament have been
explored. A series of methods is relying on the specific beam
modulation to achieve an extending focus distribution along
the propagation direction. The Bessel beam [20], Gaussian
beam with a stepped wave front [21], annular Gaussian beam
[22], and multi-focal-length beam [23] have been demon-
strated as effective beam types for generating the prolonged fil-
ament without the need of increasing the input energy. Another
point of view is to artificially build an external energy supple-
ment for continuously refueling the filament [24]. For example,
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it has been demonstrated that with the aid of a double path
system, a short filament produced by a focused Gaussian beam
can be extended by “dressing” an artificially constructed long-
range background reservoir, which carries high pulse energy
but low power density and will continuously refuel the existing
filament. This dressed beam can extend the filament by
∼3.5 times, compared to that formed by focusing a Gaussian
beam with the same pulse energy as the whole dressed beam. In
addition, energy exchange between multiple filaments pro-
duced by two femtosecond (fs) laser beams with different wave-
lengths is also a promising approach to remotely replenish and
extend filaments [25]. Besides the pure spatial profile modula-
tion, efforts optimizing the temporal profile of the pulses have
also been made to achieve longer filaments [26,27].

In this paper, we propose a new scheme to extend the fil-
ament. We design and generate phase-nested beams and then
demonstrate that the filament produced by the phase-nested
beam is much longer than that produced by a Gaussian beam
at the same input energy. In our scheme, we directly combine
the filamentation and the following refueling into a single
phase-nested beam. The central part of the phase-nested beam
is focused into a spot to produce a short filament, whereas its
annular part gradually converges towards the central axis to
form an extended background reservoir. Such a design can ef-
fectively ensure the filament to be stably and continuously pro-
longed. In addition, this scheme has great flexibility, enabling
the generation of an optimum filament.

2. GENERATION OF PHASE-NESTED BEAMS

In order to accomplish this design and extend the filament with
a phase-nested beam, we propose an experimental setup based
on a 4f system composed of paired lenses (L1 and L2), as shown
in Fig. 1(a). The input linearly polarized fs Gaussian laser beam
from a Ti:sapphire fs regenerative amplifier (Coherent Inc.),
with a pulse width of ∼35 fs, a repetition frequency of 1 kHz,
and a central wavelength of 800 nm, is modulated by a holo-
graphic grating (HG) displayed on a phase-only spatial light
modulator (P-SLM) with 1920 pixel × 1080 pixel (each pixel
has a size of 8 μm × 8 μm ). The P-SLM and the focusing lens
L3 (with a focal length of f � 50 mm ) are placed in the input

plane (the front focal plane of L1) and the output plane (the
rear focal plane of L2) of the 4f system, respectively. The
effective modulated area on the P-SLM is a circular area with
a diameter of 6 mm (750 pixels), while the other area is
blocked. The 4f system compresses the phase-nested beam
(with a radius of R0 � 3 mm ) from the P-SLM into the
phase-nested beam (with a radius of r0 � 1.2 mm ) in the
output plane of the 4f system.

Because of the simple compression function of the 4f
system, to simplify the description, we can use the coordinate
system in the output plane of the 4f system to directly describe
the transmission function of the HG displayed on the P-SLM
as follows:

t �
�

ei
π
2�1�cos�2πf 0x��, �0 ≤ ρ ≤ ρc�

ei
π
2�1�cos�2πf 0x�ϕa��, �ρc < ρ ≤ 1� , (1)

where f 0 is the spatial frequency of the HG in the x direction,
and the additional phase ϕa has the form

ϕa �
2π

γ
��ρ − ρ1�2 − �ρc − ρ1�2� � ϕ0: (2)

This x-oriented HG diffracts the original input Gaussian beam
A0e−ρ

2∕w2
into three orders (0th- and �1st-orders). We pick

out only the �1st-order beam as the phase-nested beam we
need. Such a phase-nested beam on the output plane of the
4f system should be
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After passing through L3, the phase-nested beam becomes
E�ρ� � E 0�ρ�e−i2πr20ρ2∕λf , i.e.,
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λf �iϕa , �ρc < ρ ≤ 1�
: (4)

Here, we should point out that all the normalized parameters
(such as ρ, ρc , ρ1, and w) are normalized by r0, and we use the
same normalized polar coordinate ρ on the input and output
planes of the 4f system. w is the normalized waist radius of the
original Gaussian beam, and ρc is the normalized radius of the
central part of the phase-nested beam, respectively. We can see
from Eq. (3) or (4) that the central part �0 ≤ ρ ≤ ρc� of the
beam is completely the same as that of the original input
Gaussian beam, while its annular part �ρc < ρ ≤ 1� is
modulated by ϕa.

