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We model the effects of weak fluctuations on the probability densities and normalized powers of vortex models for
the Bessel-Gauss photon beam with fractional topological charge in the paraxial non-Kolmogorov turbulence
channel. We find that probability density of signal vortex models is a function of deviation from the center of
the photon beam, and the farther away from the beam center it is, the smaller the probability density is. For frac-
tional topological charge, the average probability densities of signal/crosstalk vortex modes oscillate along the
beam radius except the half-integer order. As the beam waist of the photon source grows, the average probability
density of signal and crosstalk vortex modes grow together. Moreover, the peak of the average probability density
of crosstalk vortex modes shifts outward from the beam center as the beam waist gets larger. The results also show
that the smaller index of non-Kolmogorov turbulence and the smaller generalized refractive-index structure
parameter may lead to the higher average probability densities of signal vortex modes and lower average prob-
ability densities of crosstalk vortex modes. Lower-coherence radius or beam waist can give rise to less reduction of
the normalized powers of the signal vortex modes, which is opposite to the normalized powers of crosstalk vortex

modes. © 2016 Chinese Laser Press
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1. INTRODUCTION

In recent years, the study of the stable vortex beams whose
vortex model per photon can take an arbitrary value within a
continuous range, either integer or noninteger, in units of 7 is
a newly burgeoning field [1-5]. The propagation property of
fractional vortice-imprinted Bessel beams in free space has
been given attention both theoretically and experimentally
[6-8]. It has been verified that vortices with fractional strength
do not propagate unaffected in free space. However, neglect-
ing their evolving intensity and vortex structure, a vortex in-
tegrated over the whole beam cross section is invariant under
free-space propagation [7]. The fractional Bessel beams (non-
diffracting vortex beams) are of special interest due to their
properties of divergence-free propagation and self-repair, and
have generated widespread interest in the last decade for
applications in optical communications [9-13]. Gotte pro-
posed a quantum mechanical description of the beams with
fractional topological charges [13], and a high-order Bessel
nonvortex beam of fractional type (HOBNVBs-F) was intro-
duced by Mitri [10-12]. Next, we developed the model of
average probability densities and the normalized powers of
the signal/crosstalk orbital angular momentum modes for the
fractional-order Bessel-Gauss (FoBG) photon beams in the
turbulent atmosphere of strong irradiance fluctuations [14].
On the other hand, we know that Kolmogorov’s power spec-
tral density model is widely used and accepted to describe
wave propagation through atmospheric turbulence, but the
experimental data in the last several decades shows that
atmospheric turbulence generally possesses a structure differ-
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ent from the Kolmogorov model [8]. The Kolmogorov turbu-
lence is actually an exception to non-Kolmogorov turbulence.
When describing the effect of turbulence on fractional Bessel—-
Gauss photon beams in different conditions, it is better using
non-Kolmogorov turbulence than Kolmogorov turbulence,
which is especially embodied in its exponent value. As we
know, there is almost no discussion with respect to the effects
of non-Kolmogorov turbulence on the probability densities
and the normalized powers of the vortex modes for FoBG pho-
ton beams in the weak and paraxial atmosphere channel.

In this paper, we analyze the influence of non-Kolmogorov
turbulence on the vortex mode probability densities and the
normalized powers for FoBG beams along the direction of the
beam radius. Our aim is to exploit this changing process to
present the effects of the weak non-Kolmogorov turbulence
on Bessel-Gauss photon beams. We anticipate that this work
will be particularly useful when applied to practical applica-
tion for optical wireless communication. In Section 2, the
models of the probability density for vortex modes and the
normalized power of vortex per photon per unit length of a
transverse slice of the beam for FoBG beams in non-
Kolmogorov turbulence are established. The effects of frac-
tional topological charges, turbulence strength (in weak fluc-
tuation region), propagation distance, the non-Kolmogorov
turbulence parameter, and wavelength on the probability
densities of signal and crosstalk vortex modes of FoBG
photon beams along the direction of the receiving plane
are researched in Section 3. Conclusions are presented in
Section 4.
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2. MODE PROBABILITY DENSITY

