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Influence of the filter in feedback loop on the operation of the
nuclear magnetic resonance gyroscope
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Abstract: In order to analyze the amplitude and frequency characteristics of the Xe spin oscillator in
the nuclear magnetic resonance gyroscope (NMRG), a corresponding theoretical model was established.
The density matrix and the classical electromagnetic theory were utilized to describe the nuclear spin
ensemble and the feedback system, respectively. An oscillation equation with self —consistency condition
was obtained. Furthermore, the oscillation equation was simplified and expanded to self —consistency
equations with rotating —wave and slow —varying approximations, which described the amplitude and
frequency of the oscillator simultaneously. Based on the semiclassical model, the influence of a band -
pass filter on the amplitude and frequency of the spin oscillator was investigated. The simulation results
indicate that the typical frequency shift caused by unsuitable feedback loop may reach the magnitude of
sub—micro Hz. Proposed model offers the potential to improve the performance of NMRG based on spin
oscillators.
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0 Introduction

The nuclear magnetic resonance gyroscope
(NMRG) has attracted much attention recently,
since it has shown competitiveness to the
mainstream gyros"'™'!, Its advantages include high
shock and

vibration, and so on. The NMRG measures rotation

precision, small size, resistance to
rates with frequency shift of the Larmor precession
of spin ensembles in a constant magnetic field.
relaxation effect

Due to the within the spin

ensembles, the duration of free precession is
limited. Thus, a feedback loop is usually utilized to
make the spin ensembles run as a spin oscillator™*,
Nevertheless, it may bring disadvantages since
the spin oscillation frequency may be shifted by
the feedback loop. The impact of the phase shift
feedback

operation mode'"'~'?!

of the loop, relaxation time, and
on oscillation frequency has
been discussed for spin oscillators, while the
impact of the filter within the feedback loop on
oscillation frequency has not been reported, as far
as we know.

Xe

density matrix and the classical electromagnetic

In view of the spin oscillator, the

theory are utilized to describe the nuclear spin
field,

respectively. Then a semiclassical model of self—

Z-coil
: A

ensembles and the feedback magnetic

excited spin oscillator is founded utilizing self —
consistency condition. Therefore, the impact of the
filter within the feedback loop on oscillation
frequency is discussed, which would give a
guidance to improve the frequency stability of the

NMRG.

1 Theory

The typical configuration of a '*Xe nuclear
spin oscillator is illustrated in Fig.1™"> In the
center of the setup, there is a spherical glass
vapor cell filled with Xe, *Rb, and buffer gases
(N,, etc.),

nuclear spin, electron spin, and quenching effect

which are utilized to provide the

for the excited state rubidium atoms, respectively.
We use the left—handed circularly polarized laser
beam resonant with the D1 line of *Rb to
optically pump the Rb atoms to its m,=2 magnetic
sublevel, thus making their spin polarized, and
then making the '*Xe nuclear spin hyper —pola —
rized through spin —exchange between Rb —-Xe to
eventually form the longitudinal magnetic moment
along Z axis.

The Z —coil produces static magnetic field
along the Z axis, and the driving magnetic field
along the X axis is generated by the X —coil to
make the nuclear magnetic moment precess about

the Z axis. In order to keep the nuclear magnetic

Analog-digital Lock-in G
converter amplifier Filtering
¥
. Phase shift
Probe light ) Detector
Magneﬁic field Digital-analog
\ driver converter

Pump light

Fig.1 Configuration of the spin oscillator(Z—coil: The coil producing magnetic field along Z axis; X—coil: The coil producing

magnetic field along X axis)
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moment precessing continuously, we utilize [:Izﬁ()+‘>:_f;zBo —;27{2Blcos(vt+<p) 1)
electronic feedback system to constitute the 1 0 01

feedback loop. The probe laser beam with linear where P«F;*Vgh 0-1) P«X=;* 'th 10 ], 2B, v

polarization travels through the vapor cell along
the X axis and impinges on the detector, whose
output is digitalized via an analog —digital
converter. Through the lock —in amplifier, the
magnetic fields in the X and Y axes are sensed
through the Rb magnetometer™. The Y component
of the magnetic field produced by the nuclear
spins is filtered, phase —shifted to generate the
feedback signal. It is used to drive the X coils
through the digital —analog converter and the
magnetic field driver. In order to suppress noise
and interference, a band—pass filter is usually used
in the feedback loop, which could be described
with the classical electromagnetic theory.

