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We present a theoretical description of surface plasmon polariton (SPP) on a graphene surface excitated by four-wave 

mixing using two laser beams. The phase-matched incident angles of the two beams that meet the SPP excitation condi-

tions are calculated, and the discussion of the generated SPP power dependence on the incident angles is presented. We 

demonstrate that there is an enhancement in the peak power at the optimum angles at 633 nm and 921 nm, which is about 

30 and 850 times larger than the corresponding peak power on a gold surface, respectively.  
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Surface plasmon polaritons (SPPs) are transverse mag-

netic (TM)-polarized electromagnetic (EM) waves that 

are guided along metal-dielectric or dielectric-dielectric 

interfaces and decay exponentially in both media away 

from the interface. SPPs are limited in the vicinity of the 

interface, and the optical field enhancement occurs in 

specific nano-structures, such as nanospheres and nano-

platelets. As a guided wave, an SPP is not restricted by 

diffraction, and although absorption limits its propaga-

tion length to the submillimeter range, this guided wave 

is an ideal solution for subwavelength optics[1-4].  

The SPP properties are determined by the relative di-

electric function of the surrounding media[3,5]. To ex-

perimentally realize the required phase matching, re-

searchers usually use prism coupling with an attenuated 

total reflection technique or a diffraction grating (even 

plain roughness) on the metal surface[1-3,6,7]. 

In the past few years, new methods of generating SPPs 

have been proposed[8,9]. Renger et al[8] reported the exci-

tation of SPPs by nonlinear four-wave mixing (FWM), 

and Georges[1] presented the theory for the nonlinear SPP 

excitation on a metal surface by FWM, which leads to 

higher peak power. However, work published so far has 

not considered the excitation of SPPs by FWM on non-

metal surfaces. Graphene, a nonmetal material, is suit-

able for photonic applications due to its unique photo-

electric properties. A doped graphene sheet can bind sur-

face plasmons with TM polarization provided that 

Imσ>0[10], where σ is the conductivity of the graphene, 

and it has been demonstrated that it is possible to obtain 

a positive Imσ in doped graphene[11]. 

Based on the researches mentioned above, we propose a 

method of SPPs excited by FWM on a doped graphene sur-

face as shown in Fig.1. A doped graphene sheet is placed on 

a SiO2 substrate, the surface of which is irradiated with two 

laser beams with wavelengths of λ1=707 nm and λ2=800 nm. 

The incident angles measured from the surface normal in 

anti-clockwise direction are θ1 and θ2, respectively, which 

are adjusted to satisfy the phase matching conditions be-

tween the FWM process ω4=2ω1–ω2 (or ω4=2ω2–ω1) with 

wave vector of k4=2k1x–k2x (or k4=2k2x–k1x) and the SPPs on 

graphene surface. In this paper, ω4=2ω1–ω2 and ω4=2ω2–ω1 

conditions are considered independently. For simplification, 

we ignore the nonlinear effects of the substrate. 

Assuming that graphene sheet lies at z=0, the SiO2 sub-

strate is located in the region z<0, and the air is located in 

the region z>0. In the case of surface plasmon polariton on 

graphene excited by FWM, the nonlinear surface polariza-

tion at ω4 can be written as 
( )33

4 4 ,
( , ) ( , ) ( )

z s
t P x t zδ=P r z

[12], 

which originates from the surface nonlinear third-order 

susceptibility tensor χ(3) with the irradiation of incident 

beams. Hence, in the plane-wave approximation, the 

nonlinear surface polarization related to the incident pump 

fields at ω4=2ω1–ω2 can be expressed by 
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Fig.1 Schematic diagram of the doped graphene on SiO2 
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where E1z=(1+ρ1)sinθ1E1 and E2z=(1+ρ2)sinθ2E2 are the z 

components of complex amplitudes of the electric fields 

at z=0+, and (3)

s
χ is the effective surface nonlinear suscepti-

bility of graphene. ρi=[n(ωi)cosθi–cosθt]/[n(ωi)cosθi+cosθt], 

(i=1,2) are the Fresnel reflection coefficients, where n(ω) 

and θt are the complex index of refraction of graphene 

and the complex angle of refraction, respectively.  

At z=0, a driven SPP can be generated by nonlinear 

polarization on graphene sheet, whose electric field can 

be expressed by[13]  
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where
d

α ,
g

α and
s

α present the z components of the wave 

vectors in air, graphene and SiO2 substrate, respectively. 

Their relationships with dielectric constant of each me-

dium are  
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where εd, εg and εs are the relative permittivities of air, 

graphene and SiO2 substrate, respectively. Furthermore, 

the relationship among H4y, E4x and E4z can be obtained 

from Maxwell’s equations of this electric field, namely, 
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where ' ''

ssp ssp ssp
ik k k= + is complex with '

ssp
k and ''

ssp
k as the 

real and imaginary parts of SPP wave vector, respectively. 

