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Deterministic entanglement purification for decohered GHZ
state assisted by spatial entanglement

ZHU Mengzheng*, SU Mengyuan, GONG Pifeng, ZHANG Jinfeng

(' School of Physics & Electronic Information, Huaibei Normal University, Huaibei 235000, China )

Abstract: A deterministic entanglement purification protocol (EPP) for polarization decohered
Greenberger-Horne-Zeilinger (GHZ) state is presented based on linear optical elements such as
polarization beam splitter and half-wave plate. The proposed EPP makes use of spatial entanglement as an
additional resource to purify polarization entanglement, and its essence is to transfer the bit-flip and
phase-flip errors from polarization degree of freedom (DOF) to spatial one using the methods of linear
optics and hyper-entanglement. The entanglement purification scheme can be implemented without
knowing any parameters of the low-entanglement GHZ state to be purified, without converting phase flip
errors to bit flips for purification, introducing the nonlinear effects. According to the proposed EPP, just
in a purification step, both the bit-flip and phase-flip errors in the polarization mixed states can be
deterministically corrected by using additional entanglement DOF in spatial mode, which greatly

enhances the experimental feasibility of this scheme.
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Fig. 1  Schematic illustration of the EPP for the polarization decohered GHZ state using the spatial entanglement as an additional

resource based on the linear optical elements

1.1 HEARMUUESREZRETEZWARELE THRABEER
B 5 AR AL A A AN AR AR T R L, FOEE A Py P 1 SR B O RS o) i

03) |oi)  SEANIRE P A LBOE . LB EITHFBT Reys MRS 2 PBS R Ry % — 5

BRI 2 I SR =77 W AFEZE MR B a s by o, BMaye by o FERAHIR E1 FHEE 1052 K418 GHZ 25,
AL RIS ()R

0 AR 9 1 o P o TS B G 1 R A O By, M BRSO T
o) |5y | 03 [ , ELAEHEE B 0 A AR B o 25 0 A B 6 80 ) o P o,

M B 5 AN A 2] 7R . IR =5 V3R P EE [ i e, by o BB a0 by o, TERAT
i B 2 B KR 98 GHZ 25, W L(5)3 o BT IR W A5 190 T UL, (i 9% 11 E 2 v s B0 7 300 2 i
e b5 S5 AN 2 s ) I 21 Al A P 2SR R o 38 S R B R R R R A SIS TR T R T iR
H B P B AR AL B AR . ST SCBRO11), AT B AlAk 7 5, IR B R A AR L 3 A B R T EL R 4L
R IE, 1 70 %5 ¥4 A 9 LU Rr e 1 iR Jm Rt — D Al b B, 55 SCHR[10] H AL BES U AS [ o X T o A2 735

0;) AN




F e SR 1EA: A3 20 R B B R MR JE GHZ 25 RO € TR 2l ik 947

¢$>p

oi) BE | 0y) | ), PEANTLALFER

|¢§>p

(|VVV>”C + |HHH>M

2Cs

¢g>5=(|HHH>WI+ |HHH>azbzczi |VVV>H‘h]C‘J_r \VVV>%% )/2%‘3
+|HHH) | +|VVV) = )2—>

()  s|HHH) | + 2> (5)

161

22 2026

(vvv) —+|HHH) —+|vvv)
o) o)
1.2 HZWIRULULETS Alice 75 & & LL4FEREE RO BISE SR

I RRIER = EIENR T &R 01) [00) Blor) i) e 2, SR Alice 77 REAT 61110
g% 11 B3 0 A LR B R R R X I ARy B, DU e R 23 5 3% PBS AT JE 3 1 B 1 Ry, AR
25, BT Eor) [03) AN 0;) [ot)  AERATIRYEE 1 AISAG) R 2 LTI, Lo i
A5 5, AR 11 E T2 F PR AR T D LR T 5% 38 B R 80 4 1) 11 o1 B o, T 11 B 30 1 AR IE, S e =
TR TTUER A B 0y by o, BRI 0,y by o, P EESRAS FTHTE IR AL IR K 21 48 GHZ 25 . 1T
2, VR 1T O A FE At 2 TR 8 A iR 4 2
1.3 HEZARLLLETS Bob 75 2 HE LU RS R ERRE R IR