The modulation phase ϕa is of great importance for produc-
ing the phase-nested beam and then for extending the filament.
The phase profile ϕa has the opposite sign to the focusing lens
L3, so it is equivalent to a hollow divergent lens. The parameter
γ in Eq. (2) reflects the focal length of this equivalent divergent
lens, which has the ability to cancel the focusing effect of L3.
When the equivalent focal length of the modulated divergent
lens is equal to that of L3, the parameter γ is required as
γ � γ0 � λf ∕r20. The parameter ρ1 is used to control the con-
verging behavior of the annular part, and the term �ρc − ρ1�2
ensures the continuity in phase distribution at the boundary of
the central and annular parts, which is shown by the red dashed
circle in Fig. 1(b). ϕ0 is the adjustable space-invariant phase

P-SLM L1

L2 L3

0

2

(a)

(b)

c
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1

0

1
(c) (d)

BK7 glass

Fig. 1. Generation of a phase-nested beam for prolonging the fil-
ament. (a) Experimental setup, (b) phase distribution of the generated
phase-nested beam behind lens L3, (c) simulated interference pattern
of the phase-nested beam behind lens L3 with the Gaussian beam, and
(d) the experimentally measured result corresponding to (c).
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shift between the central and annular parts. The simulated phase
distribution of the phase-nested beam behind L3 is shown in
Fig. 1(b) with the parameters γ � 1∕18, ρc � ρ1 � 0.35,
and ϕ0 � 0, while its intensity distribution always remains a
Gaussian profile. To further clarify the phase distribution shown
in Fig. 1(b), we simulate the interference pattern between the
designed phase-nested beam and the Gaussian beam, which is
shown in Fig. 1(c). Figure 1(d) shows the measured interference
pattern between the generated phase-nested beam and the
Gaussian beam. Clearly, the perfect consistency between
Figs. 1(c) and 1(d) confirms that the phase distribution of
the generated phase-nested beam is indeed what we desired.

In our experiment, L3 focuses the phase-nested beam into
the BK7 glass (20 mm × 20 mm × 250 mm), whose input
plane has a distance of 23 mm from L3. The change of the
equivalent focus as a function of the normalized radial coordi-
nate for different parameters γ, ρc , and ρ1 is shown in Fig. 2.
The equivalent focal length F is the realistic distance between
L3 and the focus when considering the arrangement of BK7
glass. A continuous change of focus can be obtained when
ρc � ρ1, as shown in Figs. 2(a) and 2(b). However, as shown
in Fig. 2(c), if ρc > ρ1, a jump appears in the focus distribu-
tion, while if ρc < ρ1, the focus exhibits a local overlapping.
Uniform focus distribution, which means a straight line in
Fig. 2, occurs only when γ � γ0 � 1∕18. If γ > γ0, there is
a compressed covering focus region, while γ < γ0 will lead
to a stretched focus region.

3. NONLINEAR PROPAGATION BEHAVIOR OF
PHASE-NESTED BEAMS

To theoretically explore the nonlinear propagation behavior of
the phase-nested beam in a nonlinear BK7 glass, the nonlinear
wave equation should be used. Under the slowly varying am-
plitude approximation and the assumption that the temporal
profile of the pulses remains unchanged, a simplified model
can be expressed as [28]

dΨ

dζ
� i

�
∂2

∂ρ2
� ∂

ρ∂ρ
� ∂2

ρ2∂ϕ2

�
Ψ

� i
�
P
Pc

jΨ j2 − ε P
2

P2
c
jΨ j4

�
Ψ − β�K �jΨ j2K −2Ψ , (5)