In the weak fluctuation region [15] and in the half-space z2>0,
the normalized complex amplitude of FoBG beams in a cylin-
drical coordinate system (7, ¢,2) can be expressed as [16]

FoBG(r. ¢.2) = FOBGye. (1. ¢.2) exply (1. ¢.2)]. (1)

where r = |r|, r = (x,y) is the two-dimensional position vec-
tor in the source plane; z is propagation distance; y/(7, @, 2) is
the complex phase of waves propagating through turbulence;
lp describes the topological charge of the helical structure
of the wave front around a wave front singularity; and
FoBGyee (7, ¢, 2) is the normalized complex amplitude of
the FoBG beam at the z plane in the free turbulence channel.
In the paraxial region, the normalized complex amplitude
FoBGy. (7, 9,2) of a nondiffracting Bessel-Gauss photon
beam with fractional topological charge has the form [7,15]

1 (i) sin(xxy)
FoBGiyee (1. ¢, 2) = ———"

#(@) n
. K2z 72
P [_12’€/¢(z) _ﬂ(z)ufé]

© illol

k, .
x> r—, J |lol|:)T:):| exp(ilyp), (2)

lpy=-0

where pu(2) = 1+ ix/zg, 2p = kw?/2, k = 2z/) is the wave-
number; w, is the beam waist at the 2 = 0 plane; 1 is the wave-
length; zp, is the Rayleigh range; J); | is the Bessel function of
integer orders; k,, = £k is the transverse wavenumber; and y is
the fractional index of any real number [7]. To keep it simple,

we use C, to denote the term w . %

As we know, from the view of quantum theory, the atmos-
pheric turbulence fluctuations disturb the complex amplitude
of the propagating photon beam, which is no longer guaran-
teed to be in the original eigenstate of topological charge. The
resulting photon beam now can be regarded as a superposi-
tion of the waves with new topological charge. Similar to the
discussion of [7,17] for beams with integer topological charge,
the FoBG is expanded as an integral with orthogonal basis
exp(ilp) which carries topological charge [; then the complex
amplitude FoBG(7, ¢, 2) of the FoBG beam can be written as

FoBG(r.p.2) = »_ p(r.2)exp(ilp). 3

[lp|=~00

where the term f;(r, 2) is the mode amplitude of the vortex
mode with topological charge [ at the position (7, 2) given by

1 21
pi(r.2) = o A FoBG(r, ¢, 2) exp(-ilp)de. @))

As we all know, the mode probability density is equal to
|B,(r,2)|2. In turbulent media, the mode probability density
is associated with the ensemble average over turbulent
medium, i.e., {|5,(r,2)|?)q;, Where (-) denotes the average over
the ensemble of the turbulent atmosphere. By Egs. (1) and (4)
and proceeding with the ensemble average of atmospheric
turbulence for g,(r, 2)p; (r,2), where * denotes complex con-
jugate, the ensemble averaging mode probability density
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D;(r,z) of vortex models [ of an FoBG beam in paraxial chan-
nel (k, - o) is given by

Dy(r,z) = (|py(r, z)|2>a,t

1 2 o [2n
_ (2_) / / FoBGye. (7, 9, 2)
T 0 0

x FOBG,.. (7", ¢, 2)
x (exply (r,¢,2) + " (r'. ¢/, 2)])a
x exp[-il(p - ¢")]dpdy’. ®)

In the far-field region [15], {exp[y/(r,¢.2) +w* (. ¢ . 2))u
is given by

<€Xp[l//(’i",g0,2) + W* (Tlvfp’?z)])at

1 00
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where @,,(-) denotes the spatial power spectrum of atmos-
pheric turbulence and J(-) is the Bessel function of the first
kind with 0 order. For non-Kolmogorov turbulence, the spatial
power spectrum is commonly given by the expression [18]

@, (k) = A(a)C2 exp(-x2/12,) (K% + K%)""/Z, 3<a<d4,
where a is the parameter of non-Kolmogorov turbulence,
I'(a) denotes the Gamma function, and A(a) =T(a-1)
cos(arn/2) /4n?; kg = 27/Loyer and  k,, = {221](5 - a) /2]
A(a) /331 @) /L, o where Loyier and Lip,e, are the outer and
inner scale of turbulence, respectively. C2 is the generalized
refractive-index structure parameter with units m>-¢; for sim-
plicity’s sake, we set C2 for FoGB beams as a constant to
discuss the influence of a on the beam. To simplify the numeri-
cal discussion in Section 3, we set L or = oo without consid-
ering the effect of outer scale, and L;,, = 1 mm [15].