{5 B Bob J7 1196 B T4 A RS RMIEE B85, M S35 T80 0 EH DR ARIR 1 e P (O AR BB, 1B 0, di e =
TSR TR 07) | 0;) - BN, BTE]03) o) BWEA])) |93) o KT Alice. Bob Al
Charlie K, T LAEZ 08 a,\ by ¢ Bay by e, AT i % 1 o B2 3k 41 48 GHZ 35
1.4 HERIRLLGETS Charlie 75 & & EL4FERSS B BISE $E1R

FIRR =TT YIRS T A g7 [ i) B Charlie J7 itk TR e EUAS B 88 IR, M2 502 L1 L0

W 1 th B ARG B A 00, AU B LR T 25 0 o) B0 g)
W ATER B 0y by e BRan by e, FHFIHTIL IR T e BAL I K S GHZ 25 «

2% L RTIR, AHE S & 2GR4T J7 FE AT R E Al 1 EH EE b R B AR R i R R AL B A R
HCEAL B8] H R, AR I (A 2 28, T R Bk B EH P RS A B R 9 GHZ A& e =77
WL N (3) IR (MR 2 B TR G B4, [ R BT N 2ok, &1 ¢ 18 BRI . iR R
R PBS. 1, M BRI S A — RINEAE R, A N5 Q) X R IL I ER &4, AU T Ars Ml p i
ALEHAT T B W2, Q) IR FIWIIGTR &2 PEalifh 25 B AR R 1 BT B EE Ak (1) B K 24 48 GHZ
SHZFABENRAGSHERS. ETTAEHBE TREFREGE T UEEZ B 8 AR 2 A A 20 A1
W a,bc~ ab,eon abici~ ab,e,n ab,es abc,n abc, M a,bye; RIONEE—ZHE T A P 4 H g 1, RIS
RS, By LA (A AU A & oA 20 e 456 o i a0 ik e AN [] 3 TR ASE 2 RO AR AT — o, Bk % ) 2 2 sk
A7 I PR 2 SR AR, A8 T DA TE D4R 11 EH 2 v 1 AR 80 2 FOORE S 0 e i i, I 345 P U 22 R A A o K 4 2
GHZ & . R I 6 B HR IR & S B AR SE B K 1 s a7 = b, 55— R PR, F I, IR 7>

+|HHH) = )2=

77777 2

¢3) « X Alice. Bob Fil Charlie i,



948 R i R 40 &
S PBS, FIZ3 R Fr, J5 T 77 %6 PR 5 0 R 04 Eh 0 1 8 2, B 25 40 40 J 82 B A0 0
YRR K 2 GHZ 25, 36 o — /PR35 (A I, FTRE07 () BB 7 T A 2, M AR, i
SRR, AR T B AR 7 S5 AT WL 257 HE(3) sV IR A A B0 7 R AL, S BUA T
L5 2524 28 00 SR 2 o R0 2 A, BB 0 2 0 4] 0 A0 B, S M2 3 24
— LA O 1, SR 2 A S R — R R S BRI AT S e 4B, B4, LRI
F LA AL B T AU, 401 Alice R Bob 7776 {4 1 FH JE F 49 K 2 LR B 66 452 17 Chharlie 7 K 26 (0 5 L,
MO th, TR 2.4/ W 5, A R A B SR DR AR L