The quantum number of the '*Xe nuclear spin
is 1/2, therefore it would split into two magnetic
sublevels within the magnetic field. We could
treat its energy level structure as a simple two
level model as illustrated in Fig.2. We assume

that the energy difference between these two

b

Fig.2 Two level model of the '*Xe nuclear spin(A,: pumping
rate induced by polarized *Rb atoms; v, relaxation
rate caused by the collisions with the cell wall and

buffer gases)

levels is hw,, and the pumping rate induced by

0
polarized ¥Rb atoms is denoted as A,, meanwhile
the relaxation rate caused by the collisions with
the cell wall and buffer gases is vy, Here A is the
Planck constant. Let the driving magnetic field

along the X axis be B =2B, cos (vi+¢), and the

Hamiltonian of the system is!*:

and ¢ are the amplitude, frequency and slow —
varying phase of the driving field, respectively, ¢
is time, 7y, is gyromagnetic ratio of the nuclear
spin.
The state can be expressed as:
[y)=c,la)+e,|b) (2)
where |a), |b) are the eigenstate, ¢, ¢, are the

probability amplitude of high and low energy
level, respectively.
If we

substitute Eq. (2) into Schrodinger

equati0n§7|¢>:fl|d/>, ¢, and ¢, would satisfy the
equations:
éa =_ica 0‘)() _}li;cb Vab
éb=—;i—ca v, (3)

non

where V,, =V, =—y hB, cos (vt+¢), and the "." on
the head of the symbols denotes time derivative.
For spin ensembles composed of substantial atoms,
we could use density matrix to describe the state
of spin, and the corresponding motion equations of

matrix components according to Eq. (3) are as

follows,
P =VuPus= | 1 VarPratec| (@)
P =AYt Vasbra e (3)
P =0 VP + Vo (P =Py (0)

*

where 7y denotes the decoherence rate, p, =c, c,,

* * *
pbb :cbcb ’pab :Cacb ’pba :pab :

Due to the '"Xe
nuclear spin is an ideal two level model, we have
p..+p,, =1. The population probability difference
between two levels is defined as:

W=D, =Py, =20y 1 (7

Eq.(7) could be used together with Eqgs.(4)—

0205008-3



bk T2

% 2 M

www.irla.cn

549 %

(6) to obtain the simplified motion equations:

w=(A, =y, ) —(A,+y, ) w=2 I’i—Vu,,p,m+c.c. (8)

bah ==(iw,+Y)p,, +Ili—Vabw 9)

Through comparing Egs. (8) —(9) and the Bloch

equation, we know y=1/T, and A +vy, =1/T, for the
spin ensemble! . Here 7| and 7, are longitudinal
and transverse relaxation time for spins in the
NMRG, respectively.

In order to solve the motion equations above,
we need to have a clear understanding of
relationship between the feedback magnetic field

B, and the mean value of the transverse magnetic
moment (w ), and the latter could be expressed

as:
(w)=Tr(p, p=ig- v, h(p,=p,)  (10)
Let the signal before the band-pass filter be

m,=—in </udy >, and the output of the filter is El,
where 7 is the transfer parameter of the system
including magnetometer, photo—detector, analog—
to—digital converter, and so on. They satisfy the
following equation™:
d 3 +2lw 4B +0 B, =2lw m (11)
dr 1 " dr B Y
where w, and { are center frequency and damping
factor of the filter, respectively.

