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ABSTRACT Using three-dimensional test particle simulations,
we investigated electrons accelerated by a focused flat-top laser
beam at different intensities and flatness levels of the beam
profile before focusing in vacuum. The results show that the
presence of sidelobes around the main focal spot of the focused
flat-top laser beam influences the optimum (as far as elec-
tron acceleration is concerned) initial momentum (and incident
angle) of electrons for acceleration. The difference of initial
conditions between laser beams with and without sidelobes be-
comes evident when the laser field is strong enough (a0 > 10,
corresponding to intensities I > 1×1020 W/cm2 for the laser
wavelength λ = 1 µm, where a0 is a dimensionless parameter
measuring laser intensity). The difference becomes more pro-
nounced at increasing a0. Because of the presence of sidelobes,
there exist three typical CAS (capture and acceleration scenario)
channels when a0 ≥ 30 (corresponding to I > 1×1021 W/cm2

for λ = 1 µm). The energy spread of the outgoing electrons is
also discussed in detail.

PACS 41.75.Jv; 42.60.Jf; 42.25.Fx

1 Introduction

With the rapid development of high intensity
lasers [1–4], laser acceleration of electrons has received much
attention [5–20]. One of the laser acceleration schemes, the
capture and acceleration scenario (CAS), was proposed in
our previous work [21]. The simulation results are obtained
for a standard Gaussian beam (SGB), i.e., TEM00 mode
Gaussian beam. We found CAS sets in only when the laser
field is strong enough (a0 ≥ 3, corresponding to intensities
I ≥ 1 ×1019 W/cm2 at the wavelength of λ = 1 µm, where
a0 = eE0/meωc is a dimensionless parameter measuring the
laser intensity, E0 denotes the electric field amplitude of the
laser beam at focus, ω the laser circular frequency, e and me

the electron charge and rest mass, respectively) [22]. The
CAS experiment is difficult to carry out not only because
the laser intensity should be high enough and the incident
electron should be initially relativistic (∼ 5 MeV), but also
the external electron bunch and the laser pulse should meet
each other at the laser focus. The recent advances of plasma-
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based laser acceleration will be helpful for the design of CAS
experiment. For a proof-of-principle test where the acceler-
ating fraction is not what concerned us mostly, an electron
bunch with a larger radius and wider pulse will be easy to syn-
chronize with the laser pulse spatially and temporally. CAS
electrons accelerated to high energy and the electrons not ac-
celerated effectively are separated spatially, which make it
feasible to detect the CAS electrons.

We also noticed that to maximize the laser output en-
ergy, the radial intensity distribution of an ultrahigh intensity
laser beam ends up having a flat-top profile, i.e., a distri-
bution which is nearly uniform over the central region and
reduces smoothly to zero away from beam axis [23, 24].
Using three-dimensional (3D) test particle simulations, we
confirmed that the CAS is still valid in a focused flattened
Gaussian beam (FFGB, FGB is a model describing the flat-
topped laser beam) [25, 26]. Electrons injected into such
a laser beam with proper initial momentum and incident
angle (crossing angle relative to the laser beam direction)
can be captured and then violently accelerated. Theoretic-
ally, it has been shown when a FGB is focused there are
sidelobes around the main focal spot [27, 28]. Experimen-
tally, sidelobes are observed around the main focal spot of
a real focused ultra-intense laser beam [3, 4]. The longitu-
dinal electric field of a focused laser beam is separated into
several regions by the sidelobes. The sidelobes can influence
the optimum (as far as electron acceleration is concerned)
CAS electron initial conditions which are important to CAS
experiments.

Our simulation results show that the presence of sidelobes
influences the optimum initial conditions of electrons for ac-
celeration. For a FFGB with a0 ≤ 10 (almost the highest laser
intensity achieved so far) the differences of optimum electron
initial conditions between FFGB and SGB are negligible. For
a0 > 10, the sidelobes should be considered as far as vacuum
electron acceleration is concerned. For a FFGB with a0 > 30,
there exist three CAS channels: (1) Electrons injected with
larger incident angle and are reflected by the sidelobes; (2)
Electrons injected with small incident angle and avoiding the
sidelobes; (3) Electrons injected with large incident angle and
penetrating the sidelobes.