AT U0 T G S S B A5 o 2 ) 4 2 B e S O L o 7 S B
5 SRR A, 7 ] 20 20 4 B0 75 T B, RS A TR, 55 B0 B SO ) 4 [ 2 1] i DA X
AL, 7R 2 07 ] LR RS, SCARI231H th, HFREAR 337 U - 6P K FE €, (3) K e i 2 1) 24
YA T RETE AR (| abic,) + e abac, V) V2, B HIEAIBL A = kAL, 3K HLH K2 I T O 2 K,
AL IR TR B K R 22, B AI=1,, 1, o 678 AR 52 3 BT R MRk 241 225 56 2 76 4
ARAL2 JEAE N @ HHH) -+ VYY) YN/Z .o B Alice J7HFA 0 96 T 2 Gk 1 Eh 6 o LR B 65
191, 2310 | R LA, 2 VA R 52 2 B R T 2R

¢T>p®(|alblcl> +€i¢|a2b262>)/f =
(\VHH>M

Ve |VHH) |+ |HVV) x| HVV)  )2—

1€

(HVV) = +e“|VHH) =~ +|VHH) —+e“|HVV) =~ )2—=>

2C>

a,b,c,

(HVV) — +e“|VHH ) ©

abc,

£|VHH) = +e|HVV)  )2—

(Vvvv) —+e“|HHH) —+|VvvV) —+e’|HHH) = )2=

¢T>s :

G SR TR B A K P 22 A [ Y, G AR A, I RE =7 Allices Bob Al Charlie {73 RJ AR F 2% [A) 44 28
DA BN IR BEIR, SRS TR AR i KA 9E GHZ 35

SRR & A A G AL TT 58 O KBTI, (EARRT TR 2 A T R BA —E LA R
FESCHR[241 9% T AL GHZ 25 I A PR AT By, 75 229 20 56 S [ AR 21 206 6 Al A 4 I bR B 4
R, it 2 B S SO R AR LR AR K T AR &, BE— 2D Se Il gEalifh; SR, v 1 A IEARAZ BAR HR, 5 208
HHHOG R R R 0% O T IR R MG A0 R, SIN TP AU L e, T 0 SR 2 1 01 SE 36 e JB2 R A2 % i
FESCHRI21, 221, DA A) 2 B4R Dy 4 B 2 28, T 20 9 S AR AL IR A 98 GHZ 25 I 2840 75 %, Herh— A5
SRV PRI AL T AR B L 22 TR R I A N-2 A 0l 3 00 LRSI &, S R A4 45 21 i R AR AL
A GHZ A5 73— J5 RGNS G T RS SOE /RARLREPAT AR BRI &, 70 2B AT 2 g atife, 3R 45
WA IR KM GHZ &5 o Zhou FEIE 13T LR MG A e A R R AL AR 21 28 GHZ )24k T S8 R LA 3122
TG, XA L L% 07 RAREHEAT 24k, EOR BA @A 5 FOE AL = P 1 20 28 Bell 515644, XS
Pl s, DR B 8 A5 R N XU 2 ) fe K 2 2 Bell 75, AR 5 it i ZEA YR alifb A RESE . Luo S5 42
T HE T IRAN I TR AN B H R A R 2] 9 SRR A AR 98 GHZ #2840 77 58, I 1) [ e R v i 2H A a4

