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Multiple resonant excitations of surface plasmons in a graphene stratified slab are realized by Otto configuration
at terahertz frequencies. The proposed graphene stratified slab consists of alternating dielectric layers and gra-
phene sheets, and is sandwiched between a prism and another semi-infinite medium. Optical response and field
distribution are determined by the transfer matrix method with the surface current density boundary condition.
Multiple resonant excitations appear on the angular reflection spectrum, and are analyzed theoretically via the
phase-matching condition. Furthermore, the effects of the system parameters are investigated. Among them, the
Fermi levels can tune the corresponding resonances independently. The proposed concept can be engineered for
promising applications, including angular selective or multiplex filters, multiple channel sensors, and directional
delivery of energy. © 2017 Chinese Laser Press
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1. INTRODUCTION

As a 2D material composed of carbon atoms arranged in a
honeycomb lattice, graphene possesses extraordinary electric
and photonic properties, which attract enormous research in-
terest [1]. Among them, the graphene surface plasmon (GSP)
has been predicted and experimentally observed to exhibit
strong field confinement and relatively low propagation loss,
as well as fast and efficient electrical tunability over a broad
wavelength band [2,3]. Terahertz to mid-IR applications of
GSPs have been intensively investigated, e.g., optical modula-
tion [4], on-chip interconnects [5], and bio-sensing [6].

However, it is challenging to directly couple externally in-
cident IR radiation to a GSP mode, due to the large mismatch
between their wave vectors. Techniques to overcome this mis-
match include near-field excitation using a sharp tip of a scan-
ning near-field optical microscope [7], the diffraction orders
provided by diffractive gratings or period lattice geometry [8,9],
and the tunneling of evanescent waves originating from the
attenuated total reflectance (ATR) of light in a prism with a
high refractive index [10]. Without the sophisticated fabrica-
tion of nanostructures, the prism-based ATR technique receives
wide interest in science and engineering. Resonant excitations
will be observed from the reflection dip on the angular or fre-
quency spectrum whenever the wave vectors match each other.

Due to the 2D nature of graphene, Otto configuration is pre-
ferred over Kretschmann ones. Transverse magnetic (TM) GSP
excitation has been theoretically investigated on the thickness
of a low-index dielectric gap in an Otto configuration [11], the
Fermi level, and the number of layers of graphene [12]. Novel
photonic devices, e.g., optoelectronic switches [13], polarizers
[14], filters [15], and optical logical bistable devices [16], have
been proposed and realized.

On the other hand, multiple channels and multiplexing op-
eration are highly required in systems including optical com-
munication, spectroscopy and sensors, absorbers, and filters.
Traditional techniques were limited by their tunability [17].
In recent years, multiple channels featuring graphene’s tunabil-
ity and its plasmonic resonance have been drawing considerable
attention. Plasmonic crystals consisting of graphene periodic
anti-dot arrays have been measured to have multiple resonances
on the transmission spectrum, which correspond to the excita-
tion of different branches of the GSP dispersion curves inherent
to the periodic structures [18]. Meanwhile, by engineering the
widths of multiple graphene nanoribbons, which are vertically
or horizontally allocated in a metamaterial unit cell, multiple
spectral responses have emerged. They led to applications of
multiple electromagnetically induced transparency-like effects
[19] and multiport switches and filters [20]. Furthermore,
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double Fano resonances have been realized by the interference
between the plasmonic resonances arising from a graphene disk
and a gold ring [21].

However, multiple resonances in these devices tended to act
simultaneously, since they were of different orders of the GSP
modes. The tuning of one resonance would accordingly influ-
ence the others. To address this problem, metamaterial resona-
tors of different sizes were placed onto the interdigitated
graphene fingers to enable independently tunable dual-band
resonances [22], while a free-standing graphene hybrid slab
could support the independent tuning of double plasmonic
waves on graphene above and below their shared grating [23].