Due to the similarity between the wave
equation in electromagnetic theory and Eq. (11),
we could regard the right side of Eq.(11) as the
excitation source of the wave equation. When
taking the phase shift of the electronic feedback
system 6 into account, the expression of m, can be

described as:
. 1 —i6 i0
m,==in{p,)=o-nY,h(p, e =p,.e ) (12)
2 Analytic solutions

—i(vt+e) = —i(vt+g)

Defining p,,=Ae , B,=Be , where A is

real and B is complex. Under the rotating wave

approximation and neglection of higher order
terms, Eqs.(8) and (9) can be reduced to:
w=(A, =Y, ) =(A,+Y, ) w+Re|iv,A'B | (13)
[A-i(v+g)A |==(i0 +y)A=iy,wB (14)
Substituting p, :Ae_i(mw, B, =Be " into
Eq.(11), we have:
.9 ) 2
[—(v+(p) B |+2{w, [—i(v+<p)B |+w, B=
1 L —i0
205y Bl (veg)a le (15)

from which the relation between A and B can be

obtained by neglecting higher order terms,

1 (w,=V)+iy,

B=~1ny hy, Y _pe ' =T(nAe " (16)
[(@,=) +7, |

2

where y,={w, denotes the bandwidth of the filter
and T(v)=;—nyghy£ —(wn—v):-iy; .
[(w,,—V) +%}

Eq. (16) gives the steady state relationship
between A and B, which indicates that the impact
of the band —pass filter could be expressed with
the transfer function 7(v). By substituting Eq.(16)
into Eq.(14) and extracting the imaginary part of
the equation, the frequency equation could be
obtained as:

(w,—=v)cosf+vy,_sin6

v+¢:w0+y 17

v, cos0—(w,—v)sin0
When 6=0, the oscillation frequency of the spin

oscillator is:

v+¢=w“+g—(wn—v) (18)

Eq.(18) indicates that under the condition of
0 =0, the actual frequency of the oscillator will
shift from Larmor precession frequency and the

amount of shift depends on detuning w,—w, due to

the band—pass filter. When the bandwidth of the
band —pass filter is smaller or the coherence time
of ™Xe spin ensembles is shorter, the amount of

frequency shift is larger. While w,=w,, the frequency

02

shift is zero.
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Furtherm ore, we could also extract the real

part of Eq.(14) to obtain the following equation:

)
)2
wey L (@-0)Hy, a9
Y, 8 Y.cos0—(w,—v)sinf

where gozé—nyghyc. When 6=0, we have w=-1-.

Y,

2 2
gl—ow, namely the band—pass filter could
efficiently modify the feedback gain if the
bandwidth is small.

If we substitute Eq.(19) into Eq.(13), we could

obtain the expression of A,

1/ 1 N )

2 2
1.1 (o-n)+y,
d g, v.cosf—(w,—v)sind

where w,=A,-v,, , Vi=A L+

v, - The condition of continuously oscillation could

be derived from Eq.(20) as:

YY
()_,y [} >0 (21)

g

w,

Through rotating wave approximation, slow —
varying amplitude and phase approximation, we

obtained Eqs.(17) and (20). They are approximate

solutions for frequency v+¢ and amplitude m  of

the spin oscillator. In order to check them, we
made numerical simulation based on Eqgs.(8)—(11).

With parameters y,=2wx10 Hz, A,+v,=1/T,=0.033 s7',
A, ~v,=0.016 s, y=1/T,=0.05 s~', ny, h=0.01 pT,

0=0, we obtained v+g£> and m  as a function of
detuning (w,—w,)/(2m) at different bandwidth Af=y,/

(2m). Meanwhile, approximate solutions of
oscillation frequency and amplitude of the spin
oscillator are also given, based on Egs.(18) and (20).
The resu Its are shown in Fig3 and Figd
respectively, where "num." in the legend
represents solutions from numerical simulation and
"appr." represents solutions from approximate

Egs. (18) and (20).

0.020
0.015F
0.010}

0.05}
ok

-0.005

-0.010f

Frequency shitf/Hz

-0.015
-0.020

-0.5 0 0.5 1

Frequency detune/Hz

(a) B,=2 uT

0.020
0.015F
0.010F
0.05+
0k
-0.005F
-0.010

Frequency shitf/Hz

-0.015}

-0.020

—1.5 —1

-0.5 0 0.5 1 L5

Frequency detune/Hz

(b) B,=10 uT

0.020
0.015F
0.010F
0.05¢
ok
—-0.005}

-0.010}

Frequency shitf/Hz

-0.015F

Num. Af
Num. Af:
/

1

TR
D= O NS

—-0.020
-1.5 -

1 -0.5 0 0.5 1 1.5
Frequency detune/Hz

(¢) By=20 uT

0.020

0.010F
0.05}+
0k
-0.005

Frequency shitf/Hz

-0.010}
-0.015}

-0.020 L

wee Num. Af=0.5 Hz
0.015F = Num.Af=1.0Hz
2.