This paper is organized in four sections. In Sect. 2 we de-
scribe the FFGB laser field. Simulations and results of laser
electron acceleration are presented in Sect. 3. Conclusions are
given in Sect. 4.
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2 Laser fields

The laser field adopted here is polarized along the
x direction and propagates along the z axis. The electromag-
netic field of the laser pulse is described in forms of the
vector potential A (Ax , Ay = 0, Az = 0). Using the Lorentz
gauge, one can obtain the scalar potential by using the equa-
tion Φ = (c∂Ax/∂x)/[ik −2η/(cτ)2] where k = 2π/λ is the
laser wave number, η = z − ct, τ is the pulse duration. Then
the electromagnetic field components can be obtained with
E = −∂A/∂t −∇Φ and B = ∇ × A as in [25]. Since the wave
equations for vector potential and electric field have the same
form, following the method introduced in [25–29], instead of
the electric field, we set Ax of a FFGB as [26]

Ax =A0
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in which the form factor of the laser pulse is assumed as
f(η) = exp[−((z − ct)/cτ)2], Ln is the nth Laguerre poly-
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, A, B and C are the elements of the pertaining

ABCD matrix given by the product of the matrices corres-
ponding to the focusing mirror and free propagation. Further-
more, wN(0) = w0/

√
N +1, w0 is waist size of the FGB, and

ϕ0 is the laser initial phase.
The extension of the area in which the laser field amplitude

is approximately uniform is governed by the integer param-
eter N. The beam is Gaussian for N = 0, the top of the dis-
tribution curve becomes more and more flattened in the waist
plane as N increases. When N → ∞, the curve becomes a rect
function [rect(r) is defined as 1 if |r| < 1 but 0 elsewhere] in
the waist plane or a circ function (defined as the Fourier trans-
form of rect function) in the focal plane. Figure 1 shows the
amplitude profiles of Ex and Ez in the focal plane for FFGB
and SGB, where w′0 ≈ (λ f )/(πw f ) represents the laser beam
width at focus, f is the focal length, w f is the spot size at the
focusing mirror. In our case, without loss of generality, we let
w f = w0. Figure 1a and c are for |Ex| and |Ez| of SGB in focal
plane. Figure 1b and Fig. 1d are for those of FFGB. The up-
per inserts show the electric field amplitudes as functions of x
along line y = z = 0. Please notice that, when N > 0 there are
sidelobes outside the main focal spot because of diffraction.

FIGURE 1 Amplitude profiles of Ex and Ez in the focal plane for FFGB
(N = 8, a beam with a flat-topped intensity distribution before focusing) and
SGB (N = 0). Laser intensity a0 = 1

3 Simulation model and results

Throughout this paper the momentum, length and
time are normalized by mec, k and ω, respectively. Other para-
meters are kept constant: laser beam width at focus w′

0 = 60
and laser pulse duration τ = 500.

To study the characteristics of electron acceleration by
the SGB and FFGB propagating in vacuum, the relativistic
Newton–Lorentz equation [21, 22] dP/dt = −e(E+v× B)

(where v is the electron velocity in units of c, P = γv is the
electron momentum, and γ = (1 −v2)−1/2 is the Lorentz fac-
tor) is solved using 3D test particle simulation.

The single-particle simulations are carried out to show
the difference between laser beams with different N and
a0. Electrons with initial momentum P0 are injected in the
x − z plane, towards the coordinate origin, at a crossing
angle θ with respect to the laser beam. Without the influ-
ence of laser field, the electrons will arrive at the original
point when the laser pulse center arrives at the original
point (time delay between laser pulse and electron ∆t = 0).
The laser initial phase ϕ0 (denoting the phase of an elec-
tron with respect to the carrier wave since ∆t is fixed) is
scanned from 0 to 2π. The single-particle simulation is
not the real case of electron bunch interacting with laser
beam, but it shows the main physical characteristics more
clearly.

To be effectively accelerated, the electrons have to pass
through the sidelobes to enter the high intensity laser field re-
gion. The threshold transverse momentum Pxc for electrons
to pass through the potential barrier of the side-lobe can be
expressed as [30]
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Pxc = (a0ξN)/
√

2 , (2)

which is predicted by the ponderomotive potential Vpond =
(
√

1 +|A|2/2 −1)mec2, and ξN represents the ratio of the
peak intensity of the side-lobe to a0 [31, 32]. Since Pxc is pro-
portional to laser intensity, the effects of sidelobes on vacuum
electron acceleration will be more notable as increasing a0.