In this paper, we present the concept of multiple GSP res-
onant excitations via Otto configuration and their independent
tuning in a graphene stratified slab at terahertz frequencies. The
proposed stratified slab is formed by arranging alternating di-
electric layers and graphene sheets. A high refractive index
prism is then placed on top of the graphene stratified slab
to couple the external incident light into the multiple GSP res-
onances. An Otto configuration is constructed. By varying in-
cident angles, phase-matching conditions can be satisfied, and
multiple resonant excitations can be realized on the angular re-
flection spectrum. We first investigate the case of double GSP
resonant excitations, and discuss the effects of the system
parameters, e.g., the Fermi levels of the graphene layers and
the refractive index and geometrical parameters of the dielectric
layers. Among them, the Fermi level can tune the double res-
onances independently. Then, the concept is generalized to a
multiple scenario. The results indicate that the proposed con-
cept can be engineered for promising applications, including
angular selective or multiplex filters and modulators, multiple
channel sensors, and directional delivery of energy.

2. DOUBLE RESONANT EXCITATIONS AND
INDEPENDENT TUNING

A. Model Configuration and Operation Principle
The independent excitation and tuning of double GSPs is in-
vestigated in this section. As shown in Fig. 1, the proposed gra-
phene stratified slab is formed by two sets of alternating

dielectric layers and graphene sheets. The refractive index
and the thickness of the dielectric layer are n1 (n2) and d 1

(d 2), respectively. All dielectric layers are assumed to be non-
polar to ignore the effects of surface optical phonons [12,24].
The stratified slab is then sandwiched between the prism and
another semi-infinite dielectric medium (bottom part of the
figure) with na � 1. The refractive index of the prism
(np � 4 as a Germanium prism) is set to be higher than those
of all dielectrics in the system. One reason for the high index is
to generate tunneling evanescent waves by ATR, and another is
to provide a sufficient wave vector so that the phase-matching
condition can be satisfied. It is worth pointing out that the first
dielectric layer n1 from the proposed stratified slab is shared by
graphene A as upper cladding and the Otto configuration as a
coupling gap. A TM-polarized plane wave is incident on the
prism (along the �z direction) at an angle of θ.

A transfer matrix method with the surface current density
boundary condition (TMM-SCBC) is adopted to analyze
the proposed system [25]. Instead of employing equivalent per-
mittivity to describe the electromagnetic behavior of graphene
[26,27], this method uses its surface conductivity. A surface
current density can thus be introduced into the Maxwell equa-
tion by Ohm’s law without the artificial assumption of graphe-
ne’s thickness. The TMM-SCBC method provides an accurate
and efficient technique for simulating a graphene-based strati-
fied slab. Key equations for the TMM-SCBCmethod are listed,
and the validation of the optical response and the electromag-
netic distribution are presented in Appendix A.

At terahertz frequencies, the interband transitions have a
negligible contribution due to Pauli blocking, and the surface
conductivity of graphene is dominated by intraband transi-
tions, following a Drude-like expression:

σ�ω� � e2EF

πℏ
i

ω� iτ−1
; (1)

where e is the electric charge, ℏ is the reduced Planck constant,
EF is the Fermi level of graphene, and τ is the phenomenologi-
cal carrier relaxation time. To begin with, EF � 0.3 eV and
τ � 6 ps for both graphene layers in Fig. 1. The correspond-
ing carrier mobility μ can then be deduced to be 200000 cm2 ·
�V−1 · s−1� by the relation μ � τ�ev2f �∕EF , where vf is the
Fermi velocity. It is one order smaller than the theoretically es-
timated value [28], and falls within the range of currently ex-
perimental capacity [29].

