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Phase retrieval based on transport of intensity equation

and image interpolation

Cheng Hong, Deng Huilong, Shen Chuan, Wang Jincheng, Wei Sui
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Abstract: Phase, as an important property of light field, is difficult to be obtained by the existing
detection equipment, which can only detect the intensity information of the light field, however, losing
the phase information, hence the "phase problem" can be summarized as the demand of retrieving a
sample’ s complex-field from measurements of intensity. Transport of intensity equation (TIE) based
method is one of the typical phase retrieval approaches. When the intensity distribution of the test plane
and the axial intensity derivative are known, the phase distribution of the test plane can be calculated
directly by solving the equation. Conventionally, intensity derivative is approximated by a finite difference
between one in-focus image and one defocused image or two defocused images recorded symmetrically
about the focal plane, therefore the proper selection of the distance parameter between defocused image
and in-focus image becomes particularly important. A novel approach combining the image interpolation
and lens-based TIE was proposed. Firstly, the relationship among two defocused images and one focused
image captured was described in geometrical optics model. Secondly, new defocused images with different
blur parameters were calculated by image interpolation. Lastly, these new images interpolated and the
focused images captured were applied to calculate the phase information. The method could obtain the
desired intensity distribution at any positions rapidly with only three captured intensity images, without the
mechanical movement of CCD or sample, providing an available way for some special occasions that the
intensity acquisitions at appropriate location existed a certain restriction. A practical image acquisition
platform was also constructed, the interpolated intensity image was compared with the intensity image
obtained by CCD to verify the correctness of the interpolation result, the phase retrieval results under two
different computational intensity derivative conditions were given relatively. The experimental results
presented verified the feasibility and effectiveness of the method.
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0 Introduction

When a wave interacts with a sample, details of

the sample are imprinted on the wave’ s three
properties: intensity, wavelength and phase. Intensity
and wavelength are familiar as brightness and color,
phase is an inherent characteristic important component
bearing the information of the refractive index or the
optical thickness. Unfortunately, the frequency of light
propagation in space is about 3.1 x10" rad/s. No
equipment can have such a response speed to catch the
phase directly™.

The goal of phase retrieval is to extract the
phase from intensity measurements. A popular method
for phase retrieval is based on the transport-of-intensity
equation (TIE), which was introduced by Teague .
TIE —based phase retrieval has been increasingly
investigated during recent years due to its unique
advantages: it is non-interferometric, computationally
simple, no need to phase unwrapping, and does not
require a complicated optical system!*~*!. Also, it
overcomes the limitations of iterative methods such as
iterative uncertainty and slow convergence.

TIE establishes the

quantitative  relationship

between the longitudinal intensity variation (that is,
intensity derivative) and phase using a second-order
elliptic partial differential equation. Conventionally,

intensity derivative is approximated by a finite

difference between one in-focus image and one

defocused image or two defocused images recorded

AL B RRRAR AR

A HE1a, A

symmetrically about the focal plane'!. Tt should be
noted that the distance parameter between defocused
image and in-focus image (defocus step) have some
restrictions. That is to say, if the defocused images used
with too large defocus step to compute the intensity
derivative, it will result in a higher error. Besides,
many applications have also mentioned the importance
of choosing the appropriate defocus distance!®-®!. How
to use the images recorded to calculate the image at
appropriate location and then solve the TIE is an
important issue should to be addressed.

The purpose of view interpolation is to analyze
the two (or more) images captured by the rigid body
motion of the camera so as to obtain images under
the new viewpoint. At present, the traditional view
interpolation algorithm is mainly based on graphics
and image methods. The former is abnormally difficult
to model with extremely slow drawing speed, and the
realism of the image is not guaranteed. Although the
latter can interpolate new views located at different
viewpoints by appropriately transforming through a
previously acquired sequence of images, but
meanwhile intensive matching algorithms need to be
used, however matching now is still a bottleneck
problem in computer vision.

It is known that when the camera focuses, the
captured image is clear; when the camera is
defocused, the captured image is blurred. The degree
of blurring at different points on the image varies with

the depth of the object in the scene. The image
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information of the new position can be estimated by
using the fuzzy information of the image. The TIE-
based phase recovery algorithm itself requires focusing
and defocusing images. Therefore, a novel image
approach for phase retrieval based on defocused image
interpolation is proposed in this paper. Firstly, the
relationship among two defocused images and one in-
focus image is described in geometrical optics model.
new desired defocused

Secondly, a image at

appropriate  location is calculated by image
interpolation. Lastly, this new image interpolated and
images recorded are applied to calculate the TIE and
retrieve more accurate phase information. This method
avoids the matching problem of correspondence points

in stereo vision and motion vision.

1 Transport of intensity equation

In a natural scene, it is generally necessary to
use a lens for imaging. A wave propagation model
with lens is given as shown in Fig.1. The input object
is placed in front of the lens. The distance between
the object and lens is d. The focal length of lens is f.
The lens-based TIE is described in Ref.[9]:

SVAIAY gov)zzT“% (1)

where ¢,(x,z) and I,(x,z) are phase and intensity in
the focal plane respectively. This equation can be

solved by Fourier method™.