In the paraxial approximation of the wave phase structure
function, Eq. (6) can be expressed in the following form [15]:

' ’ |l' - r’|2
(exply(r.0.2) + y* (. 0. D)) = xD [— .
0

72 + 92 = 21 cos(p - ¢
(¢ 40)} @

= exp |:_
o3

where p, is the spatial coherence radius of a spherical wave
propagating in the weak non-Kolmogorov turbulence [18,19]
and given by

23— a) /2] (a = 1) | V(@2
= 4
0 {n1/2k2r(1 ~a/2)C2z , 3<e<d,

based on the integral expression [20]

2
A expl-ing, +108(p1 — g2)ldp, =2 exp(-ingo) L, (). (8)

where I, (1) is the Bessel function of the second kind with n
order. Making use of Egs. (2), (5), and (7) as well as the Bessel
function orthogonal completeness
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we have the probability density of the vortex modes for FoBG
beams in paraxial turbulence channel

sin? (zy)w? k|2
D(r,z) = 0 -
) = ) ,,Zm awr ()
1 1 272
xexp |- ——+ —)272}1, (—) ©))
[ (wZ(z) s AV
where w(2) = wy4/1 +2%/2? is the Gaussian spot size and

Al =1-1, denotes the value of crosstalk. For Al =0,
D, (r,z) is the probability density of the signal vortex mode
ly for FoBG beams, and for Al # 0, Dy, (7, 2) is the probability
density of the crosstalk vortex mode | = [, + Al, which repre-
sents the probability density of the part of the energy launched
into the signal vortex mode redistributed into other vortex
modes by atmospheric turbulence [21]. The term C? indicates
the vortex model distribution for different fractional values y
when [, changes (see Fig. 1).

The normalized power of vortex per photon per unit
length of a transverse slice of the beam is calculated with
the expression [7]

= IBP,
L) =n (10)
Z_Z_oo Zl——oo B P L
where B is the is the beam width of the channel, > 5° _ BP, is

the beam power, and BP, is the power of each vortex mode
with topological charge [ with and given by [7]

P, = /m Dy(r,z)rdr
0

sin®(zy)w? & o
W (2) Z (iJ’—lo)z L

ko |2
"'lo'(rz))

1 22
X exp|: ( 2@ pO)ZV ] x Iy, (%)rdr. (11)

Similarly, for I = I, L.(l;) expresses the normalized power
of the signal vortex mode for FoBG photon beams and,
forl # 1, L.(l) is the normalized power of the crosstalk vortex
modes.
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Fig. 1. Distribution of vortex models with fractional topological
charge y when [, changes. Every subplot has a peak at the nearest
integer to y. When y = 3.5 (half-integer), this results in two peaks
of equal height at the two neighboring integers. The spread in the dis-
tribution is determined by the fractional value y.
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3. NUMERICAL DISCUSSION

As we all know, the longer wavelength A is beneficial to the
propagation of photon beams for less attenuation and lower
crosstalk. Besides, it is entirely reasonable that the average
probability density of signal vortex modes and signal normal-
ized powers decrease, and the average crosstalk probability of
vortex modes and crosstalk normalized powers increase
when the propagation distance z increases. Then, we do not
discuss the influences owed to the wavelength 1 and the
propagation distance z. To simplify, in the following figures,
we now define mode probability as average probability den-
sity (D, (7, 2)) of the signal vortex modes, and crosstalk prob-
ability as the average probability density (D, (r,2)) of the
crosstalk vortex modes.

