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In recent years, free space optical (FSO) communication 

has drawn considerable researchers’ attention on account 

of its various unique features and advantages, such as 

large bandwidth, license-free spectrum, high date rate, low 

cost and inherent security, and thus it has been regarded as 

a promising optical wireless communication (OWC) tech-

nique in many fields[1,2]. Despite the outstanding features 

of FSO communication, the performance and availability 

of FSO links can be disrupted by atmospheric turbu-

lence-induced fading, path loss and pointing errors (PE)[3]. 

To address these shortcomings, a lot of techniques have 

been introduced into FSO communication, including mul-

tiple-input multiple-output (MIMO) scheme[4-7] and re-

lay-assisted transmission scheme[6,8,9]. In Ref.[4], the out-

age probability and the average bit error rate (ABER) of 

MIMO FSO system with maximal ratio combining (MRC) 

diversity technique over Gamma-Gamma (G-G) fading 

channels with generalized pointing errors were studied. 

The results showed that the MIMO FSO system perform-

ance with MRC scheme can be improved with the increase 

of the receiver aperture size. On the other hand, re-

lay-assisted transmission scheme was first introduced into 

FSO communication in Ref.[10]. Moreover, this scheme 

has been proved that it is an effective method to extend 

coverage and mitigate the effects of fading[10]. Recently, a 

serial-parallel combined relay orthogonal frequency divi-

sion multiplexing (OFDM) FSO communication system in 

which the relay protocol of the system is decode and for-

ward (DF) was proposed over M distribution model[11]. 

Actually, the serial-parallel combined relay is a combina-

tion of serial (i.e., multi-hop transmission) and parallel 

relaying (i.e., cooperative diversity), also known as 

multi-hop parallel relaying, which is more suitable for 

practical applications[11,12].  

In addition, many statistical channel models have been 

presented to characterize the probability density function 

(PDF) of atmospheric turbulence-induced fading. Among 

them, a unifying mathematical model named double gen-

eralized gamma (double GG) has been proposed[13]. This 

study showed that this novel model could demonstrate an 

excellent match to the simulation data over all the turbu-

lence regimes. And it is further found that double GG 

model is clearly superior over previous models and is very 

generic since it contains some commonly-used fading 

models as special cases[13]. Some works over this new 

model has been done considering several effective mitiga-

tion techniques, such as multi-hop scheme[3], MIMO 

scheme[14], spatial diversity[15] and hybrid RF/FSO link[9,16]. 

In Ref.[3], the ABER performances of multi-hop FSO sys-

tem considering the existence of path loss and PE over 

double GG channel model were studied for plane and 

spherical waves. However, no work has been reported on 

the performance of multi-hop parallel FSO system over 

double GG distributed turbulence channel considering the 

combined influence of turbulence-induced fading, PE and 

path loss for plane and spherical waves yet, to the best of 

our knowledge. 

Our contribution in this work is summarized as follows: 
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A multi-hop parallel FSO system is investigated over the 

unifying double GG fading channel with the influence of 

path loss and PE. Then, the closed-form expressions of 

outage probability and ABER are derived with the help of 

Meijer-G function and verified by Monte Carlo (MC) 

simulation. And the outage performances are analyzed in 

detail and the ABER performances are presented under 

different weather conditions for plane and spherical 

waves. Besides, the simple and effective cyclic coding is 

used to further improve ABER performance. 

Fig.1 shows the structure of the multi-hop parallel 

FSO communication system. DF relaying and binary 

phase shift keying subcarrier intensity modulation 

(BPSK-SIM) are employed in this FSO system. The 

source node transmits the data bits to the destination 

node in the chosen cooperative path which is decided by 

the max–min path selection criterion[17]. Based on DF 

relaying method, only one relay is allowed to decode and 

retransmit the signal to the next node at one time. In ad-

dition, each of links are assumed as identically and inde-

pendently distributed (i.i.d.)[3]. Therefore, the received 

electrical signal at the jth hop in the ith path can be ex-

pressed as 

, , , ,
,i j i j i j i jr I s n�� �                           (1) 

where i=(1,…,M), j=(1,…,N). M and N are defined as 

structure parameters, ξ represents the detector responsiv-

ity, Ii,j is the aggregated channel fading coefficient which 

is defined as 
, , , ,

l a p
i j i j i j i jI I I I�  in this work, where 

,

l
i jI  

refers to path loss, 
,

a
i jI  is atmospheric turbu-

lence-induced fading and 
,

p
i jI  is the fading due to PE. si,j 

is the BPSK modulated transmitted signal with average 

power Pi,j and ni,j is the signal-independent zero mean 

additive white Gaussian noise (AWGN) with variance 
2

n�  in point-to-point (PP) link. Considering intensity 

modulation with direct detection (IM/DD) technique, the 

instantaneous electrical signal-to-noise ratio (SNR) μi,j at 

the input of the optical receiver in each PP link can be 

given as[18] 
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where 
,i j�  is defined as the average electrical SNR. 

