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A scheme is proposed for involving programmable quantum logic gates via teleportation, which is a unique technique in
quantum mechanics. In our scheme, considering the inevitable decoherence caused by noisy environment, the quantum
states are not maximally entangled. We show the implementation of single qubit quantum gates and controlled-NOT (C-
NOT) gate, which are universal quantum gates. Hence, any quantum gate can be implemented by using teleportation with
non-maximally entangled states. Furthermore, two schemes in differet connections of universal gates are proposed and
compared, and our results show the parallel connection outperforms the cascade connection.
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Quantum computers can handle various computational tasks
such as searching an unsorted database[1,2] and factoring large
numbers[3,4] more efficiently than classical computers. In the
practical implementation of quantum computers, Nielsen and
Chuang[5] extended the concept of programmable processors
to quantum domain[6-11]. They constructed a universal quan-
tum gate which can be programmed to perform an arbitrary
operation, and showed that it exists only if the gate is al-
lowed to operate in a probabilistic fashion. Nevertheless, it
is not possible to build a fixed, general purpose quantum
computer which can be programmed to perform an arbitrary
quantum computation. In a seminal paper, Gottesman and
Chuang[12] proposed a scheme to realize universal quantum
gates, by using quantum teleportation as a communicational
primitive. They used single qubit operations, Bell-state mea-
surements and maximally entangled quantum states to con-
struct universal quantum gates. Gottesman and Chuang initi-
ated the work of realizing programmable quantum gates, and
then experiments were carried out according to their scheme.
Z gate and coritrolled-NOT (C-NOT) gate were experimen-
tally demonstrated through linear optics[13,14].

All the schemes mentioned above assume no decoherence

and the qubits which are used in teleportation are maximally
entangled. However, in practical application, the decoherence
of qubits to noisy environment is inevitable, and then the
qubits are not maximally entangled. In this paper, we pro-
pose a scheme for the case when the qubits are not maxi-
mally entangled. We show the construction of single qubit
quantum gate and the construction of C-NOT gate. Single
qubit quantum gates and C-NOT gate are universal quantum
gates, and any unitary operation can be approximated to ar-
bitrary accuracy by a set of universal quantum gates[15,16], so
any quantum gate can be constructed.

We assume the input qubit 1 can be expressed as
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Taking environment influence into account, p can be writ-
ten as

                                      .                                                     (1)
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                                            ,                                               (2)

where  and  are complex numbers and | |2 + | |2 = 1.
Then the joint system of qubits 1, 2 and 3 reads
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Our scheme can be illustrated by Fig.1.

Fig.1 Quantum circuit for teleportation-based Z gate with
non-maximally entangled qubits

In Fig. 1, time proceeds from left to right. The single wires
carry qubits, and double wires carry classical bits. Qubit 1 is
the input. Qubits 2 and 3 form a program register prepared in
a non-maximally entangled state p . Bell-state measure-
ment is applied to qubits 1 and 2.

After performing Bell-state measurement on qubits 1 and
2, if the result is 

12
, qubit 3 collapses to the state as follows
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If the result is not 
12
, but 
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,
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perform corresponding unitary transformation on qubit 3 to
get the desired output.

Then we introduce auxiliary qubit r with the initial state

r
0 , and perform unitary transformation onto qubits 3 and r as
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On the basis of 3 3 3 3{ 00 , 01 , 10 , 11 }
r r r r , then qubits 3 and

r change to

2 2
3 3 3 300 10 11r r r ra b a                                                                   .                  (6)

Then we perform measurements on auxiliary qubit. If the
result is r

0 , the process succeeds, and the output is

33out
10 ba

else it fails. The successful possibility is 2| |2. Comparing
input with output, we can see

and Z gate is constructed with non-maximally entangled
states.

There are four elementary single qubit quantum gates as
follows: I gate, X gate, Y gate and Z gate. The construction
of Z gate with non-maximally entangled quantum states is
shown above. Hence, the other three elementary single qubit
quantum gates can be constructed in the similar way.