where ζ � z∕Ld is the propagation distance normalized by
the diffraction length Ld � πr20∕λ of the beam with a radius
of r0. Ψ represents the space-variant complex amplitude nor-
malized by the total field. The second term on the right side of
Eq. (5) acts as a saturable Kerr nonlinearity [5,29,30]. The
parameter ε describes the relative relationship between the
third- and fifth-order Kerr nonlinearities. P denotes the input
power, and Pc is the critical power for the self-focusing [31].
The last term of Eq. (5) stands for the multi-photon absorption
(MPA) effect, which acts as an energy loss, where β�K � is the
K -photon absorption coefficient. The BK7 glass has a critical
power of ∼1.8 MW for the self-focusing of the 800 nm fs laser
[32]. For the BK7 glass, its band gap of ∼4 eV [33] should
correspond to a three-photon (K � 3) absorption of the
800 nm laser.

Simulated nonlinear propagating behaviors of different
beams are shown in Fig. 3 when taking P � 10Pc ,
ε ∼ 10−4, f � 0.0125Ld , γ � γ0, ρc � 0.35, ρ1 � 0.32,
and ϕ0 � 0. Figures 3(a)–3(d) show the simulation results
of normalized on-axis intensities as a function of propagation
distance. Figures 3(e)–3(h) show the cross-section intensity dis-
tributions corresponding to Figs. 3(a)–3(d), respectively.
Clearly, the phase-nested beam can indeed greatly extend
the filament shown in Figs. 3(a) and 3(e), compared with
the Gaussian beam shown in Figs. 3(d) and 3(h), without
changing the input energy. As shown in Figs. 3(b) and 3(f ),
the central part (ρ ≤ ρc) of the phase-nested beam exhibits a
steep peak around the focal plane of L3, indicating the

Fig. 2. Equivalent focal length F of the phase-nested beam for dif-
ferent γ, ρc , and ρ1 in BK7 glass, as a function of the normalized radial
coordinate.
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formation of a short filament. As shown in Figs. 3(c) and 3(g),
the annular part (ρ > ρc) of the phase-nested beam propagates
at low power density, and there is no steep peak in this case. As
the central and annular parts are assembled into a phase-nested
beam, several steep peaks appear in the on-axis intensity evo-
lution shown in Fig. 3(a). This result is beyond the simple ad-
dition of Figs. 3(b) and 3(c) and actually reflects the process
that the annular part continually replenishes the existing
filament and supports the regeneration of filamentation.

4. EXPERIMENTAL RESULTS

Figure 4 shows the experimental results of the input beam pro-
files, the produced filament profiles, and the far-field patterns.
The bright lines of the filament profiles originate from the

scattered light of supercontinuum radiation accompanied with
the filamentation. In Fig. 4(a), the phase-nested beam (with the
pulse energy of E � 13 μJ and parameters r0 � 1.2 mm,
γ � 1∕18, ρc � 0.35, ρ1 � 0.32, ϕ0 � 0.6π) produces a long
filament with a length of ∼76 mm. In Fig. 4(b), a filament of
∼16 mm is produced only by the central part (ρ ≤ ρc and
the pulse energy is E � 2.7 μJ) of the phase-nested beam.
In Fig. 4(c), the annular part (ρ > ρc) of the phase-nested beam
carries most of the pulse energy (E � 10.3 μJ) but cannot form
an observable filament. In Fig. 4(d), the filament of ∼10 mm is
generated by the Gaussian beam at the same pulse energy
(E � 13 μJ) and the beam width as the whole phase-nested
beam. The corresponding input beams are shown in the left
side. Comparing Fig. 4(d) with Fig. 4(a), we find that the
phase-nested beam makes the filament achieve an extension

Fig. 3. Simulated nonlinear propagation behaviors of different beams under the conditions of P � 10Pc , ε ∼ 10−4, f � 0.0125Ld , γ � γ0,
ρc � 0.35, ρ1 � 0.32, and ϕ0 � 0. Simulated on-axis intensity of nonlinear propagation of (a) the whole phase-nested beam, (b) the central
part (ρ ≤ ρc) of the phase-nested beam, (c) the annular part (ρ > ρc ) of the phase-nested beam, and (d) the Gaussian beam with the same input
power and size as the phase-nested beam. (e)–(h) show the intensity in cross-sections as a function of propagation distance corresponding to (a)–(d),
respectively.
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of ∼7.6 times without increasing the input energy. The corre-
sponding far-field patterns are shown on the right side of Fig. 4,
while the output spectra are recorded by using a spectrometer
(Ocean Optics USB4000, covering a spectrum region of
200–1100 nm) in Fig. 4(e).

