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Optical properties of a two-dimensional square-lattice photonic crystal are systematically investigated within
the partial bandgap through anisotropic characteristics analysis and numerical simulation of field pattern. Us-
ing the plane-wave expansion method and Hellmann–Feynman theorem, the relationships between the inci-
dent and refracted angles for both phase and group velocities are calculated to analyze light propagation from
air to photonic crystals. Three kinds of flat slab focusing are summarized and demonstrated by numerical
simulations using the multiple scattering method. © 2007 Optical Society of America
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. INTRODUCTION
photonic crystal (PhC) is an artificial medium whose re-

ractive index is periodically arranged.1,2 When propagat-
ng through this medium, electromagnetic waves will be

odulated in the form of Bloch modes and photonic band
tructure appears. Due to the multiple scattering in PhC,
nomalous electromagnetic phenomena such as the so-
alled negative refraction and its resulted flat slab focus-
ng can be present.3,4 Negative refraction is one of the un-
sual characteristics of left-handed materials, which were

nitially proposed by Veselago in the 1960s (Ref. 5) and
ave attracted renewed interest recently.6–12 In general,
n isotropic left-handed medium results in negative re-
raction. However, there is no necessary relation between
he refraction and rightness for anisotropic mediums.13

ake the anisotropic PhC as an example. Because of the
loch phase and group velocities being noncollinear, both

eft-handed positive refraction and right-handed negative
efraction can occur.

Usually, there are two kinds of negative refraction and
ts resulting focusing effect in PhCs.4,10,14 One is the left-
anded behavior as described by Veselago. In this case,
he electromagnetic fields E and H and the wave vector k
orm a left-handed triplet (i.e., S ·k�0, where S is the
oynting vector). This kind of negative refraction in PhCs
as first pointed out by Notomi,3 and has been demon-

trated by lots of numerical simulations and
xperiments.11–15 The other is realized without employing
egative index or left-handed behavior, but by the high-
rder Bragg scattering10 or anisotropy.4 In the latter case,
he PhC behaves much like a right-handed medium (i.e.,
1084-7529/07/020379-6/$15.00 © 2
·k�0). This kind of negative refraction and its resulting
ocusing were first theoretically investigated in the par-
ial bandgap of a two-dimensional (2D) square-lattice
hC in 2002, and was experimentally confirmed one year

ater.8,9 Subsequently, much attention has been focused
n such PhC arrays.16–19 Recently Li et al. have studied
hese extraordinary phenomena in PhCs made by cylin-
rical rods in a triangular lattice and elliptical rods in a
quare lattice20,21 that differ from squares-lattice PhCs
ith cylindrical rods studied intensively before and again

n this paper.
Instead of analyzing the photonic band structure and

quifrequency contours (EFCs) qualitatively as before, in
his paper we investigate optical properties of a square-
attice PhC in the partial bandgap by using the plane
ave expansion method and Hellmann–Feynman theo-

em to analyze the Bloch group velocities.22 Based on the
alculated results of the incident and refracted angles of
roup velocities, three kinds of flat slab focusing are sum-
arized and demonstrated by numerical simulations us-

ng the multiple scattering methods.19,23 Particularly, a
ight-handed flat lens that behaves like a left-handed op-
ically thinner medium is discussed.

. ANISOTROPIC CHARACTERISTICS
NALYSIS

he 2D PhC considered in this paper consists of square-
attice dielectric cylinders arranged in the background of
ir. The cylinder has a dielectric constant of �=12.96 and
radius of r=0.3a, where a is the lattice constant. Using
007 Optical Society of America



t
t
p
t
d
f
r
m
fi
c
g
l
n

l
a
b
i
w

w
f
t

re and

F
(

F
a

380 J. Opt. Soc. Am. A/Vol. 24, No. 2 /February 2007 Tang et al.
he plane-wave expansion method, photonic band struc-
ure and EFCs for the TM polarization are calculated and
lotted in Fig. 1. The frequency is normalized as a /� and
he interface between PhC and free space is along the �M
irection. According to Notomi’s theory, we can conclude
rom Fig. 1(b) that in the first band the PhC behaves
ight-handed, i.e., S ·k�0. In the partial bandgap (nor-
alized frequency from 0.185 to 0.222), EFCs within the

rst Brillouin zone (BZ) are significantly distorted from a
ircle, indicating strong anisotropy. In this case, the Bloch
roup velocities normalized to the EFCs are no longer col-
inear with their corresponding phase velocities, and
egative refraction can occur under certain conditions.

