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Abstract: Because the phase contains more information about the field in contrast to the amplitude, phase
measurement has always been a hot topic in many branches of modern science and engineering. Within the visible
range of electromagnetic wave, it is quite difficult to directly obtain phase information by the existing
photodetectors. Phase retrieval provides an effective method to “figure out” the phase information from the
captured intensity information, and has achieved successful applications in several scientific fields including
astronomical observation, biomedical imaging and digital signal restoration. Algorithm is not only the core of
phase retrieval, but is also the key to its development and applications. This paper demonstrates the basic
principles of phase retrieval algorithms in combination with physical principles and signal processing methods,
summarizes the development of various kinds of algorithms as well as their advantages and disadvantages, and

briefly lists some typical applications in the field of optics. Finally, the challenges are pointed out, and the future
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development directions are described as: better convergence performance and noise robustness, phase-retrieval

ability for more complex objects, compatibility for integration of multiple objectives and tasks.

Key words: phase retrieval;
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Fig.1 Development timeline of phase retrieval algorithm
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Tab.1 Classification of phase retrieval algorithms

Algorithm Pros

Cons

. . ihess Simple implementation
Alternating prOJectlonsl 54]

Wide applicability
Deterministic solution

TIEP Simple computation

Time-consuming
Low precision
Harsh preconditions

Lower precision compared with interferometry

Require no phase unwrapping and complex optical systems Limited applications
Reconstruction with high quality and high speed

i KK relations® ) ]
Non Require less data collection

prior SppB+3s!

Non-convex

optimization****

General®’%

Sparsity-
based

Low computational cost

Deep learning™ ! Powerful expressive ability

Require high precision of NA matching

Not applicable to large-scale signals

Struggle with parameter

Guarantee for convergence and reconstruction accuracy

optimization

Rely on initial estimate

Reconstruction with high quality and stability

Applicable to objects with sparsity only

Lack of interpretability

Unable to deal with multiple models and applications
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Tab.2 Uniqueness of phase retrieval problem

166]

Item Content
] 1D No uniqueness
Fourier measurements ) ) ) _ ) )
=2D Uniqueness for real nonreducible signals with a twice oversampling rate
. Satistying the complement property is necessary
Real signal . s .
2N-1 random measurements guarantee uniqueness with high probability
General measurements Real signal (noisy) Stable uniqueness requires nlogn measurements

Complex signal

4n—4 generic measurements are sufficient
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Fig.2 Flow diagrams and schematic diagrams of single-intensity alternating projection iterative algorithms. (a) Flow diagram of GS algorithm; (b) Flow
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Tab.3 Flow chart for Misell algorithm

Algorithm 1: Misell

Input: Intensity measurements in the frequency domain without
modulation |Fo|? and phase modulation factors 7, with their
corresponding intensity measurements |F, w> (1 <m<n).

Output: Spatial complex distribution /.

S1. Select the initial Guess of spatial complex distribution without
modulation f;, at random.

S2. Add factor # to the phase of f; , and obtain the spatial image after
the first phase modulation f;.

S3. Fourier transform f; to obtain the complex distribution in the
frequency domain G,.

S4. Replace the amplitude of G| with the measurement |F;|, and obtain
the new complex distribution in the frequency domain G7.

SS. Inverse Fourier transform G} and substract the phase factor ¢, , and
obtain the new spatial image without modulation f].

S6. Add the factor 1, to the phase of f], and obtain the spatial image
after the second phase modulation f; .

S7. Repeat S2-S6 to cover all modulated images.