— Appr. Af=1.0Hz
— Appr. Af=2.0 Hz

1.5 —1

-0.5 0 0.5 1 1.5

Frequency detune/Hz

(d) B,=50 uT

Fig.3 Oscillation frequency shifts of the spin oscillator vs

frequency detuning at different bandwidth of band -

pass filter

It is clear tha

t approximate solutions agree

well with numerical simulation in all of the
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figures. According to Eq. (18), we have v =
(w0+’ylw")/ (1_,.71]' Since Y <<1 is true for a

c / \ c/ ’YC

typical spin oscillator, the oscillation frequency is
mainly determined by Larmor frequency of the
spins. The band —pass filter leads to a small
frequency shift towards the center frequency, and
the narrower the filter bandwidth, the larger the
frequency shift. As for the amplitude of the spin
oscillator, it is surprising that the amplitude as a
function of frequency detuning has a valley in the
center of the filter. Through careful checking, we
found A? in Eq.(20) is a quadratic function of 1/d,
which depends on w,—v. The peak of the quadratic

function is not located at w, =w,. According to the

Figs.(3) and (4), we found the narrower the filter
bandwidth, the

approximate solution. The reason is that there are

larger the errors of the
several approximations in the derivation. When
0 #0 the frequency and amplitude of the spin
oscillator can also be obtained from Eqgs.(17) and

(20).
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Fig.4 Precessing magnetic moment vs. frequency detuning

at different bandwidth of band—pass filter

3 Discussions

3.1 Comparison with semiclassical laser physics

theory

Plenty of coincidence could be found between
the semiclassical theory of spin oscillator and the
laser physics™, while differences would also give
guidance to our analysis. According to the
semiclassical theory of laser physics, generally the
bandwidth of the laser resonant cavity is far
smaller than that of the gain medium, thus, the
actual lasing frequency is mainly determined by
the resonant frequency of the cavity, while the
frequency pulling and pushing effect of the gain
medium could only modify slightly the laser
frequency to the magnitude of 107%. Nevertheless,
for the case of the spin oscillator, the linewidth of
the spin ensembles is much smaller than that of
the filter, which makes the oscillation frequency

mainly determined by the Larmor frequency of

0205008-6
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the spin ensembles, and only slight modification
on the oscillation frequency could be obtained
from the filter.
3.2 Impact of the filter in the feedback loop

In order to make the oscillator working
continuously, a feedback loop must be applied,
which would inevitably influence its frequency
due to the amplitude —frequency and phase —
frequency characteristics of the filter. With typical
parameters of the "Xe spin oscillator as y=0.05 s,
v.=10 Hz, (w,-w,)/(2w)=1 Hz, the amount of
induced frequency shift effect is 0.005 Hz. Under

certain conditions, decoherence rate vy is
approximately proportional to the density of “Rb?,
which varies severely with temperature. We may
use the formula of the density of *Rb as a function
of temperature in [16] to estimate the frequency
shift change with the temperature fluctuation. A
temperature variation of 0.001 C will make the *Rb
density vary relatively 10 ™', which leads to the
estimated frequency pulling of 0.5 wHz. This is
already a severe error for high precision
measurement. This error can be reduced through
careful design of the filter in the feedback loop.
The filter also decreases the scale factor of
the spin oscillator for measuring rotation or other
physical effect. According to Eq. (18), the scale

factor of the spin oscillator is 1/(1+vy/y, ). If the
filter has so narrow a bandwidth that y/y, >0.1, a

sensitivity reduction would occur. This will lead
to a failure for the NMRG as a primary rotation

sensort'™.