Assume the input qubits 1 and 2 are target qubit T  and
control qubit C , respectively. They are arbitrary unkown
quantum states to be teleported, which can be written as

in

z

out
U                                   ,                                                      (8)

                                   ,                                                 (7))1001)(10(
232311

ba

)10(

)10(

)10(

)10(
2

1

3312

3312

3312

3312

ba

ba

ab

ab

21212121in
11100100

where , ,  and  are complex numbers, and | |2 + | |2 +
| |2 +| |2 =1. The aim of this scheme is to obtain

                                                                      ,                (9)
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Considering the environment influence, qubits 3, 4, 5 and
6 form a program register prepared in a non-maximally en-
tangled state p  which can be expressed as

563434563434p
11)1001(00)1100( dcba                                                                               ,   (11)

where a, b, c and d are complex numbers, and | a |2 + | b |2 +
|c |2 + |d |2 =1. Our scheme can be illustrated by Fig.2.

Fig.2 Quantum circuit for teleportation-based C-NOT gate
with non-maximally entangled qubits

In Fig.2, time also proceeds from left to right. The single
wires carry qubits, and double wires carry classical bits. The
inputs consist of the target qubit T  and control qubit C .
Qubits 3, 4, 5 and 6 form a program register prepared in a
maximally entangled state p . Bell-state measurements are
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After performing Bell-state measurement on qubits 1 and
3, and qubits 2 and 5, respectively, if the result is 

13 25
,

qubits 4 and 6 collapse to the state

46464646out
11100100 cbda                                                                             ,     (13)
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Then measure the auxiliary qubit. If the result is 0 , the
process succeeds, and we get the desired output

46464646out
11100100                                                                                 .      (15)

Compare the input and output, and we can see they satisfy
Eq.(10), and we get C-NOT gate.

It has been proved that any unitary operation can be ap-
proximated to arbitrary accuracy by a set of universal quan-
tum gates. Single qubit quantum gates and C-NOT gate are a
set of universal quantum gates. Therefore, the method pro-
posed in this paper can construct any quantum gates, in con-
sideration of inevitable decoherence of quantum states caused
by environment.

However, a simple combination of the elementary gates
is not optimal. For example, we want to get XZ gate. The
simple combination of the elementary gates can be illustrated
in Fig.3.

Fig.3 Quantum circuit for teleportation-based XZ gate in
cascade connection

The circuit can be divided into two parts, and they are in
cascade connection. The output of the first part serves as the
input of the second part. Qubit 1 is the input as follows
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where we do not normalize the state for convenience. If the
result is not 

13 25
, we can perform unitary transforma-

tion on qubits 4 and 6 to obtain the output above.
Then we introduce auxiliary qubit r with the initial state

r
0 , and perform the following unitary transformation onto

qubits 4, 6 and r on the basis of ,010,001,000
464646 rrr

rrrrr 4646464646
111,110,101,100,011 as follows

applied to input qubits and qubits in the program register.
The joint system of qubits 1, 2, 3, 4, 5 and 6 can be writ-

ten as

                                                                                       .(12)
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where a and b are complex numbers, and | a|2+|b |2=1. Qubits
2 and 3, and qubits 4 and 5 form program registers. Bell-
state measurements are applied to qubits 1 and 2, qubits 3
and 4, respectively. By programming the entangled quantum
states p  and p , we can obtain the output

55out
10 ab                                    .                                              (17)

Comparing input with output, we can see

in

xz

out
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and get XZ gate.
However, if the circuit is constructed in parallel connec-

tion as Fig.4, both the time and fidelity can be improved.

Fig.4 Quantum circuit for teleportation-based XZ gate in
parallel connection

In Fig.4, in  is the input, and with properly programmed

p and p , we can obtain the output, which satisfies

Obviously, time consumed in the parallel connection is
decreased to half of that in cascade connection. Also, the
fidelity is improved. If the qubits in the program registers
are not maximally entangled which can be expressed as fol-
lows
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where  and  are complex numbers, and | |2+| |2= 1, the
fidelity will be improved from (2| |2)2  to 2| |2 .

To summarize, we present a general scheme of construct-
ing quantum logic gates based on teleportation, taking ac-

count of the inevitable decoherence of qubits to noisy
environment. In these cases, the quantum states are no longer
maximally entangled states, but non-maximally entangled
quantum states. To solve this problem, we introduce an aux-
iliary qubit and apply unitary transformation to get the de-
sired result. In the architecture of connecting quantum logic
gates, we analyze two methods and compare the time con-
sumed and fidelity. The results show that the parallel con-
nection outperforms cascade connection. As for the future
work, it can be carried out by optical experiments[17,18].
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