S8. Repeat S2-S7 until the convergence conditions are satisfied, and
output the final result.
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Fig.3 Schematic diagrams of radial multi-intensity phase retrieval. (a) Schematic diagram of ptychography; (b) Flow diagram of ePIE algorithm;

(c) Principles and experimental setup of FPM™!
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Fig.4 Systematic setup and imaging result of TIE!'*. (a)-(b) TIE systematic setup based on 4f system and lensless imaging; (c1)-(c4) Three defocused

intensity images of an MCF-7 cell acquired by TIE and its reconstructed phase image
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Fig.5 Principles and visual flowchart of KKSAI
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Tab.4 Flow chart for KKSAI technique

Algorithm 2: KKSAI

Input: Intensity measurements /; (x, y) at each sub-aperture and
reference plane wave r; (x, y). Their definitions are given respectively
as:

- 2
Ii(x,y) = [F S i)}
vi(x,y) = e V(@ —x+y|-y)
where S (u,v) = S (u,v)D (u— u;,v—v;) denotes the subregion spectrum

at the imaging plane cropped by the sub-aperture at position (u;, v;).
Output: Pupil-limited object function S(u, v).

S1. For the starting intensity /;, introduce a Hilbert kernel
H(u,v) = —jsgn(vy)-sgn(v) and define an intermediate variable as:

X1 =In{[51(e,y) +ri ()] /ri(x,y)}

where §1(x,y) denotes the shifted scattered field exiting from the object
plane.

S2. Impose KK relations to calculate the real part and imaginary part of
the intermediate variable:

1
Re (X1} = 7 In[7x.y)/In ()P ]
Im{X1) = F~F (Re (X1 }} - Hi(w,v))
S3. Obtain the shifted form of the subregion:

S1(u+up,v+vy) = F[eRe(X”*jl“(Xl’ ~v1(x,y)}

move it back to the correct position to get S; (u, v).

S4. Repeat above operations for other subregions.

S5. Subsequently stitch all subregional complex fields into a full pupil
plane spectrum S(u, v):

4 4
Sy =) Siww/| Y Du-uv-v)+e
i=1 i=1
where ¢ is a small constant to keep numerical stability in the zero-
valued region.
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RERSHT B IR B T o ITAFR, FEAR LK A S0k U
A Y BIE 5T PO AR R HE A 2 T 0l A5 Ao 7 R
BEARKEDRE, E— B CRB LM E 5
G TR BTSN SR B B e ) T A
Tt — ZRF PR RE S RARGEIR S T7 ik, JEBRH 1
(48 FH RS

FCrp— 28 i e AR A2 ) ALY 7 0 e TR IR
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AR A TR, AR5 1 PR R Bk SRR e e Al Ak
SR AROR A . 2011 4F, Candes 55 AL 40 B
2 EE UK I & Y PhaseLift 51604, (il ) i 45 719
T3 14 St R A AR 5 T 2 A — A R AR Bk B AR Ak
M, BRI, A (1) MR BB AKX = xx
IO G 2T, AT 3

yi = Kan ) = x'aaix = xAx=Tr(AX) (11)

K HFEA = aaF1 X 4Rk 1R Tr ()RR 3 B
(A3 A, SO IR XMLk BT R 2 AL, BAR
FFE X EE W, T A REE AR 7L, 1I2EX > 0,
PR, AH AR 2 T R T DL e 3A A

find X
st. yi=Tr(AX),i=1,2,---m
rank(X)=1, X>0 (12)

R T SRAR LA B0 I ) e N A ]
minimize rank(X)
st. v, =Tr(A;X),i=1,2,---m
X>0 (13)

IRRRARAL IR AT B — e NP xERY !, HAZ

i J55 I AL 4 B8 0 I 2P D7 SR EOC R I G, R4
JRRAR Ty 15 25 TR S e A Ml LA S B o A o 3k 288 [ A,
(7l A 5t SR 2 5 TR BT R A TR 5 R e T A X LA
SR B A o IR 22 DA SR figp A el B 24> o) T AR B
R R, e A5 B R PE 0 2 Jm B D o 3 L
IR BRSSP S 1 LR st A

minimize Tr(X)

sty =Tr(AX),i=1,2,---m

X=0 (14)

PhaseLift 5 125 U 38 43 R i 1 3R 2 1F 2 #3a) [)
AR BE DU A SE U5 S A . AR A5 R, Y
o AN 2 A DA 07 A L RO Y
SRAEB, i 5 RE LA R R ME B A5 5, JF BN
T v A R BT B R