4 Conclusions

In this paper, the semiclassical model of the

2Xe nuclear spin oscillator was established,

which further leads to the approximately obtained
equations of Both

amplitude and frequency.

approximately analytic solution and numerical

solution indicated that the frequency of the spin

oscillator is mainly determined by the Larmor
precession frequency of spin ensembles, and the
filter in the feedback system would cause the
oscillation frequency shift effect. It showed that
the narrower the filter bandwidth, the larger the
frequency shift effect in a typical NMRG system.
So the filter in the NMRGs should be designed

carefully.
References:

[1] Eklund E J. Micro gyroscope based on spin—polarized
Nuclei [D]. California: University of California at
Irvine, 2008.

[2] Larsen M, Bulatowicz M. Nuclear magnetic resonance
gyroscope [C]// IEEE Frequency Control Symposium
Proceeding, 2012: 1-5.

[3] Donley E. Nuclear magnetic resonance gyroscopes|[C]//
Proceedings of the Sensors, 2010 IEEE, 2010: 17-22.

[4] Fang atomic

Jiancheng, Qin Jie. Advances in

gyroscopes: A view from inertial navigation
applications[J]. Sensors, 2012, 12(5): 6331-6346.

[5] Qin Jie, Wang Shilin, Gao Puze, et al. Advances in
nuclear magnetic resonance gyroscope [J]. Navigation
Positioning & Timing, 2014, 1(2): 64-69. (in Chinese)

[6] Wan Shuang’ ai, Sun Xiaoguang, Zheng Xin, et al.
Prospective development of nuclear magnetic resonance
gyroscope [J]. Navigation Positioning & Timing, 2017,
4(1): 7-13. (in Chinese)

[7] Zhou Binquan, Lei Guanqun, Chen Linlin, et al. Noise
suppression for the detection laser of a nuclear
magnetic resonance gyroscope based on a liquid crystal
variable retarder [J]. Chinese Optics Letters, 2017, 15
(8): 99-103.

[8] Liu Yuanxing, Wang Wei, Wang Xuefeng. Key

technology and development tendency of micro nuclear

magnetic resonance gyroscope [J]. Navigation and
Control, 2014, 13(4): 1-6. (in Chinese)

[9] Li Pan, Liu Yuanzheng, Wang Jiliang. Current status
and development of nuclear magnetic resonance
microgyroscopes [J]. Micronanoelectronic Technology,
2012, 49(12): 769-774, 785. (in Chinese)

[10] Yi Xin, Wang Zhiguo, Xia Tao, et al. Research on

temperature field in the vapor cell of nuclear magnetic

0205008-7



% 2 M

bk T2

www.irla.cn

549 %

(11]

[12]

resonance gyroscope [J]. Chinese Optics, 2016, 9 (6):
671-677. (in Chinese)

Wang Zhiguo, Peng Xiang, Luo Hui, et al. Comparison
of operation modes for

spin —exchange optically —

pumped spin oscillators [J]. Journal of Magnetic
Resonance, 2017, 278: 134-140.

Walker T G, Larsen M S. Spin—exchange pumped NMR
gyros [J]. Advances in Atomic, Molecular, and Optical

Physics, 2016, 65: 373-401.

[13] Yoshimi A, Inoue T, Furukawa T, et al. Low—frequency

'2Xe nuclear spin oscillator with optical spin detection

[J]. Physics Letters A, 2012, 376: 1924-1929.

[14]

[15]

[16]

[17]

0205008-8

Sargent M, Scully M O, Lamb W E. Laser Physics[M].
New York: Addison-Wesley Publishing Company, 1974.
Oppenheim V A, Willsky S A. Signals and Systems[M].
New Jersey: Prentice—Hall, 2017.

Xu Guowei, Zhang Yi, Jiang Qiyuan, et al. Temperature
control of vapor cell based on the light absorption of
nuclear magnetic resonance gyroscope [J]. Infrared and
Laser Engineering, 2019, 48(S1): S106003. (in Chinese)
Bevan D, Bulatowicz M, Clark P, et al. Nuclear
magnetic resonance gyroscope: developing a primary
rotation sensor[C]//2018 IEEE International Symposium

on Inertial Sensors and Systems, 2018.