In order to better demonstrate the concept of double reso-
nant excitations of GSP modes, the dielectric layers are assigned
to be n1 � 1.8 and n2 � 1.4, while their thicknesses are d 1 �
28 μm and d 2 � 63 μm, respectively. Discussion about refrac-
tive index and geometrical dependence of the double resonan-
ces can be found in Subsection 2.C. The optical responses with
respect to the incident angle θ are then plotted in Fig. 2(a) at
frequency f � 1 THz. Three dips appear on the angular reflec-
tion spectrum. Due to the zero transmittance for incident an-
gles larger than the critical angle, the absorption spectrum has
three peaks on it. Among them, the reflection dips labeled
I (51.2°) and II (29.0°) are the resonant excitations correspond-
ing to the GSP modes supported by graphene A and B, respec-
tively, while dip III is, in fact, the coherent absorption of
graphene [11,30]. The coherent absorption results from the

Fig. 1. Schematic of the proposed graphene stratified slab cladded
by the prism and another semi-infinite dielectric medium. Double
GSP resonances can be excited by Otto configuration under TM-wave
incidence.
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optical interference in the dielectric layers, which produces a
large electric field at their outer interfaces. While the graphene
sheets are exactly located at the interfaces, dissipation arises
from their surface conductivity by Ohm’s law.

The origin of resonant excitations I and II can be confirmed
by the phase-matching theory, as depicted in Fig. 2(b). For the
plasmonic TM mode in a GSP waveguide, the propagation
constant ksp can be determined by [31]:

εr1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2sp −

εr1ω
2

c2

q � εr2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2sp −

εr2ω
2

c2

q � −iσ�ω�
ωε0

; (2)

where ω is the angular frequency of light, ε0 is the vacuum
permittivity, εr1 and εr2 are the relative permittivities of the
cladding materials, and σ (ω) is the surface conductivity of gra-
phene, which is described by Eq. (1). At terahertz frequencies,
this is a transcend equation, and it can be solved numerically.
The real parts of ksp for GSP modes A and B were thus plotted
in Fig. 2(b). It should be noted that they are straight lines, since
Eq. (2) is the eigen dispersion equation, which is irrelevant to
the incident angles of external light. An ATR scan line of the
prism was then plotted [Fig. 2(b)], which is the in-plane com-
ponent of the wave vector for incident light in a prism,

kx � npk0 sin�θ�; (3)

where k0 is the wave vector in vacuum. Right after the critical
angle θc0, the ATR scan line crosses the ksp lines at 48.0° and
28.5°, respectively. The theoretically predicted results find con-
sistency with the angles read from optical responses in Fig. 2(a).
This indicates that dips I and II are the resonant excitations
of GSP modes supported by graphene A and B, respectively.
When phase-matching conditions are satisfied, the energy of
external propagating light tunnels to the GSP waveguide modes
via evanescent waves originating from the ATR, leading to the
emergence of reflectance minima.

On the other hand, it can be seen in Fig. 2(a) that the width
of resonance I is broader than that of resonance II. This is re-
lated to the imaginary part of ksp, which characterizes the ra-
diative damping of a GSP mode. From Eq. (2), GSP mode A
has a larger imaginary part of ksp, leading to the broadening of
its corresponding resonant excitation [12].

Furthermore, Fig. 2(c) shows the field patterns of the pro-
posed stratified slab, with the electric field distributions along
the z direction while light varies its incident angle θ. The field
pattern for dip III has a different distribution compared to
those of dip I and II, which is first-order interference in dielec-
tric layer 2 [30]. Next we ignore dip III. Typical field patterns
of the GSP mode emerge at angles of 51.2° and 29.0°, corre-
sponding to reflection dips I and II, respectively. This suggests a
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Fig. 2. (a) Optical responses of the proposed graphene stratified slab with respect to the incident angle θ at frequency f � 1 THz, (b) schematic
diagram depicting the phase-matching mechanism for double resonant excitations of GSP modes. The three dotted lines indicate three critical angles
for ATRs occurring at interfaces of np − n1, n1 − n2, and n2 − na, respectively. (c) Electric field distributions along the z direction for light with
varying incident angle θ. The white solid lines denote two graphene sheets placed at the interfaces of the dielectric layers. The prism occupies the
region z < 0. (d) Electric field distributions in the absence of graphene sheets. The white dashed lines indicate the interfaces of dielectric layers,
except for the np − n1 one, which is located at z � 0.
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novel application where the light energy can be delivered to
different graphene layers when the incident angle is selectively
changed. Meanwhile, for a specific resonant angle in Fig. 2(c),
the field concentrates around its corresponding graphene layer
and decays exponentially away from it, which is analogous to
the standard eigenmode pattern of a GSP waveguide [10,31].
There is no disturbance or coupling to colleague graphene due
to the graphene transparency and the tight field confinement of
the GSP modes [23]. Together with the phase matching in
Fig. 2(b), the possibility of independent manipulation of indi-
vidual resonant excitations can be realized, which will be inves-
tigated in Subsection 2.B.