The relation in Eq.(6) is also valid for air and SiO2 sub-

strate. 

According to the boundary condition across the 

nonlinear polarization sheet, we can get 
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where σ(ω4)=σintra(ω4)+σinter(ω4) is the conductivity of 

graphene at ω4 with[14] 
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as the intra and inter conductivities of graphene, respec-

tively. In Eq.(8), μ is the chemical potential of graphene, τ 

is the collision time, and T denotes the temperature. 

Combining Eqs.(4)–(8), we obtain the dispersion rela-

tion for the SPP excitations in graphene surrounded by 

air and substrate as 
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In each FWM process, one beam supplies two photons, 

and the other beam supplies a single photon. According 

to momentum conservation[15], we have 
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In the same way, k4 at ω4=2ω2–ω1 can be described by  
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The curves in Fig.2(a) and (b) show the phase matching 

angles (θ1, θ2) that satisfy Eq.(10) in the cases of 

ω4=2ω1–ω2 and ω4=2ω2–ω1 with λ1=707 nm and λ2=800 

nm, respectively. The circles on the curves indicate the 

optimum phase matching angles, which result in the 

maximum SPP power in the corresponding process.  

Generally, the denotation 
1/2 2

/ 2π
i

I c Eε=  is used to 

indicate the intensity of a plane wave in a medium with 

dielectric constant of εi. So the power I4 of SPP generated 

by FWM can be represented as 
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where 2

4 2 1
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4 1 2
I I I∝ with Ii=cεi|Ei|

2 (i=1, 2) as the 

intensities of the two incident laser beams. As expressed 

in Eq.(12), under certain incident intensities, a higher I4 

requires a larger value of (3)

s
χ and the optimum phase 

matching angles (θ1, θ2) of two incident beams. For SPPs 

at the graphene-air interface, the absorption length de-

fined as ''

spp spp
1 / (2 )L k= is much larger than the thickness 

of the nonlinearly polarized graphene surface layer. The 

effective surface nonlinear susceptibility of the graphene is 

about 37.5 times larger than that of gold[16,17]. 
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We calculate the SPP power I4 of each FWM process, 

and then normalize the values by the corresponding peak 

SPP power generated on a Au surface by FWM[1]. During 

the calculation, set μ=45 meV, τ=2×10-13 s and T=300 K, 

and the intensities of incident beams are identical to 

those of the beams incident on a gold surface in Ref.[1]. 

Compared with the SPPs generated on Au, there is a 

large enhancement in the SPP power from excitation on 

the graphene surface because of a larger real part of di-

electric constant of grapheme εg,r and a higher effective 

surface nonlinear susceptibility (3)

s
χ on graphene sheet. 

Fig.3 shows the dependence of the normalized power I4 

on θ1 for λ4=633 nm under the phase-matching condi-

tions given in Fig.2. The peak SPP power occurs at 

(61.89°, 32.10°), which are the optimum angles, and is 

about 30 times larger than that on the Au surface[1]. Op-

timization of the two angles of incidence is related to the 

factor of 
4 2

1 1 2 2
(1 )sin (1 )sinρ θ ρ θ+ + . At the peak of 

the power, the total z components of the laser electric 

fields are optimized, and the nonlinear surface polariza-

tion produced by FWM process reaches the maximum. 

 

   

 (a) ω4=2ω1–ω2                  (b) ω4=2ω2–ω1  

Fig.2 Phase matching angles of incidence (θ1, θ2) in 

the cases of ω4=2ω1–ω2 and ω4=2ω2–ω1, where the two 

circles represent the optimum phase matching angles 

 

 

Fig.3 Dependence of the normalized SPP power I4 on 
θ1 for λ4=633 nm

[1]
 

 

Finally, Fig.4 shows the normalized 
4
I  versus 

2
θ  

under phase-matching conditions for λ4=921 nm. The 

peak SPP power occurs at (63.29°, 19.15°), and is about 

850 times larger than that on the Au surface[1]. Analo-

gously, optimization of the two angles of incidence is 

related to the factor of 
4 2

2 2 1 1
(1 )sin (1 )sinρ θ ρ θ+ + .  

 

Fig.4 Dependence of the normalized SPP power I4 on 

θ2 for λ4=921 nm
  

In summary, we present the theory for SPP on a gra-

phene surface excited by FWM, and confirm an en-

hancement of the peak SPP power, which is about 1–3 

orders of magnitude larger than the value on a gold sur-

face reported in previous work. This work provides a 

theoretical foundation for future SPP applications. 
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