Under-defocus Over-defocus
plane plane

Wavefront of
object

Focal plane
Fig.1 Wave propagation model with lens

In order to reduce the error of intensity

derivative, d1(x,z)/dz can be taken advantage of finite

difference approximation of two defocused intensity

images in the positions of z+Az and z—Az,
e,z A2)~1(x.2-A)=102) (200 +0(A) (2)

here I(x,z+Az) and I(x,zy—Az) represent defocused

(11 At the same time the error is reduced to

images
second order O(AZ%). Although the above theory is derived
in coherence, A. V. Martina et al'™ proposed that if
we choose the central defocus plane at z=0, then the
incoherent contributions can be removed, provided that
a good estimate for the intensity derivative can still be
obtained with the additional constraint implied by
spatial incoherence, the standard TIE can be used in
the z=0 plane even with spatial incoherence present.
The phase information ¢, (x,z) in the focal plane
can be obtained by solving Eq. (1). The intensity
information /,(x,z) can be measured by experiment

directly, thus U, (x,y) is calculated using U, (x,y)=

VI,(x,y) exp[ig,(x,y)]. According to the reversibility
of light path, the complex amplitude U,(x,y) of object
plane can be acquired. One should pay more attention
that function U,(x,y) has the similar form as U,(x,y).
Un(x.0)=V1(x.y) explig(x.)] (3)
thus the phase distribution ¢y(x,y) can be obtained.

In practical calculation, the defocus step Az is an
important parameter which needs to consider seriously.
On the one hand, Az should be as small as possible
to make the approximation effective. On the other
hand, Az should be the focused Rayleigh depth at
least, so the difference between I(x,z+Az) and I(x,
zo—Az)can be revealed ™. That is to say, if the
defocused images with too large defocus step are used
to compute the intensity derivative, it will result in a
higher error. How to use images recorded to calculate
the desired image at appropriate location will be
discussed in the follow section.

Where Az is some finite defocus distance, the
upper limit of this parameter is determined by the
highest spatial frequency f..x of the object, which can

2

be expressed as Az <1/mAf the noise during the

max
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intensity measurement determines the lower limit of Az,

which can be expressed as Az>ko/\/2 IV *p(assume

that the noise is Gaussian noise with standard

deviation o).

2 Lens-based TIE on image interpolation

algorithm

2.1 Algorithm principle

We consider the image formation process in a real
aperture camera with employing a thin lens. When a
point light source is in focus, all light rays that are
radiated from the object point and intercepted by the
lens converge at a point on the image plane. Following
geometric optics shown in Fig.2, when the point is in

focus, we can derive the following equation:

u v f

where u is the distance of lens-to-object plane, f is

1,11 @

the focal length of the lens, v is the distance of lens-

to-focal image plane.
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Fig.2 Defocused optical system model

When the point is not in focus, its image on the
image plane is no longer a point but a circular patch
of radius R that defines the amount of defocus
associated with the depth of the point in the scene. It
can be shown that

Uszg‘v}—v) (5)
where o is the blur parameter, s is the distance of
lens-to-defocus image plane, D is the aperture
diameter. The ratio coefficient k is a constant.

Assuming a diffraction-limited lens system and a

constant depth in the scene, the point spread function
(PSF) of the camera system at a point (x,z) may be
approximately modeled as a circularly symmetric 2—D

Gaussian function™!,

O e ©)

Let 1, (x,2) be the focus image of the scene. The
observed defocused image I(x,z) is given by
I(x,z)=1,(x,2)*h(x,z) (7)
It is assumed that the two defocused image
images I, (x,z) and I,(x,z) have been obtained, and
the blur parameters are o; and oy respectively. The
new defocused image can be calculated by the
interpolation method. First of all, we construct a warp
function to determine the pixel location of the
interpolation image.

WU, ,0)=aU,+(1-a)f(U,) (8)
where a e [0,1]. Set U,=(u;,v,,z1)" €, and Us=(us,v>,
z,)" eI, are a pair of corresponding points, Us=(us,vs,
z3)" corresponding to the point of the interpolation
image, then the form of wrap function is as follows:

U,=aU,+(1-a) U, 9)

Corresponding blur parameters are satisfied with
8 =abd +(1-a)8, (10)
The known defocused images can be expanded to

form a scattered space, then the needful image can be

obtained from the known images™:
1 2 2 2 2
g([%)=§(lv)eXP _? [aa-l +(]‘_a) UZ ](wx +(,0), ) =

{Z) = { L)} (11)
where { denotes the Fourier transform.

Details of our proposed phase retrieval method in
the lens-based TIE on image interpolation algorithm
are summarized as follows.

2.1.1 TIE based image interpolation

Input: three images including one focused image
I,(x,y) and two defocused images ,(x,y) and I(x,y).

(1) Calculate the blur parameter o by solving
Eq.(5);

(2) Construct « using Eq.(10);

(3) Obtain the new intensity image I; (x,y) by
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solving Eq.(11);

(4) Calculate ¢,(x,y,z) using Fourier method;

(5) Correct the phase aberration with phase mask
e(m,n);

(6) Calculate Uy(x,y) according to the reversibility
of light path;

(7) Obtain ¢y(x,y,z) by solving Eq.(3).