For the sake of comparison, electric field distributions in the
absence of graphene sheets are presented in Fig. 2(d) as well.
Instead of confined GSP modes, evanescent waves emerge at
three interfaces of dielectric layers when θ is larger than their
corresponding critical angles. The introduction of graphene
gives rise to the resonant excitations on the angular reflection
spectrum in Fig. 2(a), as well as the standard GSP mode pattern
in the proximity of graphene, as shown in Fig. 2(c). On the other
hand, we now revisit the critical angles in our system. Though
there is only one critical angle read on the angular transmission/
reflection spectrum, three total internal reflections (θc0, θc1, and
θc2) happen on their corresponding interfaces (np − n1, n1 − n2,
and n2 − na), as shown in Figs. 2(b) and 2(d). Each evanescent
wave can excite GSP modes as long as the graphene layers are
located within the tunneling range and the phase-matching con-
ditions are fulfilled. However, we choose the one generated on
the np − n1 interface, where no graphene layer is located, to act as
the agency between the external propagating light and the GSP
modes. This configuration will facilitate independent tuning by
the Fermi level of the graphene. In the following subsection, we
investigate the double resonant excitations, including their res-
onant angles and line shapes, as a function of Fermi levels.

B. Independent Tuning by Fermi Level
Independent tuning was investigated by adjusting the Fermi
level of each graphene layer separately. Figure 3(a) shows the
angular reflection spectra of the proposed graphene strati-
fied slab with various Fermi levels for each graphene layer.
Parameters are kept the same as those in Fig. 2 unless otherwise
stated. First, the Fermi level doped on graphene A is fixed at
EFA � 0.3 eV, while that of graphene B drops from 0.5 to
0.3 eV in steps of 0.1 eV. It can be seen that the resonant angle
θRII of dip II is increased with the reduction of EFB, while dip I
remains the same, as indicated by the black dotted line.
Similarly, θRI of dip I decreases with a rising of EFA, while
θRII remains constant, as EFB is unchanged during this process,
as indicated by the black dashed line. Separate tunability of the
double resonant excitations is realized by modulating the Fermi
level of the corresponding graphene layer. Figure 3(b) provides
the case where the operation frequency f is 3 THz and a higher
graphene loss of τ � 1 ps is used. The thicknesses of the di-
electric layers are optimized to be d 1 � 8 μm and d 2 � 19 μm,
leaving their refractive indices the same as those in Fig. 2.

We go back to f � 1 THz and analyze its broad tuning
range by Fermi levels. Figure 4(a) shows the resonant angles as
a function of their corresponding Fermi levels. Theoretically
estimated results determined by the phase-matching mechanism

in Fig. 2(b) are also presented, which validate those read via
optical response. It can be seen in Fig. 4(a) that both resonant
angles decrease in an approximately exponential behavior as
their corresponding Fermi level increases. Moreover, we also
performed the EFA (EFB) tuning under different doping of
EFB (EFA), which was not shown here for simplicity. The results
indicate that the θRI (θRII) dependence on the EFA (EFB) will
not be affected by its colleague graphene, suggesting that the
two resonances can be tuned independently by their corre-
sponding Fermi level. A broad tuning range is feasible from
90° to the critical angle. Applications such as double-channel
angular filters, modulators, and multiplexers can be designed
with enhanced flexibility.

However, as the Fermi level is more highly doped, the de-
crease in the resonant angles slows, and both of them tend to
become constant. The reason is that the effective refractive
index (neff � ksp∕k0) of a GSP waveguide mode gets smaller
when the Fermi level increases, as implied by Eq. (2). However,
it will not decrease infinitely, because the neff has to be larger
than the refractive indices of the claddings of a GSP waveguide.