First, we study the effects of the fractional order of
topological charge [, the fractional parameter y, the non-
Kolmogorov turbulence coherence radius p, (in weak fluc-
tuation region), and beam waist w, on the average probability
densities D, (7, z) along the direction of r for FoBG beams. The
simulation results are shown in Figs. 2-5. In Fig. 2, we evalu-
ate performance of average probability densities D, (7, z) along
the direction of the beam radius » for FoBG beam with
wy = 0.1m, £ =0.01, and Al =0, 1, 2, 3, and 4. The parame-
ters for the simulation of atmospheric turbulence channel are
as follows: z = lkm, a = 11/3, and C2 = 10-m3-* From
Fig. 2, we can see that crosstalk probability D, (r.z) de-
creases with the increase of topological charge deviation Al
and it drops rapidly after the slow growth with the increase
of . When 7 is large enough (in Fig. 2, » > 0.2m), mode prob-
ability D, (r,2) and crosstalk probability Dy, (r,2) tend to
be the same. The results show that we can obtain the higher
signal crosstalk probability ratio only in the circle region of
radius 7 < 0.2m, and the center of the circle region is the
beam center. So in the next context, we adopt the circle region
of radius r < 0.2m.

In Fig. 3, the average probability density D(r,z) is
plotted as a function of the beam radius r for topological
charge deviation Al =0 and 1, with wy = 0.10m, & = 0.01,
z=1lkm, a =11/3, and C% = 10-®m>“. Figures 3(a) and
3(b) are for y = 3.1, 3.3, 3.5, 3.7, and 3.9, respectively. As is
seen from Fig. 3, the D(r,2) for y = 3.1, 3.3, 3.7, and 3.9
are the vibration curves which are around the curve of
y = 3.5. Figure 3(a) indicates that mode probability decreases
with the increase of r, while the crosstalk probability decays
after the increase in the area close to the circle area in
Fig. 3(b). Figures 3(a) and 3(b) show that the curve is without
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Fig. 2. Average mode probability D,(r,z) of FoBG beam along the
direction of the beam radius r for different values of Al.
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Fig. 3. Average probability densities D;(r,2) of vortex modes for
fractional FoBG beam along the direction of the beam radius » with
different values of y. (a) Al = 0, mode probability; (b) Al = 1, cross-
talk probability.
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Fig. 4. Average probability densities D;(r,z) of vortex modes for
fractional FoBG beam along the direction of the beam radius » with
different values of a. (a) Al = 0, mode probability; (b) Al = 1, cross-
talk probability.

vibration when the value of y is half-integer. And the more
close the value of y is to half-integer, the closer its curve tends
to the curve with y = 3.5. In order to facilitate the beam prop-
erties, we set y = 3.5.

Figures 4 and 5 present how the various parameters
of atmospheric turbulence affect the average probability
densities D;(r, z). Figure 4(a) is a plot of the average mode
probability D, (r,z) versus the varied beam radius » for the
different non-Kolmogorov turbulence parameters a. The
curve associated with a = 3.67 corresponds to Kolmogorov
turbulence. The curves in Fig. 4(a) are consistent with [18]
in that the smaller a comes with the larger D, (r,z2) in the re-
ceiving plane for any given propagation distance; the reason is
that the spatial coherence radius p, tends to infinity when «
approaches 3. That is, the interruption of the turbulence
on the photon beams is very weak, and a high D, (r,z) is
acquired. However, when « is close to 4, the wave aberration
caused by turbulence is a pure wavefront tilt, which shifts the
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Fig. 5. Average probability densities D;(r,z) of vortex modes for

fractional FoBG beam along the direction of the beam radius » with

different values of C2. (a) Al = 0, mode probability; (b) Al = 1, cross-

talk probability.
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beam off-axis and results in the beam center being away from
the receiving plane [18]. Thus, D, (r,2) decreases as a ap-
proaches 4. The relationship between the average crosstalk
probability Dy, (r,2) and the a of non-Kolmogorov turbulence
is revealed by Fig. 4(b). When the propagation distance z is
given, the Dy (r,2) of FoBG photon beams increases rapidly
when a changes from 3.07 to 3.97 near the beam center re-
gions (about r < 0.04m). When detection position is far away
from the beam center in the receiving plane, all the curves in
Fig. 4(b) tend to be same.