 
Fig.1 Structure of the multi-hop parallel FSO commu-
nication system 

 
In this work, double GG distribution is used to de-

scribe the channel fading induced by atmospheric turbu-

lence and the PDF of 
,

a
i jI  can be expressed as[13] 
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where � � � �
, , ,0 , 1 , 2

:1 , :1 ,
i j i j i ji j i jQ � � � �� � � � �  Γ(·) re-

fers to the gamma function, 
,1i j

� and 
,2i j

�  stand for 

shape parameters, k1, k2, Ω1, Ω2 refer to scale parameters, 

Δ(m, n)=n/m, (n+1)/m, …, (n+m−1)/m, ti,j=αi,j+αi,j, αi,j 

and αi,j are positive integers which satisfy 

, ,, , 1 2
/ / .

i j i ji j i j k k� � �  � �,

,

m n
p qG �  is the Meijer-G function. 

For ki→0, φi→∞, the double GG distribution reduces to 

the LN model. For ki=1, Ωi=1, it coincides with GG 

model. For φi=1, it becomes Double-Weibull while for 

ki=1, Ωi=1, φ2=1 it coincides with the K model[13]. 

According to the Beer-Lambert’s Law, the path loss   

is conclusive and can be described as[19] 

� �, ,
exp ,l

i j i jI z
� �                           (4) 

where ζ is the fixed attenuation coefficient for diverse 

weather scenarios at a wavelength of 1 550 nm, zi,j is the 

transmission distance of each link. Parameters of at-

tenuation coefficient are selected from Ref.[19]. 

In terms of the effect of PE, the mathematical model is 

utilized in this work wherein the influence of 

beam-width, detector size and jitter variance are all taken 

into consideration, which is given by[16] 
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where � �
,

2

0 ,i j i jT erf ��  is the fraction of the collected 

power when the instantaneous radial displacement be-

tween the beam centroid and the detector center equals 

zero, 
,, ,

/ 2 /
i ji j i j Zb w� � � , erf(·) stands for the error 

function, bi,j refers to the aperture radius and 
,i jzw repre-

sents the beam-width at the distance of zi,j. Moreover, 

, ,,
/ 2

i j i ji j Zeq Sw� ��  is a measure of the severity of the PE 

effect, 
,i js� is the jitter standard deviation, 
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On the basis of the previous analysis, the PDF of the 

aggregated channel fading coefficient can be calculated 

as[20] 
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Thereby, with the aid of Ref.[20] along with the rela-

tionship of 
, ,, , , , ,
( ) ( / ) / 2

i j i ji j I i j i j i j i jf f� � � � � �� , Eq.(6) 

can be simplified and the PDF of μi,j can be obtained as 
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Hence, the cumulative distribution function (CDF) of 

μi,j can be calculated by[20] 
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In this system, the max-min path selection criterion is 

utilized, which means that the best relay is selected based 

on the highest value of the minimum of source-to-relay, 

relay-to-relay, and relay-to-destination SNR[17]. And it is 

assumed that all the links have the same average SNR, 

i.e., 
, ,i j s d� � �� � . Here, 

,s d�  is the average SNR of 

the direct path. Considering that all the links are statisti-

cally independent of each other, the CDF of the equiva-

lent SNR of this system μequ can be achieved as[21] 
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where � �
, ,s d s dF� �  is the CDF of the instantaneous SNR 

of the SD link μs,d  and � � � �
, ,, ,s d i js d s dF F� �� �� . 

As is known, outage probability is defined as the 

probability that the end-to-end output SNR falls below a 

specified threshold μth
[8]. Thus, with the help of Eqs.(2), 

(8) and (9), the analytical expression for outage probabil-

ity of the multi-hop parallel FSO system can be achieved 

as 
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where μn=μequ/μth is the normalized SNR, � �
equIF I  is the 

CDF of end-to-end light intensity Iequ in this FSO system, 
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For BPSK-SIM, the ABER of the multi-hop parallel 

system can be can be given as[17] 
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With the help of Gauss-Laguerre quadrature (GLQ) 

rule[22], the ABER over double GG aggregated fading 

channels considering PE and path loss can be approxi-

mately derived as 
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where χm is the mth root of the GLQ polynomial 
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The outage and ABER performances are evaluated for 

two transmission beams in detail on the basis of Eqs.(10) 

and (16). MC simulation is adopted to confirm the cor-

rectness of the derived theoretical expression wherein the 
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acceptance rejection method is used to generate random 

values obeying double GG distribution and the inverse 

transform method is adopted to generate random values 

from PE. The distance in each link is fixed to 1 km. Pa-

rameters of double GG distribution are selected from 

Ref.[13]. Besides, the (15, 5) cyclic coding is utilized in 

this part to further improve the FSO system performance. 