Output: phase distribution ¢y(x,y) at object plane.
2.2 Experiments

In this letter, we propose a novel phase retrieval
technique combined the image interpolation and lens-
based TIE. A practical image acquisition platform is
also constructed shown in Fig.3. The test sample is
installed on the holder. It is illuminated by an
expanded collimated laser beam and the illumination
beam is linearly polarized. The condensing camera
lens is fixed on V —clamp. The focal length of lens
can be changed from 70 mm to 210 mm. The CCD
with 1 388 pixel x1 040 pixel is fixed on a high-
precision translation stage and then move with this
stage back and forth. The resolution of translation
stage is 0.001 mm. In addition, the moving distance
can be read accurately on the translation stage panel.
We use this image acquisition platform to record
intensity images and defocus step. In the following
experiments, we will compare the interpolated images
with the photographed images, and the correctness of
interpolation results is analyzed by the results of phase

retrieval.

e o oUEN

® 0 0 0.0 0.0

Fig.3 Image acquisition optical system platform

The first group of real experiments test the

effectiveness of the image interpolation method. The

parameters are set as follows: the focal length of lens
f=70 mm, the radius of the aperture D=50 mm, lens-
to-object plane distance u =430 mm. Intensity images
at positions z=0, z=0.2 mm and z=0.8 mm are shown
in Fig4(a)—(c). The values of the interpolation coefficients
corresponding to z=0.3, 0.4, 0.5, 0.6, 0.7 mm are
shown in Tab.l depending on the position of the
interpolation. The interpolated defocused image at the
different planes are shown in Fig.4 (d)—(h). It can be
seen that this method can obtain the intensity images

at different positions more accurately.

(a)

i (b) i (©)
i (e) i (f)
(@ (h)

Fig.4 Captured images used optical system platform: (a) z=0,
(b) z=0.2 mm, (c) z=0.8 mm and calculated results,

(d)—(h) interpolated image at z=0.3,0.4,0.5,0.6,0.7 mm

Tab.1 Interpolation coefficients at different positions

z/mm 0.3 0.4 0.5 0.6 0.7

a 0.084 2 0.2018 0.3523  0.5357 0.7517

In the second group of experiments, we select two
cube boxes with physical size 11 mmx11 mmx11 mm
as experimental subjects. The distance between two
objects is 32 mm. Other parameters are set as follows:
the focal length of lens f=70 mm, the radius of the
aperture D =50 mm, lens-to-object plane distance u =
430 mm. Intensity images at positions z=0, f=0.2 mm
and z=0.4 mm are shown in Fig.5 (a)—(c). The
interpolated defocused image at the position z=0.3 mm
is shown in Fig.5 (d). Phase result obtained according
to the experimental procedure described above is
presented in Fig.5(e). As expected, the closer the object

to the camera, the darker it appears on the retrieved
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phase image. Of course, the gray scale of the depth is

relative.

Fig.5 Captured images used optical system platform: (a) z=0, (b) z=0.2 mm, (c) z=0.4 mm and calculated results, (d) interpolated image

at z=0.3 mm, (e) retrieved phase

In order to verify the correctness of the
interpolation result, the interpolated intensity image
and intensity image obtained by CCD at z=0.3 mm
are defined as I; and I, respectively. The relative mean

square deviation (root-mean-square, RMS) is defined

RMS=100-4 | -2 U=L)” (12)
21,

The RMS of this group experiment is 5.513 7%.

as follows:

Gray scale contrast diagram of the center line

corresponding to the original image and the
interpolated image is shown in Fig.6. The blue line is
the original intensity value and the red point line is
the intensity value retrieved by interpolation method.

It could be seen from Fig.6 that the interpolation

method can get good result.

(d)

—— Original image
Interpolated image

0 100 200 300 400 500 600
Column coordinate

Fig.6 Comparison diagram of gray curve

In the third group of experiments, we firstly
interpolated the intensity image at z=—0.3 mm as given
in Fig.7(d) using three intensity images in Fig.7(a)—
(c). The RMS is 4.254 5% compared with the actual
image. This time we use Eq.(2) to calculate dl(x,z)/dz
and the phase result is illustrated in Fig.7 (e). The
of the

reverse proved by

correctness interpolated intensity image is

the correctness of the phase

experimental results. The results of the first group

(@)

Fig.7 Captured images used optical system platform: (a) z=0, (b) z=—0.2 mm, (c) z=—0.4 mm, and calculated results, (d) interpolated

image at z=—0.3 mm, (e) retrieved phase

experiments and the second one are consistent.

3 Conclusion

In this paper, we proposed a lens-based TIE on
the image interpolation algorithm to retrieve phase for
wave propagation model with lens in macro-imaging.
An image acquisition optical system platform was

constructed to capture focus and defocus images, and

measure the distance between defocus images. The
theoretical analysis has been extensively verified by

experimental results.
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