Obviously, a single peak can be observed in the far-field pat-
terns of Figs. 4(a) and 4(b), indicating a stable single filament.
In contrast, the far-field pattern of the Gaussian beam presents
several peaks and a disordered profile, as shown in Fig. 4(d),
meaning that multiple filaments are produced [21]. Different
from other cases, the far-field pattern in Fig. 4(c) exhibits a ring
profile originating from the diffraction of the annular part.
In particular, the output spectrum of the annular part is almost
the same as that of the original laser. Both the filament and
the far-field pattern are captured by a digital camera (Nikon,
D7000) with an exposure time of 20 s in Figs. 4(a)–4(c)
and 1 s in Fig. 4(d) for the filaments, while there is an exposure
time of 1.3 s for the far-field patterns [21]. One should point

out that the breakdown threshold of the BK7 glass is
∼1012 W∕cm2 [34], which is higher than the power density
in the experiment within a range of 1010–1011 W∕cm2, but
we still strictly limit the illuminating time under the intense
laser to avoid the permanent damage to BK7. Clearly, the sim-
ulation results in Fig. 3 and the experimental results in Fig. 4
prove the reasonability and validity of our idea. In particular,
the phase-nested beam can effectively suppress the generation
of multiple filaments.

In order to determine the influence of the parameters in
Eq. (3) on the filament produced by the phase-nested beam,
we implement experiments under different parameter sets.
Although ϕ0 between the central and annular parts has no
effect on the focus distribution of the phase-nested beam,
the quality of the filament is sensitive to ϕ0. The filaments
produced by the phase-nested beams with different ϕ0 are
shown in Fig. 5, while the other parameters remain unchanged
as r0 � 1.2 mm, γ � 1∕18, ρc � 0.35, ρ1 � 0.32, and
E � 13 μJ. The length and uniformity of the filament exhibit
a great difference with the change of ϕ0. When the phase shift is
within a range of ϕ0 ∈ �0.3π, 0.6π� in Figs. 5(b)–5(e),
the filaments exhibit the relatively long and uniform profiles.
When the phase shift reaches π, meaning that the central and
annular parts are out of phase, the extending effect almost dis-
appears. The extending is also not ideal when the phase shift is
within a range of ϕ0 ∈ �−π, 0�. These phenomena are also
universal for the other sets of parameters.

The dependence of the filament on the parameters of γ, ρc ,
ρ1, and ϕ0 is shown in Fig. 6. Based on the experimental results
in Fig. 5, ϕ0 is limited within a range of ϕ0 ∈ �0.3π, 0.6π� to
obtain the high-quality filament. The extending effects can be
observed for all of the parameter sets, but the extending lengths
are also quite different. More extended focus distribution of the

Fig. 4. Experimental results of the filament extended by the phase-
nested beam. (a) Filament produced by the phase-nested beam.
(b) Filament produced by the central part of only the phase-nested
beam. (c) No filament is formed by the annular part of the phase-
nested beam. (d) Filament generated by the Gaussian beam with same
pulse energy and beam width as the whole phase-nested beam. The
corresponding input beams are shown in the left side, while the cor-
responding far-field patterns are shown in the right side. (e) The out-
put spectra of the above beams. The ruler is also captured
simultaneously as the filaments to measure the filamentation length.