Figure 5 is constructed to assess how the non-Kolmogorov
turbulence coherence radius C2 affects the average probabil-
ity densities D;(r, z) with varied beam radius r. The curves in
Fig. 5(a) show that increasing r» makes mode probability
D, (r,z) decrease sooner, while increasing C? doesn’t make
the signal probability density change apparent. It is important
to note that crosstalk probability Dy, (7, 2) increases with the
lower C2 near the beam center (about » < 0.04m), and the
main energy still remains at the transmit signal channel.
However, crosstalk probability decays and the energy of
the adjacent channel decreases immediately as the detection
position moves away from the beam center. For instance, all
the curves slowly tend to overlap; namely, the effects of differ-
ent C2 value on crosstalk probability densities become less
distinct when r > 0.15m.

Figure 6 investigates the average probability D;(r,z) as a
function of beam radius 7 for a FoBG beam with topological
charge deviation Al=0 and 1, y =3.5, and &£ =0.01 for
wy = 0.02m, 0.05 m, 0.08 m, and 0.10 m, respectively. The
parameters of the atmospheric turbulence channel for the
simulation are as follows: z = lkm, a =11/3, and C? =
10~1Pm3-¢. Figure 6(a) shows that increasing w, makes mode
probability decay slowly. The results of Fig. 6(b) reveal that
higher w, corresponds to the higher crosstalk probability den-
sities and makes the curve peak away from the beam center.

For the sake of simplicity, we will discuss the impact of p,
on the mode probability densities and normalized powers in-
stead of the basic parameters a and C2. The normalized
powers L.(I) of signal and crosstalk vortex modes for the
parameters o = 11/3, C2 = 10"%m3% w, = 0.10m, and
Al=0, 1, 2, 3, and 4 are shown in Fig. 7. Here we see that
the crosstalk-normalized powers L. (I # l,) between vortex
modes decrease with the increasing of Al.

Finally, the effects of p, and w, on the normalized powers
L, (1) of signal or crosstalk vortex modes per photon per unit
length of a transverse slice for FoBG beams are shown in
Fig. 8. To do that, we fix the parameters y = 3.5 and
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Fig. 6. Average probability densities D,(r,z) of vortex modes for
fractional FoBG beam along the direction of the beam radius » with
different values of beam waist w,. (a) Al =0, mode probability;
(b) Al = 1, crosstalk probability.
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Fig. 7. Normalized powers L, (1) of fractional vortex modes for FoBG
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Fig. 8. Normalized powers L. (1) of fractional vortex modes for FoBG
beam along coherence radius r with different values of beam waist w,.
(a) Al = 0, signal normalized powers; (b) Al = 1, crosstalk normalized
powers.

& = 0.01. Lower p, can give rise to increase of the normalized
power of the signal vortex mode L_(l;) and decrease of the
normalized powers of the crosstalk vortex modes L, (I # ly).
Obviously, greater w, can enhance the normalized power
of the signal vortex mode and reduce the normalized powers
of crosstalk vortex modes.

4. CONCLUSION

In conclusion, the model of probability densities and the nor-
malized powers of signal or crosstalk vortex modes for FoBG
photon beams in weak fluctuation turbulent atmosphere have
been developed. Our results show that average mode proba-
bility D, (r,2) and average crosstalk probability D, (r,2) are
the same when beam radius 7 is large enough. For fractional
order Bessel-Gauss beams, when » varies, D,(r,z) oscillates
except y is half-integer. For the half-integer beams, the in-
creases of @ and C2 result in the degradation of Dy (r,2),
and average crosstalk probability Dy, (r,2) drops rapidly
after the slow growth as r increases, namely average crosstalk
probability curves have peaks. Near the central region of
the beam, enlarging Al or minimizing a, C2, and w, can make
the Dy, (r,2) decrease. Furthermore, lower p, and w, can
give rise to less reduction of the turbulence effect on the nor-
malized power of signal vortex mode. Compared with signal
normalized powers, the opposite changes in tendency of
crosstalk-normalized powers are observed.
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