Since the electron final energy γ is sensitive to the laser
initial phase ϕ0 as well as the electron initial momentum P0
and incident angle θ , the distributions of electron final en-
ergy γav presented in Fig. 2 is the value averaged over the
range of ϕ0 ∈ [0, 2π]. These distributions of outgoing en-
ergy are displayed in a two-dimensional space spanned by
P0 and θ . For SGB (without sidelobes), there is one contin-
uous P0 − θ region within which electrons can be effectively
accelerated. The differences of optimum electron initial con-
ditions between FFGB and SGB are negligible when a0 = 10,
and differences become evident as a0 increases. For the FFGB
with a0 ≥ 30, the P0 − θ region for effective acceleration
is divided into two parts by a dashed line, which indicates

FIGURE 2 The distributions of
electron final energy γav (γav is av-
eraged in the range of ϕ0 ∈ [0, 2π])
in the two-dimension space con-
structed by the electron initial mo-
mentum P0 and the incident angle θ.
(a) N = 0, a0 = 10, (b) N = 8, a0 =
10, (c) N = 0, a0 = 30, (d) N = 8,
a0 = 30, (e) N = 0, a0 = 80 and
(f) N = 8, a0 = 80. Other parameters
are w′

0 = 60 and τ = 500. Dashed
lines represents Pxi = Pxc

the threshold transverse momentum Pxc for electrons to pass
through the potential barrier of the side-lobe [30]. When the
initial transverse momentum Pxi is larger than Pxc, electrons
can go through the side-lobe and be effectively accelerated.
When Pxi < Pxc , electrons with a small incident angle θ can
pass within a lower side-lobe and then can also enter the in-
tense field region and be accelerated. When the laser intensity
a0 ≥ 30, the side-lobe is so strong (∼ a0/10 for N = 8) that it
can also capture and accelerate electrons [22].

As an example, we take a0 = 80 to study the character-
istics of electron dynamics in the high-intensity FFGB laser
field. Results show that there exist three typical CAS electron
trajectories (as shown in Fig. 3). When Pxi > Pxc (P0 ∼ 32
and tan θ ∼ 0.24), the electrons can pass through the sidelobes
and enter the high intensity region of Ez. While for Pxi < Pxc,
when θ is small (P0 ∼ 32 and tan θ ∼ 0.07), the electrons by-
pass the intense side-lobe and are then accelerated to high
energies; when θ is large (P0 ∼ 9 and tan θ ∼ 0.2), the elec-
trons are reflected by the side-lobe. Although the side-lobe
can accelerate electrons too, this is not the case we are looking
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FIGURE 3 Intensity distribution of (a) Ex and (b) Ez of FFGB (N = 8) in
x − z plane. Electron trajectories for initial conditions (P0 = 32, tan θ = 0.24,
solid lines), (P0 = 32, tan θ = 0.07, dashed lines) and (P0 = 9, tan θ = 0.2,
dash-dotted lines) are shown also. Other parameters are a0 = 80, w′

0 = 60
and τ = 500

for since the electron final energy is very low due to the low
intensity of Ez inside the side-lobe.

It has long been known that for the case of plane E-M
wave in vacuum, the correlation between the outgoing en-
ergy and the scattering angle of accelerated electrons can
be described by a single-valued function [33–38]. However,
for a focused laser beam in vacuum, we get that electrons
even with the same outgoing energy will have an angular
spread [39]. Namely, the energy spread in vacuum acceler-
ation by a focused laser beam is inherent and can not be
avoided in any vacuum laser acceleration experiment. But, ac-
cording to our simulation results, this energy spread is much
smaller than that induced by different initial conditions of dif-
ferent electrons in a bunch. To evaluate the characteristics
of the electron energy spread in FFGB with different initial
conditions, we calculated the relative energy spread ∆γ/γm ,
where γm is the most probable energy and ∆γ the full width
at half maximum of the electron energy spectrum. Figure 4
is a scheme for the treatment of these data, where electrons
with initial momentum P0 are injected towards the coordinate
origin with ∆t = 0, and ϕ0 is scanned from 0 to 2π, as ex-
plained earlier. Figure 4a shows the electron output energy γ

as a function of ϕ0 and Fig. 4b shows the energy spectrum of
these electrons. Following this way, we scan for different ini-
tial momentum and injected angle. The simulation results are
shown in Fig. 5, where a and b are the relative energy spread
and most probable energy for N = 0, c and d, e and f are for