Fig. 5. Filaments produced by the phase-nested beams with differ-
ent phase shifts. The parameters remain unchanged as r0 � 1.2 mm,
γ � 1∕18, ρc � 0.35, ρ1 � 0.32, and E � 13 μJ. The exposure time
of the digital camera stays at 20 s.
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phase-nested beam does not always lead to a longer filament, as
shown in Fig. 6. The parameters affect the maximum length
and quality of the filament simultaneously. Since the parame-
ters can be adjusted continuously, it is possible to find the
longest and high-quality filament under a finite input power
by finding the optimal parameters set.

5. DISCUSSION

As mentioned above, the central part with relatively high power
density but low pulse energy produces the filamentation around
its focal position, while the annular part with high pulse energy
but low power density does not lead to the filamentation when
it is incident into the medium alone. As the central and annular
parts are assembled into one phase-nested beam, the annular
part will continually replenish the existing filament and support
the regeneration of the filament.

We further implement the investigation on the continuous
replenishment behavior during the filamentation. The annular
part is partially and completely blocked in a specific radial
region, introducing the perturbation to the energy replenish-
ment. The experimental results are shown in Fig. 7. The left
side of Fig. 7 shows the intensity distribution of the input
phase-nested beam with the parameters of r0 � 1.2 mm,
γ � 1∕18, ρc � 0.35, ρ1 � 0.32, and ϕ0 � 0.3π. We will ex-
plore two types of intensity modulation. In Figs. 7(a), 7(c), and
7(e), the phase-nested beams are blocked by a specific ring-like
band-stop filter, which is defined by the internal radius of ρa
and the ring width of d . In Figs. 7(b), 7(d), and 7(f ), the phase-
nested beams are blocked by a low-passing circular aperture
with a radius of ρb. The parameters ρa, ρb, and d are also
normalized by r0. Clearly, the filaments produced for the

two types of intensity modulation are almost the same for
the situation of ρa � ρb. Despite only a little attenuation of
power induced by the ring-like band-stop filter, the results show
that only the central part (ρ < ρa), which seems to be isolated,
is the effective part to produce the filament. Even if the con-
tinuity of energy replenishment is destroyed locally, the propa-
gation of filaments will be cut off immediately. This also means
that to achieve a long and high-quality filament, one needs to
ensure the continuity of energy replenishment. In addition, it is
not difficult to find that the increase of ρa or ρb leads to the
extending of the filament, indicating that a longer filament can
be achieved when the effective replenishment extends to a
longer range.

The input power/energy is greatly limited by the damage
threshold of the P-SLM, so if the damage threshold can be
greatly raised or a specifically designed phase plate can be fab-
ricated to directly achieve the phase-nested beam, it can be pre-
dicted to achieve a greatly extended filament even in air [24].

6. CONCLUSION

In conclusion, a ∼7.6 times extension of the filament has been
achieved in the BK7 glass by using the phase-nested beam, with
respect to the traditional Gaussian beam without increasing the
input power. Multiple filamentation is effectively suppressed
with the aid of the phase-nested structure. The central part
of the phase-nested beam is an apertured Gaussian beam, which
is focused into one focal spot to produce a short filament.
In contrast, the rest of the annular part converges gradually to-
wards the central axis, acting as the continuous replenishment
for supporting the regeneration of filaments. In our idea, the
filamentation and energy replenishment are assembled in a

Fig. 6. Filaments produced by the phase-nested beams with the dif-
ferent parameter sets γ, ρc , ρ1, and ϕ0. The pulse energy of all of the
input fields is kept at E � 13 μJ, and the exposure time of the digital
camera stays at 20 s.

Fig. 7. Filaments produced by the partially blocked phase-nested
beams. The intensity profiles of the input beams are shown on the
left. (a), (c), (e) The filaments produced by the phase-nested beams
blocked by a specific ring-like band-stop filter, whose normalized in-
ternal radius and width are ρa and d , respectively. (b), (d), (f ) The
filaments produced by the phase-nested beams blocked by a low-
passing circular aperture with a normalized radius of ρb.
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single phase-nested beam simultaneously, which greatly pro-
motes the stability and simplification of the whole system.
In addition, the flexibility of this method provides the possibil-
ity of searching for the proper modulation parameters to
achieve a long and uniform single filament. Finally, we discuss
the significance of continuous replenishment for extending the
filament.
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