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Starting from the Maxwell's equation, and using the resonant-dipole equation together with the multilevel rate

equations which take the e�ects of energy relaxation into consideration, we have derived a more realistic numerical

model of the chirped pulse ampli�cation for an ultra-broad band width laser ampli�er. Numerical simulations of this

model show that both the intensity pro�le and the energy uence of the ampli�ed chirped pulse are closely connected

with the two relaxation e�ects: the relaxation of the thermalization among the components of the laser multiplets and

the depletion of the lower laser level. The results are valuable for the design of ultra-broad bandwidth chirped pulse

ampli�cation lasers.
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1. Introduction

Ultra-short pulse lasers with high-peak-power are

applicable in many �elds, such as fusion, plasma

physics, x-ray generation, and so on.[1;2] However, the

construction of high-power ultra-short pulse lasers is a

kind of long-term and high-technique work, whose key

problem is to guarantee the quality of the laser ampli-

�cation and reduce the expense. In this case, the cor-

responding theoretical study can provide proper pa-

rameters for the laser-building, and help to optimize

the system and decrease the diÆculty of the laser-

building. For the chirped pulse ampli�cation (CPA)[3]

is an e�ective regime to produce ultra-short high-

peak-power lasers in solid-state laser medium, and

the characteristics of pulses under di�erent conditions

can all be described by the de�nition of the chirped

pulse.[4] Thus in this paper, we make a theoretical

study about CPA in detail.

Two types of theoretical model for CPA have been

reported so far. One is the coherent ampli�cation

model,[5] which is derived from the Maxwell's equa-

tion, the resonant-dipole equation and the rate equa-

tions. The other is based on the ordinary Frantz{

Nodvik model,[6] which uses the transport equation

and the rate equations to describe the propagation

of chirped pulses.[7;8] We should note that the self-

phase modulation and dispersion are considered in the

former model. This model can describe the charac-

teristics of a CPA laser more accurately and is used

more frequently than the latter model,[9;10] which is

a reduction of the former.[11] The coherent ampli�ca-

tion model has been reported in Ref.[5], however, a

narrow bandwidth approximation has also been intro-

duced into it to investigate the ampli�cation prop-

erties of Nd:glass, which has a relatively narrower

bandwidth. Therefore, the model in Ref.[5] cannot

be used to investigate the ampli�cation characteris-

tics of the ultra-broad bandwidth laser medium, e.g.

the main gain medium of the CPA Ti:sapphire laser.

In this paper, the model in Ref.[5] will be extended,

and another coherent ampli�cation model will be de-

rived. In this case, the narrow bandwidth approxima-

tion used in Ref.[5] is eliminated, while the multilevel

rate equations,[12] including the e�ects of the energy

relaxation, are introduced into it. To the best of our

knowledge, this is the most realistic coherent ampli�-

cation theoretical model for the CPA laser.

2.Theoretical model

If an ampli�er is placed within the Rayleigh range

of a light beam, and the transverse 00 mode of the
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pulse keeps invariable when the light is ampli�ed, the

propagation of a pulse in an ampli�er can be described

by the Maxwell's equation[4;5]
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where E(z; t0) is the electric �eld, z is the propagation

distance, t0 is the time in the laboratory time frame,

c0 is the speed of light in vacuum, �0 is the permeabil-

ity in vacuum, P (z; t0) is the resonant polarization of

the gain medium, and P L(z; t
0) and PNL(z; t

0) are the

linear and nonlinear polarizations of the gain medium,

respectively, which satisfy

(
P L(z; !) + "0E(z; !) = n2L(!)"0E(z; !);

PNL(z; t
0) = 2n0n2E < E2(z; t0) > "0E(z; t

0):
(2)

Here P L(z; !) and E(z; !) are the Fourier transforms

of the P L(z; t
0) and E(z; t0), respectively, nL(!) is the

linear index of the refraction, n0 = nL(!0) is the lin-

ear index of the refraction at the carrier frequency !0,

n2E is the coeÆcient of the nonlinear index of the re-

fraction.

In the homogeneously broadened multilevel gain

medium, the resonant polarization P (z; t0) is governed

by the resonant-dipole equation[4;5]
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where �!a is the spectral width of the gain medium

(FWHM), !a is the centre angular frequency of the

spectral, N2(z; t
0) and N1(z; t

0) are the population

density of the upper and lower lasers levels respec-

tively, K = "c�0�!a is a constant, in which ", c and

�0 are the permittivity of the gain medium, the speed

of light in the gain medium, and the stimulated cross

section of the gain medium at !a, respectively.