Moreover, the line shapes are investigated, which are impor-
tant parameters for the design of angular filters. The full width
at half-maximum (FWHM) and the full height (FH), deter-
mined from the Lorentz fit of a resonance on the angular
reflection spectrum, are given as a function of Fermi levels
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Fig. 3. (a) Angular reflection spectra with various Fermi levels on
each graphene layer. The black dotted line indicates the independence
of resonant excitation I on Fermi level EFB, while the black dashed
line indicates the invariance of resonance II with respect to EFA.
(b) Independent excitation and tuning of double resonant excitations
with frequency f � 3 THz and τ � 1 ps.
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in Fig. 4(b). Again, the line shape of each resonant excitation is
impacted solely by its corresponding Fermi level. On the other
hand, it can be seen that both FWHM and FH have optima at a
Fermi level of 0.3 eV. However, as the Fermi levels drop, the
FWHMs broaden and the FHs are brought down quickly.
These indicate the decline of the coupling efficiency between
the externally incident light and the GSP mode. Especially for
resonant excitation I, the FWHM is 23° and the FH approaches
zero when EFA � 0.2 eV, and the resulting θRI ≈ 90°. In the
next subsection, we will further analyze the influence from the
refractive indices and geometrical parameters of the dielectric
layers.

C. Effects of Refractive Index and Geometry
Since part of the electromagnetic energy of a GSP mode is lo-
cated at its cladding dielectrics, the two dielectric layers will
tune the two resonant excitations as well. We analyze these
effects in Figs. 5 and 6, with both resonances presented.
Figure 5(a) shows the dependence of the resonant angle and
FH on the refractive index n1 of dielectric layer 1, while
Fig. 5(b) shows the dependence on the thickness d 1. First
of all, it can be seen that both an increase in n1 and a reduction
in d 1 cause the resonant angle θRI of resonance I to increase.
The reason lies in the increasing propagating constant ksp
with respect to the increasing refractive index of the cladding
material, as implied by Eq. (2). To satisfy the phase-matching

condition, the incident angle has to increase to provide a larger
wave vector. A smaller d 1 means that the high-index prism gets
closer to graphene A, and making its cladding equivalent gives
it a higher refractive index. Second, the FH of dip I has its op-
timum within the parameter range of n1 and d 1. Last, neither
θRII nor FH of resonance II is influenced by n1 and d 1, since
dielectric layer 1 is not the cladding material of graphene B.
The slight decline in the FH in Fig. 5(b) for resonance II is
due to the increasing distance from graphene B to the ATR
interface of np − n1. Graphene B goes out of the range of the
evanescent wave, and this leads to the downgrading of the cou-
pling efficiency.

Figure 6 shows the dependence of the resonant angle and
FH on the refractive index n2 and the thickness d 2, respectively.
The effects of dielectric layer 2 on the resonant angle and FH is
similar to those of dielectric layer 1, except that both resonant
excitations are involved. This is because dielectric layer 2 serves
simultaneously as the cladding of both GSP waveguides A
and B. However, as d 2 increases to be thicker than 50 μm,
the resonant angle of both resonances I and II, as well as the
FH of resonance I, tend to become constant in Fig. 6(b). This is
because the coupling between the two GSP modes is avoided,
and the effects of graphene B and semi-infinite medium na on
the bottom cladding n2 of GSP A gradually disappear. The in-
vestigation of the effects of refractive index and geometry pro-
vides design references for various applications, though they fail
to tune the resonances separately as the parameter of Fermi
level does.
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3. MULTIPLE RESONANT EXCITATIONS AND
INDEPENDENT TUNING