abie, T be,

1 )
ﬁ(e‘ﬂ HHH>abC+ |VVV>abC)®



F e SR 1EA: A3 20 R B B R MR JE GHZ 25 RO € TR 2l ik 949
A F) i B B USRI AR s A A ) 2 e 8y B R A N o R A R, I 5 SR A B A R
BR, SR I A A R AR A IR 21 95 GHZ 25 R0 B0 e B AL A PR BR AR B R, P BUARF R A R IR AL, 3RS
A RA IR R JE GHZ 2, A — 0 5tn] LA RN 5 il LA 865 AR 7 4 ORI Be Ak, DRI L 15 LA RES
ATaiAe, ANREMEIE ERIZEAL . Yan S07E 2021 SEER Y T 53— MELMD L2 h B T Bell 2RI &I A ATV
I gE AL T 5, 2 A R AR 2 0T e SR — AN RE PR T Ak B RN 2, R — T B R B AR AL ek
2|9 GHZ A5 AF 95 W& 7 B, 1207 RAUH BIZ a2 a8, Si a7 PR A, 24k 22 T Bell &I E 4R,
1117 Bell 250 506 PO 4> Bell & H (1 5 AN 24, X 346 2 Fo i 2 2f A0 s Dh B, st L B B 48 H B TRAE, 1%
T EHIPRRAE TR O T i KA GHZ A o 5 8 24 9% B0 B AR AR 24 28 Bell 25 21 44t 7 221, m] A
A R T U AR 21 D R R o A B ARS E AE R, (ER IR 1 P rhoA A e B R A RE AE A LY
AL P ELRESRAGALIE, 75 EEAAN D R A L B 5 B UR B A Dy BRI B, FRBEAT U4 AR PR . SCHR[23 )92
T PR A G B R A G LA J5 5, RIS SN T2 T AR 2 RN A AR A 9 D P A B ) B 1 BEROR
I3 21 IE BRI R SR A AL B B R, b, 7 SR rh il 7 B A A8 X R AR

2 4w

BT LM e I LLAS 1R A JE A Dy il B (81 BRI, ASWT ST Hh 1 2 A U ST T i A AL
IR ZE N GHZ IR A o Xt (0 2] B AliAL U7 SEBEAT 1 VR ISR AR, T Ttk 7 e AR BB, g 22

St 0 B T SR T BT R, P MR ST T2 0 5 2 WA DL 2 S 7 6 T
AT 2 5 L, 2400 ST — 2L A0 s 79— S A W BB 0 2 760, (75
2B B L e A G 1 8 A R 5 465 0 R R R 50R0AT ( 0 B, /RT7 AEH T G 6
A B R P LT A AR, T 51 ARt 0, TR 45 51 A S6 FIE. Bell 455 GHZ 5
VB, T EL 5 55 U 2 o L 50 R B0 8 58 1, ORI 7 2607 S 5630
7tk

SEHE:

[11  Horodecki R, Horodecki P, Horodecki M, et al. Quantum entanglement [J]. Reviews of Modern Physics, 2009, 81(2): 865-942.

[2]1  Ekert A K. Quantum cryptography based on Bell's theorem [J]. Physical Review Letters, 1991, 67(6): 661-663.

[3] Shao Z L, Long Y X. Bidirectional and asymmetric quantum controlled teleportation by using a genuine seven-qubit entangled
state [J]. Chinese Journal of Quantum Electronics, 2020, 37(1): 34-42.
ARG R, DAY . 2T DR T A A e B S X A AR AR BT FRIARAS (7], BT AT 2R, 2020, 37(1): 34-42.

[4] Bennett C H, Wiesner S J. Communication via one- and two-particle operators on Einstein-Podolsky-Rosen states [J]. Physical
Review Letters, 1992, 69(20): 2881-2884.

[S] ZhuM Z, Zhao C R, Gong P F, et al. Optimizing real state cloning based on rotation of coordinate system [J]. Chinese Journal
of Quantum Electronics, 2020, 37(3): 337-341.
i 1E, AR, AAEE, 55 BT AARR R SEHU SRS T BRI ALAL (D). &7 T 2A 4, 2020, 37(3): 337-341.



950 E T T ER 40 %

[6] Cao C, Wang T J, Wang C. Recent development on quantum entanglement purification and concentration [J]. Progress in
Physics, 2017, 37(1): 13-21.
R, BB, £ I E TR S IRGEIT FUERE (7). M ERAE R, 2017, 37(1): 13-21.

[71  Bennett C H, Divincenzo D P, Smolin J A, et al. Mixed state entanglement and quantum error correction [J]. Physical Review
A, 1996, 54(5): 3824-3851.