Fig.2 presents the outage performances of the FSO sys-

tem over double GG distribution for different degrees of 

turbulence severity and normalized jitters for two waves. 

It is obviously seen that the theoretical curves have an 

excellent fit to MC simulation data, which reflects the 

correctness of the achieved outage probability expressions. 

Then, as can be seen, the outage probability is increasing 

with the increase of turbulence severity for both waves 

and it will increase sharply if considering PE. Besides, the 

outage performance degrades with the increase of the 

normalized jitter σs/a at a fixed normalized beam-width 

wz/a for these two waves. This is because the impact of 

severity of PE will get stronger with the increasing nor-

malized jitter. Furthermore, the superiority of double GG 

is more obvious for spherical wave. Giving an example, at 

a fixed SNR of 54 dB without PE under strong turbulence 

condition, the outage probability for plane wave is 

3.93×10-6, while it is 2.45×10-6 for spherical wave. 

 

 

 
Fig.2 The outage probability versus SNR of FSO sys-
tem under different turbulence strength and normal-
ized jitters for (a) plane wave and (b) spherical wave 
 

The outage performances of the studied FSO system 

for two waves are illustrated in Fig.3 under moderate 

turbulence condition. As is observed, the increasing 

number of parallel paths M at a fixed N can improve the 

outage performance for both two waves. Additionally, 

for these two waves, the variation of structure parameters 

has a more apparent impact on the scenario of consider-

ing PE. That is to say, setting structure parameters rea-

sonably is an effective technique to improve outage per-

formance of FSO system. For example, at a targeted 

outage probability of 10-6 for plane wave propagation, 

the required SNR for (M, N)=(2, 8) without PE is about 

48.5 dB while it is approximately 27.2 dB for (M, N)=(5, 

3). It is obviously found that the latter one can save about 

21.3 dB SNR gain. At given values of wz/a=10 and 

σs/a=4, the needed SNR for (M, N)=(2, 8) with PE is ap-

proximately 103.9 dB while it is about 81.3 dB for (M, 

N)=(5, 3). Thus, the latter one can save about 22.6 dB 

SNR gain, which is smaller than 27.2 dB. 

 

 

 
Fig.3 The outage probability versus SNR of FSO sys-
tem under moderate turbulence condition and differ-
ent structure parameters for (a) plane wave and (b) 
spherical wave 
 

Fig.4 shows the outage performances of this FSO system 

under different weather conditions for plane and spherical 

waves, respectively. Specifically, the value of outage 

probability is the least under very clear condition and in-

creases sharply in the presence of fog at a given SNR with 

the same structure parameters for two waves. In addition, 

the outage probability for spherical wave is slightly smaller 

than that of plane wave under the same transmission condi-

tion. For instance, when SNR is 72 dB, the outage probabil-

ity for plane wave under drizzle weather considering PE is 

1.7×10-3 while it is 1.2×10-3 for spherical wave.
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Fig.4 The outage probability versus SNR of FSO sys-
tem considering path loss for (a) plane wave and (b) 
spherical wave 
 

Fig.5 plots the ABERs of multi-hop parallel FSO system 

against SNR over aggregated double GG distribution under 

different weather conditions with and without cyclic coding 

for plane and spherical waves. It can be found that the ana-

lytical results have an excellent agreement with MC simu-

lation data, which further manifests the validity of our 

theoretical derivation. It is obviously seen that the ABER 

performance has the same behavior with outage perform-

ance for these two waves when weather condition varies. 

Moreover, in terms of ABER performance, the superiority 

for spherical wave over double GG distribution is more 

distinct than plane wave. Last but not least, the ABER per-

formance can be improved by using cyclic codes. For ex-

ample, for plane wave, at a fixed SNR of 100 dB, the 

ABER without cyclic coding is 7.56×10-3, while the ABER 

with cyclic coding is 3×10-4, which is an order of magni-

tude lower than the former. 

 

 

                   
Fig.5 The ABER versus SNR of FSO system consid-
ering path loss and PE with and without cyclic coding 
for (a) plane and (b) spherical waves 
 

In summary, the outage and ABER performances of 

multi-hop parallel FSO system with DF relaying for 

plane and spherical waves are investigated over double 

GG distribution considering path loss and PE. Based on 

the best path selection scheme, the closed-form outage 

probability and ABER expressions are derived with the 

help of Meijer-G function and confirmed by MC simula-

tion. The results show that for these two waves, at a fixed 

link length, the outage performance of this FSO system 

can be affected by different degrees of turbulence sever-

ity, the existence of PE and various weather conditions. 

However, outage performance can be enhanced by in-

creasing the number of parallel paths reasonably and the 

ABER performance can be improved by using cyclic 

coding. In addition, it is worth mentioning that the supe-

riority of double GG is more obvious for spherical wave 

for any condition in the multi-hop parallel FSO system. 
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