Waldspurger %5 A 7E PhaseLift 3% A9 56 adt F i X

itk i PhaseCut 5355, 0L B ol ik 2155
£ R (LS5 57 23 25, SR JE AR 2 45 B A D 2R &
Tk, foe I TR AR AT FH o™ A28 st SRE Ay A 57 K 52 1) R
PR 2 TE E MR PR % o 16 554 Ax = diag (y)u, W)
AR AL 1) we O I A SO0 R AR L wil =1, i =
1,2, ,me FRAK(2) Ffbh:

minimize [|Ax—diag (y)ull;

st lwl=1,i=12,--,m (15)

K diag (y)Fe7n B ) 5y 1Y T0 38 F6) B 0T F 20 B
MR e/ e i, (145 B b oR 8RN DB SRR
x=Avdiag (y)u, P A FERE A W DR B, PRt
IR )R] DS
minimize ||(AA* —I)diag (y)ull;
sit. u|=1,i=1,2,---,m (16)
X B i R A AT AR B, T AR
minimize u"Mu
s.t. Jul=1,i=1,2,---,m (17)
o FEFEM = diag (y) (I - AA") diag (y)r— D IEE B
KIRFFH R . AU = wu, i A 17) 52 T J7 ¥4 1) e
R T2 IE A U ML fkln) &
minimize Tr(UM)
s.t. diag(U)=1, rank(U) =1, U >0 (18)

AR, P RRZI R S5 206, 1551 PhaseCut
TRV R TG B AR UL 2 TE R )
minimize Tr(UM)

st. diag(U)=1, U>0 (19)

5 PhaseLift 235 4H [V, PhaseCut B H A 511
W, HARME S I Az 2 . & 6(al). (a2)
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WAL FEERRZE . ML TAENENRAE
B, B TR IE E R0 A A st O A6 S AT A B bk
BAGZ I P AN S AR UE, (H fy F A i 2 2 T+
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Fig.6 Performance comparison of phase retrieval algorithms based on optimization theory. (al)-(a2) Relative error curves of phase retrieval for

PhaseLift and PhaseCut under Gaussian noise and image scan-lines®™; (b1) Relative error curves of spectral method and truncated spectral method

for the phase retrieval of 1D Gaussian signal®”; (b2) Empirical success rate curves of WF and TWF for the phase retrieval of real-valued signal®”;

(c1)-(c2) Empirical success rate curves of algorithms based on intensity/amplitude loss function for the phase retrieval of real-valued and complex-

valued signals®®*
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Tab.5 Flow chart for TWF algorithm

Algorithm 3: Truncated Wirtinger Flow (TWF)

Input: Intensity measurements y; and sampling vectors a;; trimming
thresholds e, and truncation criteria sets &, &,.
Output: Iteration value z7.

S1. Initialize estimated value zp = AZ, where /1 is defined by Eq. (23)
and 7 is the leading eigenvector of the following matrix:

1 m
Y=— Zyiaia?l [
mi3 {|.Vi|<"}2{; Zi:l yi)}

S2. Impose iterations on the initial estimated value by gradient update,
and the update formula is:

m. . H
4 2 = la}z] |
Zk41 =2 —E a;il i i
k+1 k m £ a}.-IZk 17eNey

S3. Output the final result after completing iterations of predetermined
number.
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Fig.7 Comparison between GESPAR, SDP and Sparse-Fienup
algorithm®™, (al)-(a2) Comparison of algorithm complexity for
the phase recovery of signals with different vector lengths;

(b) Comparison curves of phase recovery successful rate
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Tab.6 Comparison of runtime performance'™
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Fig.8 Phase retrieval based on deep learning. (a) Physical model of deep learning solving phase retrieval problems; (b) Single-frame lensless phase

retrieval using deep learning™; (c) Fast FPM imaging with a few images using deep learning!®’; (d) Basic framework of DnCNN in prDeep

algorithm!®
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Fig.9 Several typical application scenarios of phase retrieval. (a) X-ray diffraction imaging of crystal microstructure; (b) Optical encryption system

based on phase retrieval with a 4f setup; (c) Adaptive optics system in astronomical observation; (d) Surface shape detection of large-aperture

optical mirrors
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