[8] Wang X, Hu Z N. Efficient entanglement concentration scheme for partially entangled photon pairs [J]. Chinese Journal of
Quantum Electronics, 2019, 36(2): 182-187.
M, T AR AT X A R G A T % (9], BT A, 2019, 36(2): 182-187.

[91 Long G L, Deng F G, Zeng J Y. Recent Progress in Quantum Mechanics (Fifth volume) [M]. Beijing: Tsinghua University
Press, 2011: 254-325.
TR, X, B E Bt e GRS ) [M]. dbat iR ARG, 2011: 254-325.

[10] Simon C, Pan J W. Polarization entanglement purification using spatial entanglement [J]. Physical Review Letters, 2002, 89
(25): 257901.

[11] Li X H. Deterministic polarization-entanglement purification using spatial entanglement [J]. Physical Review A, 2010, 82(4):
044304.

[12] Sheng Y B, Deng F G. One-step deterministic polarization-entanglement purification using spatial entanglement [J]. Physical
Review A, 2010, 82(4): 044305.

[13] Sheng Y B, Deng F G, Zhou H Y. Efficient polarization-entanglement purification based on parametric down-conversion
sources with cross-Kerr nonlinearity [J]. Physical Review A, 2008, 77(4): 042308.

[14] Xiao L, Wang C, Zhang W, et al. Efficient strategy for sharing entanglement via noisy channels with doubly entangled photon
pairs [J]. Physical Review A, 2008, 77(4): 042315.

[15] Wang C, Xiao L, Wang W Y, et al. Quantum key distribution using polarization and frequency hyperentangled photons [J].
Journal of the Optical Society of America B, 2009, 26(11): 2072-2076.

[16] Walborn S P, Padua S, Monken C H. Hyperentanglement-assisted Bell-state analysis [J]. Physical Review A, 2003, 68(4):
042313.

[17] Barbieri M, Vallone G, Mataloni P, et al. Complete and deterministic discrimination of polarization Bell states assisted by
momentum entanglement [J]. Physical Review A, 2007, 75(4): 042317.

[18] Schuck C, Huber G, Kurtsiefer C, et al. Complete deterministic linear optics Bell state analysis [J]. Physical Review Letters,
2006, 96(19): 190501.

[19] Barreiro J T, Langford N K, Peters N A, ef al. Generation of hyperentangled photon pairs [J]. Physical Review Letters, 2005, 95
(26): 260501.

[20] Hu X M, Huang C X, Sheng Y B, et al. Long-distance entanglement purification for quantum communication [J]. Physical
Review Letters, 2021, 126(1): 010503.

[21] Li X H, Ghose S. Hyperconcentration for multipartite entanglement via linear optics [J]. Laser Physics Letters, 2014, 11(12):
125201.

[22] LiuHJ, Xia Y, Song J. Efficient hyperentanglement concentration for N-particle Greenberger-Horne-Zeilinger state assisted by
weak cross-Kerr nonlinearity [J]. Quantum Information Processing, 2016, 15(5): 2033-2052.

[23] Sheng Y B, Deng F G. Deterministic entanglement purification and complete nonlocal Bell-state analysis with

hyperentanglement [J]. Physical Review A, 2010, 81(3): 032307.



% 634 SR 1EA: A3 20 R B B R MR JE GHZ 25 RO € TR 2l ik 951

[24] Deng F G. Efficient multipartite entanglement purification with the entanglement link from a subspace [J]. Physical Review A,
2011, 84(5): 052312.

[25] Zhou L, Liu Z K, Xu Z X, et al. Economical multi-photon polarization entanglement purification with Bell state [J]. Quantum
Information Processing, 2021, 20(8): 257.

[26] Luo C C, Zhou L, Zhong W, et al. Multipartite entanglement purification using time-bin entanglement [J]. Laser Physics
Letters, 2021, 18(6): 065205.

[27] Yan P S, Zhou L, Zhong W, et al. Measurement-based entanglement purification for entangled coherent states [J]. Frontiers of

Physics, 2021, 17(2): 21501.