FIGURE 4 Illustration of relative energy spread ∆γ/γm for electrons with
initial phase ϕ0 ∈ [0, 2π]. (a) the electron final energy as a function of ϕ0 and
(b) the corresponding spectrum of (a). Electron initial momentum P0 = 32
and incident angle tan θ = 0.24. Other parameters are a0 = 80, w′

0 = 60 and
τ = 500

N = 4 and N = 8, respectively. We note that the case a little
fraction of electrons with ϕ0 ∈ [0, 2π] is accelerated to high
energy and the average energy γav is high which is shown in
Fig. 2 is excluded from Fig. 5. A good acceleration channel
should be one with high outgoing energy, high acceleration ef-
ficiency and low energy spread. From Figs. 5 and 2, we can
choose the favorite electron initial conditions according to the
most concerned factors.

It is known that the laser pulse shape (the degree to which it
is flat-topped) will fluctuate from pulse to pulse (pulse jitter).
From Fig. 5c–f we see that the accelerating region of initial
conditions around P0 ∼ 32 and tan θ ∼ 0.24 are not very sensi-
tive, and it makes little difference between N = 4 and N = 8.
The trajectories of electrons injected at the same momentum
and angle for both N = 4 and N = 8 are shown in Fig. 6, where
color presents the electron energy γ . The propagating direc-
tions of accelerated electrons are close, both for electrons with
different ϕ0 in the same FFGB and for electrons in N = 4 and
N = 8 laser beams. As far as the initial conditions and outgo-
ing direction are concerned, the electron acceleration through
channel around P0 ∼ 32 and tan θ ∼ 0.24 is not very sensitive
to the pulse jitter, while the channel with small incident angle
is contrary.

The single-particle simulations mentioned above show the
main physical characteristics clearly, especially when com-
paring with different pulse shape, laser intensity, etc. When
the laser intensity is strong enough, there exist three CAS
channels in the FFGB field. The acceleration of electrons with
initial transverse momentum larger than the threshold trans-
verse momentum is not very sensitive to initial conditions,
and yields a small energy spread. However, when an electron
bunch with bunch length comparable or larger than the laser
pulse width is concerned, it may be more complex. The bunch
is so large that some of the electrons will experience a lower
laser field. This will surely influence the output bunch prop-
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FIGURE 5 The distributions of relative energy spread ∆γ/γm and most
probable energy for electrons with initial phase ϕ0 ∈ [0, 2π] in the two-
dimension space constructed by the electron initial momentum P0 and the
incident angle θ. (a) and (b) N = 0, (c) and (d) N = 4, (e) and (f) N = 8.
Other parameters are a0 = 80, w′

0 = 60 and τ = 500

FIGURE 6 Trajectories of electrons with initial phase ϕ0 ∈ [0, 2π] in N =
4 (a) and N = 8 (b) FFGB, where color shows the electron energy γ

erties. In the following the characteristics of electron bunches
driven by FFGB within the three channels found in single-
particle simulations are studied. The schematic geometry of
electron bunch captured and accelerated by a laser beam is
shown in Fig. 7. Injected electrons are uniformly distributed
with radius r = 2w′

0 and length L = 2000. Without the influ-
ence of laser field, the electron bunch center will arrive simul-

FIGURE 7 Schematic geometry of electrons captured and accelerated by
a laser beam. Injected electrons are uniformly distributed with radius r = 2w′

0
and length L = 2000. The crossing angle between electron spectrometer and
laser beam α is optimized for different initial conditions. Electron collecting
angle β = 2◦

taneously with the laser pulse center arrives at the coordinate
center. Electrons with different ∆t will experience different
parts of the laser phase. When the laser pulse width or the elec-
tron bunch length is much larger than the laser wavelength,
the influence of ϕ0 is not significant. Without loss of general-
ity, the laser initial phase ϕ0 is set to 0. The crossing angle α

between electron spectrometer and laser beam is optimized to
get the highest averaged electron final energy for given initial
conditions. The collecting angle β of the electron spectrom-
eter is set to be 2◦.