The concept of double resonant excitations can be readily gen-
eralized to multiple scenarios. After adding one more set of a
dielectric layer and graphene sheet into the proposed stratified
slab, triple resonant excitations can be realized. To better dem-
onstrate the phenomenon, the refractive index of the third di-
electric layer is optimized to be n3 � 1, with a thickness of
d 3 � 72 μm, while the Fermi level of graphene C is chosen
to be EFC � 0.3 eV. Figure 7(a) shows the angular reflection
spectrum with three dips on it. The inset also shows the sche-
matic of the graphene stratified slab with three graphene sheets.
The resonant angles of the dips satisfy the phase-matching
condition, indicating that they are the resonant excitations of
the GSP modes in three graphene waveguides, respectively. The
details of the calculation are not shown here for simplicity.
Figure 7(b) further shows the electric field distributions of the
graphene stratified slab for triple plasmonic excitations. Three
patterns characterizing the GSP mode distribution appear viv-
idly at their corresponding incident angles. Consequently, an
application can be designed to selectively deliver electromag-
netic energy into different graphene layers.

To verify the independent tuning for triple resonant excita-
tions, Fig. 8(a) presents the angular reflection spectra with vari-
ous Fermi levels on each graphene layer. The black dot-dashed,

dotted, and dashed lines indicate the starting resonant angles
of the three GSP modes with EFA � EFB � EFC � 0.30 eV,
respectively. In the bottom panel, the Fermi level EFA of gra-
phene A is first tuned from 0.25 to 0.35 eV in steps of 0.05 eV.
The resonant angle of dip I is decreased during this process,
while dip II and III do not change. The same situation happens
for dip II in the middle panel and dip III in the top panel. The
three resonances can be separately manipulated by the Fermi
level of their corresponding graphene layer. We further extend
this concept for quintuple resonant excitations. As demon-
strated in Fig. 8(b), quintuple resonances on angular reflection
spectra are realized, and dip I is tuned by the Fermi level of
graphene A, without disturbance to the other four dips.

4. CONCLUSION

In summary, we have proposed the independent excitation and
tuning of multiple GSPs in a graphene stratified slab via Otto
configuration at terahertz frequencies. By varying incident an-
gles, phase-matching conditions can be satisfied, and multiple
resonant excitations will emerge as dips on the angular reflec-
tion spectrum. The effects of the system parameters are dis-
cussed. Among them, the Fermi levels can tune the multiple
resonances independently, due to the transparency of graphene
and the tight field confinement of GSP modes. The proposed
concept can be engineered for promising applications requiring
multiple channels or selective energy delivery.

APPENDIX A: KEY EQUATIONS AND
VALIDATION

With graphene located at the interface of two dielectric layers,
the boundary condition requiring the continuity of the tangen-
tial magnetic components (relative to the interface) will be
modified to be

n × �H2 −H1� � Js; (A1)

where n is the unit surface normal and H1 and H2 are the
magnetic fields at the two sides of the interface. Js is the sur-
face current density introduced by applying Ohm’s law in the
graphene:

Fig. 7. (a) Angular reflection spectrum with triple resonant excita-
tions. The inset shows the schematic of the graphene stratified slab
with three graphene sheets. (b) Electric field distributions of triple res-
onant excitations. Light is selectively coupled into three different GSP
modes by varying the incident angle. The white solid lines denote the
three graphene sheets placed at the interfaces of the dielectric layers.
The prism occupies the region z < 0.
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Fig. 8. (a) Angular reflection spectra with various Fermi levels on
each graphene layer. The black dot-dashed, dotted, and dashed lines
indicate the starting resonant angles of the three GSP modes with
EFA � EFB � EFC � 0.30 eV, respectively. (b) Angular reflection
spectra with quintuple resonant excitations and their independent tun-
ing via the Fermi level of graphene A.
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Js � σE; (A2)

where σ is the surface conductivity of graphene and E is the
electric field at the graphene or the interface.

The standard procedure for the transfer matrix method is
adopted, and the transmission matrices as well as the propaga-
tion matrix can be determined for both TE and TM incidence.
An algorithm is written according to the details in Ref. [25],
and electric and magnetic fields are further solved. Figure 9(a)
validates the angular reflection and transmission spectra, while
Fig. 9(b) validates the field distributions.

Compared to the use of volume permittivity by assuming a
finite thickness of graphene in the simulation, the SCBC is a
native, surface-based modeling method. It avoids errors from
the finite-thickness approximation, as well as the resulting ex-
trafine meshing [32].
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