Neglecting the inuence of the pump during the

ampli�cation, the more realistic multilevel rate equa-

tions can be written as follows[12]
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where N2(z; t
0) and N 0

2(z; t
0) are two multiplets of the

upper energy level, N1(z; t
0) and N 0

1(z; t
0) are two mul-

tiplets of the lower energy level (stimulated transition

occurs between the laser levels N2(z; t
0) and N1(z; t

0)),

�2 and �1 are lifetimes of the upper and the lower laser

levels, k2 and k1 are the coeÆcients of the Boltzmann

distribution for the upper and the lower energy lev-

els, respectively. � is the thermalization time, �h is the

Planck's constant, and W21 is the possibility of the

stimulated transition of the upper laser level, which is

governed by,[4;5;11]
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0)] =
1
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Equations (1){(5) are the basic equations to de-

scribe the chirped pulse propagation in a laser ampli-

�er. When E(z; t0), P (z; t0), P L(z; t
0) and PNL(z; t

0)

are polarized in the same direction, these equations

can be simpli�ed by dropping their vector notation,

which is made as follows

E(z; t0) and P (z; t0) can be written as(
E(z; t0) = RefE0(z; t

0)exp[i(!0t
0 � �0z)]g;

P (z; t0) = RefP0(z; t
0)exp[i(!0t

0 � �0z)]g;
(6)

where �0 = n0!0=c is the propagation constant at the

carrier frequency !0. The frequency-dependent prop-

agation constant can be expanded as

�(!) =
!nL(!)

c

��0 + �0(! � !0) +
1

2
�00(! � !0)

2; (7)

where �0 and �00 are the �rst-and the second-order

derivatives of the �(!) evaluated at !0. Then follow-

ing the simpli�cation steps in Ref.[13], substituting

Eqs.(2), (3) and (6) into Eq.(1), and by using the

slowly varying envelope approximation (SVEA) and

the dispersion expression (7), we obtain
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where �0 = 1=3, �2 = 2�n2E=�0, with �0 being the

wavelength in vacuum. Similarly, applying SVEA

to Eq.(3) and dropping the second harmonic (or 2!)

terms in Eq.(5), we have
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We should stress that Eqs.(4), (8), (9) and (10)

are the components of the coherent ampli�cation

model for the CPA laser in ordinary laboratory time

frame. Before making numerical simulation of them,

the moving time frame t = t0 � �0z should be intro-

duced into the equation, so we obtain
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Equations (11) are the numerical coherent am-

pli�cation model for the CPA laser. They have two

advantages compared with that in Ref.[5]; one is that

no narrow bandwidth approximation (�!a � !a) is

introduced, so that it can be used to investigate the

ampli�cation characteristics of an ultra-broad band-

width gain medium; the other is that the multilevel

rate equations used in Eqs.(11) can be easily simpli-

�ed to the rate equations of two or three-level laser

system by varying �1 and �,[12] i.e. Eqs.(11) are a

more realistic ampli�cation model for the CPA laser.

The �nal equation in Eqs.(11) can be further sim-

pli�ed using the expression P0(z; t) � �"E0(z; t)(�
0 +

i�00)"E0(z; t),
[4] thus we have

W21[N2(z; t)�N1(z; t)]

�
1

�h!a

!0
c
�00(!)I(z; t)

=
1

�h!a
�(!)N(z; t)I(z; t): (12)

Equation (12) provides another numerical model

for the CPA laser, by which we can use experimental

data of the stimulated cross section �(!) to gain more

realistic computer-simulated results.

3.Numerical simulations

The inuences of the two energy relaxation ef-

fects will be demonstrated in detail in this section.

We use, Nd:glass as the ampli�er, and give its pa-

rameters as follows.[5;14;15] The centre wavelength

�a=1053nm, the spectral width ��a=30nm, the con-

stants K1=1.651, K2=0.463, the saturation energy

uence hva=�0 is 4.7J�cm
�2, and the small-signal gain

of the ampli�er is 50. Furthermore, a �fth super-

Gaussian chirped pulse is applied as the input sig-

nal, whose positive linear chirp amount is governed by

�!L�=2,
[5] in which �!L = 2�c��L=�

2
0 is the spec-

tral width of the input signal, � is the half pulse width

at e�1 intensity points. The parameters of the input

signal are as follows: the centre carrier wavelength

�0=1053nm, the spectral width ��L=5nm, the half

pulse width �=1ns, and the input energy uence is

0.19J�cm�2.