Fig. 1. (Color online) (a) Photonic band structu

ig. 2. (Color online) Schematics of anisotropy analyses for four
b) Group indices ng. (c) Angles between the Bloch wave vector k

ig. 3. (Color online) Schematics of the incident angle in free spa
nd (b) group velocities.
Considering the symmetry of a square lattice, we calcu-
ate the phase and group indices within a quarter BZ to
nalyze the anisotropic characteristics (i.e., the angle �
etween the Bloch wave vector and the interface normal
ncreases from −� /4 to � /4). The phase index24 can be
ritten as

np =
k

k0
= sgn�k · �g�

�k�

�k0�
, �1�

here k and k0 are the wave vectors of light in PhC and
ree space respectively, and sgn is the sign function. �g is
he group velocity in PhC, which is given by

(b) EFCs for the 2D PhC studied in this paper.

modes such as f=0.18,0.19,0.198, and 0.21 (a) Phase indices np.
ts corresponding group velocity �g.

its corresponding refracted angle in PhC for (a) phase velocities
Bloch
and i
ce and
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�g = �k	�k�. �2�

he group index22 is defined from the group velocity

ng = c/��g� = c/��k	�k��, �3�

here c is the velocity of the light in free space. Using the
lane wave expansion method and Hellman–Feynman
heorem,22 the calculated results of np and ng are shown
n Figs. 2(a) and 2(b). In order to directly exhibit the
loch phase and group velocities being noncollinear, the
ngle 
 between these two vectors is plotted in Fig. 2(c).
These parameters of four normalized frequencies such

s f=0.18, 0.19, 0.198, and 0.21 are shown in Fig. 2. For
=0.18 in the first conducted band, whose EFC is nearly a
ircle as shown in Fig. 1(b), the phase and group indexes
ary slightly and the Bloch wave vectors are almost col-
inear with their corresponding group velocities. At this
ong wavelength, the PhC can be treated approximately
s a homogenous isotropic medium characterized by an
ffective index. However, because of strong anisotropy in
he partial bandgap, these parameters change fast, espe-
ially at the edges of the BZ. In this instance, the effective
edium theory becomes invalid. To get an intuitive

ig. 4. (Color online) Refractions of a slit beam with an incident
ngle �=30° at the normalized frequencies: (a) f=0.18, (b) f
0.19, (c) f=0.198, and (d) f=0.21. Blue dashed lines and red
ashed and black arrows indicate the equiphase surfaces, phase
elocities, and energy flows, respectively.

ig. 5. (Color online) Distributions of (a) electric field amplitude
=0.18.
nowledge of light propagation from air to PhC, the rela-
ionships between the incident and refracted angles for
oth phase and group velocities are calculated and shown
n Fig. 3.

In Fig. 3(a), all incident phase velocities at these four
requencies are refracted almost at the same positive di-
ection for the same incident angle because their phase
ndexes are almost equal as shown in Fig. 2(a). But it is
otally different for the group velocities. From Fig. 3(b),
e can conclude three kinds of group refractions. For f
0.19, due to the convex and flat EFC as illustrated in
ig. 1(b), all incident beams are refracted positively but
onfined near the interface normal (the group refracted
ngles are less than 10°). At this frequency, near-field fo-
using can be present only for some thin slabs. As has
een studied intensively before, a typical canalization ef-
ect occurs at f=0.198. Most of the incident beams are
ent in the direction of �M. For the Bloch wave at the
dge of the BZ being excited, negative refraction can take
lace as has been demonstrated experimentally in Ref. 8.
t f=0.21, in some respects the PhC behaves like a left-
anded optically thinner medium though S ·k�0. Nega-
ive refraction occurs when a plane wave is incident from
ir to PhC with an angle less than the critical angle.

. NUMERICAL SIMULATIONS
o test the above analysis, numerical simulations are con-
ucted by using the multiple scattering method. First, we
onsider a slit beam23 incident on a PhC slab with an
ngle �=30° to the interface normal. Refractions for four
ormalized frequencies such as f=0.18, 0.19, 0.198, and
.21 are illustrated in Fig. 4. Isophases, phase velocities,
nd energy flows are indicated by blue dashed lines and
ed dashed and black arrows, respectively. Although the
heoretical results in Section 2 are calculated for infinite
hCs, they are still well consistent with these numerical
imulations. Positive refractions at f=0.18, 0.19, canaliza-
ion effect at f=0.198, and negative refraction at f=0.21
re demonstrated in Figs. 4(a)–4(d), respectively.
For investigating the imaging properties of a flat slab
ade from this PhC, a point source is located at do
1.5a away from the center of the first row. For the point
ource with f=0.18, at which the PhC behaves like an al-
ost isotropic right-handed medium, no focusing is

) intensity for a nine-layer PhC slab excited by a point source at
and (b
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resent as depicted in Fig. 5. In Fig. 6(a), an image is
ormed behind a nine-layer PhC slab due to the weak ca-
alization effect at f=0.19. When the slab is added to 19

ayers, the image disappears as shown in Fig. 6(b). At the
ypical canalization frequency f=0.198, an image appears
ven for a 29-layer slab as illustrated in Fig. 7. A guiding
hannel is clearly visible through the PhC slab.