Electron bunches accelerated by FFGB with N = 8 and
a0 = 80 through three channels are simulated and the results
are shown in Fig. 8. Figure 8a, c and e are the angular spreads
of output electrons in the x − y plane, where points denote
electrons, color of points shows the energy of electrons, and
solid circles show the collecting aperture of electron spec-
trometer (as shown in Fig. 7). Figure 8b, d and f present the
spectra of electrons collected by the spectrometer correspond-
ing to Fig. 8a, c and e, respectively. Because the dimension of
the electron bunch is larger than that of the laser pulse, some
marginal electrons experience quite a weak laser field and
go almost straightforward. Electrons experiencing a stronger
laser field (but weaker than the CAS laser intensity thresh-
old [22]) are reflected by the field. Electrons near the bunch
center experience a laser field with intensity higher than the
CAS laser intensity threshold and are captured and acceler-
ated effectively (a few of these central electrons with unsuit-
able ∆t can not be captured and will be scattered out of the
laser beam [22]). CAS electrons accelerated to high energy
and the scattered or the straightforward electrons not acceler-
ated effectively are separated spatially, which make it feasible
to experimentally detect the CAS electrons. For the case of
Fig. 8a and b (P0 = 32, tan θ = 0.24), the electron capture
fraction is low, but the incident angle is so large that the elec-
trons will never meet the brim of the focusing mirror of the
laser beam, which may simplify the design of a CAS experi-
ment. For the case of Fig. 8c and d (P0 = 32, tan θ = 0.07),
the electron capture fraction is high (close to the optimum case
of SGB), and the maximum final energy is higher than that in
other cases. The case of Fig. 8e and f (P0 = 9, tan θ = 0.2) is
not that wanted due to the low capture fraction and low output
energy.

When a focused SGB is adopted, the incident angle
of CAS channel is small. A tiny hole should be punched
on the focusing mirror to let the electrons through, or,
an external magnetic field is required to let the electrons
bypass the mirror. These will influence the laser field or
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FIGURE 8 Angular distributions of output electrons in x − y plane [(a) for
(P0 = 32, tan θ = 0.24), (c) for (P0 = 32, tan θ = 0.07) and (e) for (P0 = 9,
tan θ = 0.2)], where points denotes electrons, color of points shows the en-
ergy of electrons, and solid circles show the collecting aperture of electron
spectrometer. (b), (d) and (f) present the spectra of collected electrons cor-
responding to (a), (c) and (e), respectively. Schematic geometry of electron
injection and collection is shown in Fig. 4. Other parameters are a0 = 80,
w′

0 = 60 and τ = 500

make the CAS experiment difficult to carry out. Using
a focused FGB with diffraction rings may overcome this
difficulty because the big incident angle of CAS channel
can make the incident electron enter the laser field with-
out meeting the focusing mirror. These results can shed
some light on the experimental design to test the CAS
scheme.

4 Conclusion and discussion

In conclusion, the presence of sidelobes in fo-
cused flat-top laser beams influences the electron initial con-
ditions (optimum initial momentum) required for effective
CAS. When the laser intensity is low (a0 ≤ 10 for N = 8),
the difference of optimum electron initial conditions between
FFGB and SGB is negligible. This difference becomes, how-
ever, evident with increasing a0, and the sidelobes should
be considered as far as CAS electron acceleration is con-
cerned. When the laser intensity is strong enough (a0 ≥ 30
for N = 8), there exist three CAS channels in the FFGB
field. Electrons with initial transverse momentum larger than
the threshold transverse momentum needed to pass through

the ponderomotive potential barrier of the sidelobes have
a large incident angle. Electrons with small incident angle
have a high rate of being captured, and the maximum out-
put energy is higher than that of SGB. These results may be
helpful for the design of a CAS experiment. Here we would
like to point out that it may be too early to compare vac-
uum laser acceleration scheme with plasma-based laser ac-
celeration such as LWFA, etc. presently, because these two
kinds of laser acceleration schemes are in totally different
R&D (research and development) status. More experimental
and theoretical works are needed before we can say some-
thing about if the CAS scheme is competitive with other
schemes.
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