3.1. Inuences of the ampli�ed chirped pulse

on the intensity pro�le

There are two types of energy relaxation:[15] one is

the depletion of the lower laser level, and the other is

the thermalization among the components of the up-

per and lower energy multiplets. Both types of energy
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relaxation can increase the decreased inverse popu-

lation during the ampli�cation of the pulse, but the

mechanisms are di�erent. The former increases the in-

verse population by decreasing the population of the

lower laser level, while the latter increases the inverse

population by spreading the population among the

components of the energy multiplets under thermal-

ization equilibrium condition. This makes no change

to the total population of the upper and lower energy

levels. Figures 1 and 2 show the inuences of the two

types of energy relaxation on the intensity pro�les of

the ampli�ed chirped pulses, respectively.

Fig.1. Intensity pro�les of the ampli�ed chirped pulse

for di�erent depletion time �1=0.1, 1 and 10ns at the

same thermalization time �=1ns.

Fig.2. Intensity pro�les of the ampli�ed chirped pulse

for di�erent thermalization time �=0.1, 1 and 10ns, at

the same depletion time �1=1ns.

Although the amplitudes of the two �gures are

di�erent at the trailing edge of the pulses, both �g-

ures vary with the same tendency. The intensity of

the chirped pulse increases with decreasing the relax-

ation time, and the inuence of the gain saturation on

the pulse is less when the relaxation time is shorter,

i.e. for a shorter relaxation time with a higher relax-

ation rate, the decreased inverse population can be

increased faster during the ampli�cation, so the in-

put pulse can be ampli�ed to a higher intensity for its

higher inversion population. On the contrary, when

the relaxation time is longer, the relaxation rate is

slower and the intensity of the ampli�ed chirped pulse

will be decreased due to the relative lower inverse pop-

ulation.

3.2. Inuences on the energy uence of the

ampli�ed chirped pulse

Figure 3 shows the inuences of the energy relax-

ations on the energy uence of the ampli�ed chirped

pulse.

Fig.3. Output uence of the ampli�ed chirped pulse ver-

sus the thermalization time � and the depletion time �1.

We can see that for the same relaxation time, the

output energy uence of the ampli�ed chirped pulse

under the e�ect of the depletion (dashed line) is higher

than that under the e�ect of the thermalization (solid

line). This is just because the depletion decreases the

population of the lower laser level, while the thermal-

ization only redistributes the population of the lower

and the upper energy levels, and the total population

of them keeps unchanged. Thus, when the relaxation

rates are equivalent, the depletion can increase the

decreased inverse population more eÆciently than the

thermalization, and the pulse can have a better am-

pli�cation with a higher output energy uence under

this condition.

In fact, the e�ects of both relaxations are co-

existing in the laser ampli�er and they would a�ect

each other, which may be seen clearly in Fig.4.
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Fig.4. Inuences of the depletion (dashed line with

the same thermalization time �=1ns) and the ther-

malization (solid line with the same depletion time

�1=1ns) on the output energy uence of the ampli�ed

chirped pulse.

The dashed and solid lines in Fig.4 show the out-

put energy uence of the ampli�ed chirped pulse ver-

sus the lifetime of the lower laser level and the ther-

malization time, respectively. It can be seen that both

lines decrease when the relaxation time increases and

the rapid variation of them occurs when the relaxation

time is about equal to the width of the pulse. Further-

more, di�ering from those in Fig.3, the lines in Fig.4

are crossed at about 1ns under our calculation condi-

tions. We should note that this kind of cross is caused

by the competition of the two relaxation e�ects. When

the relaxation time is shorter than 1ns, for the dashed

line, the depletion plays the main role in increasing

the inverse population for the depletion time is less

than the thermalization time; but for the solid line,

the depletion time is longer than the thermalization

time on this condition, and the thermalization plays

the main role in increasing the inverse population dur-

ing the ampli�cation. Since the depletion can increase

the decreased inverse population more eÆciently than

the thermalization (Fig.3), when the relaxation time

is shorter than 1ns, the dashed line is higher than the

solid line, and the pulse can have a better ampli�ca-

tion with a higher energy uence. On the contrary,

when the relaxation time is longer than 1ns, the roles

of both relaxation e�ects will interchange in the two

lines, i.e. the thermalization and the depletion will

play the main role in increasing the decreased inverse

population in the dashed and solid lines, respectively.

As a result, the output uence of the pulse in the

dashed line will be lower than that in the solid line,

and the two lines are crossed at about 1ns.

4.Summary

We have derived a numerical simulation model for

the ultra-broad bandwidth CPA Laser. It is a more

realistic model for designing high-power laser ampli-

�ers since the multilevel rate equations are introduced

into it. By performing a numerical simulation to the

model, we have investigated in detail the inuences of

the relaxation of the depletion of the lower laser level

and the thermalization among the components of the

laser multiplets on the intensity pro�les and energy

uences of the ampli�ed pulse. The results give in

this paper are valuable for choosing the parameters of

the ampli�er and simulating the ampli�cation process

of the high-power ultra-short laser ampli�er systems.
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