For the PhC slab lens at f=0.21, the dependence of the
mage on the object distance and slab thickness is demon-
trated in Fig. 8. This kind of imaging is obviously differ-
nt from the near-field focusing caused by canalization ef-
ects. As shown in Fig. 8(a), a point source is located
efore a 17-layer PhC slab at do=1.5a, and an image is
ormed at di=7.5a away from the center of the last row.
hen, we relocate the point source at d =6a to increase

ig. 6. (Color online) Propagation maps for (a) 9-layer and (b) 1
he snapshots of the electric field amplitude. (a2) and (b2) displa

ig. 7. (Color online) Distributions of (a) electric field amplitud
=0.198.
o

he object distance beyond the near-field region. It is clear
n Fig. 8(b) that the image moves forward to di=6.4a. Fi-
ally, the slab lens is added to 29 layers, and the image is
vidently backed off at di=12.9a as depicted in Fig. 8(c).
hese phenomena are similar to the geometric optics
nalysis for a negative-index slab with �n � �1.

. CONCLUSION
n conclusion, we have systematically investigated the op-
ical properties of a 2D square-lattice PhC within the par-
ial bandgap by analyzing the Bloch group velocities. The
elationships between the incident and refracted angles
or both phase and group velocities have been obtained to
et an intuitive knowledge of light propagation from air to

PhC slabs excited by a point source at f=0.19. (a1) and (b1) are
orresponding intensity distributions.

b) intensity for a 29-layer PhC slab excited by a point source at
9-layer
y the c
e and (
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hC. Three kinds of focusing have been summarized and
emonstrated by numerical simulations. Although the
heoretical analyses of Bloch waves are calculated for in-
nite PhCs, they are still well consistent with the numeri-
al simulations. In this paper, our analysis has been fo-
used on a dielectric cylindrical square-lattice PhC, but it
lso can be extended to others such as triangular-lattice
ylindrical and elliptical-rod square-lattice PhCs.

CKNOWLEDGMENTS
his work is partially supported by the Natural Science
oundation of China (grants 10576012 and 60538010),
he National High Technology Research and Development
rogram of China (grant 2004AA84ts12), and the Special-

zed Research Fund for the Doctoral Program of Higher
ducation of China (grant 20040532005).

Z. Tang’s e-mail address is tangzx1000@163.com.

EFERENCES
1. E. Yablonovitch, “Inhibited spontaneous emission in solid-

state physics and electronics,” Phys. Rev. B 58, 2059–2062
(1987).

2. S. John, “Strong localization of photons in certain

ig. 8. (Color online) Imaging analysis for the PhC slabs at f=
7-layer slab, (c) Point source located at do=1.5a before a 29-laye
ude. (a2), (b2), and (c2) display the corresponding intensity dist
disordered dielectric superlattices,” Phys. Rev. Lett. 58,
2486–2489 (1987).

3. M. Notomi, “Theory of light propagation in strongly
modulated photonic crystals: refractionlike behavior in the
vicinity of the photonic band gap,” Phys. Rev. B 62,
10696–10705 (2000).

4. C. Luo, S. G. Johnson, J. D. Joannopoulos and J. B. Pendry,
“All-negative refraction without negative effective index,”
Phys. Rev. B 65, 201104(R) (2002).

5. V. G. Veselago, “The electrodynamics of substances with
simultaneously negative values of � and �,” Sov. Phys. Usp.
10, 509–514 (1968).

6. J. B. Pendry, “Negative refraction makes a perfect lens,”
Phys. Rev. Lett. 85, 3966–3969 (2000).

7. R. A. Shelby, D. R. Smith, and S. Schultz, “Experimental
verification of a negative index of refraction,” Science 292,
77–79 (2001).

8. E. Cubukcu, K. Aydin, E. Ozbay, S. Foteinopoulou, and C.
M. Soukoulis, “Negative refraction by photonic crystals,”
Nature 423, 604–605 (2003).

9. P. V. Parimi, W. T. Lu, P. Vodo, and S. Sridhar, “Imaging by
flat lens using negative refraction,” Nature 426, 404–404
(2003).

0. S. Foteinopoulou and C. M. Soukoulis, “Negative refraction
and left-handed behavior in two-dimensional photonic
crystals,” Phys. Rev. B 67, 235107 (2003).

1. R. Moussa, S. Foteinopoulou, L. Zhang, G. Tuttle, K.
Guven, E. Ozbay, and C. M. Soukoulis, “Negative refraction
and superlens behavior in a two-dimensional photonic
crystal,” Phys. Rev. B 71, 085106 (2005).

2. X. Ao and S. He, “Negative refraction of left-handed

A point source is located at (a) do=1.5a and (b) do=6a before a
. (a1), (b1), and (c1) are the snapshots of the electric field ampli-
ns.
0.21.
r slab

ributio



1

1

1

1

1

1

1

2

2

2

2

2

384 J. Opt. Soc. Am. A/Vol. 24, No. 2 /February 2007 Tang et al.
behavior in porous alumina with infiltrated silver at an
optical wavelength,” Appl. Phys. Lett. 87, 101112 (2005).
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