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Scattering of spatially partially coherent light on quasi-

homogeneous medium
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Abstract: Based on the accuracy of the first-order Born approximation, the scattering properties of a
spatially partially coherent plane-wave light incident on a quasi-homogeneous random medium were
investigated. The analytical expressions for the spectral density and the spectral degree of coherence of the
scattered field in the far zone were derived. The influence of the spatial coherence of the incident field and
the properties of the scattering on the spectral density and the spectral degree of coherence of the scattered
field was examined. Compared with a fully coherent light, the spectral density and the spectral degree of
coherence of the field generated by scattering of a partially coherent light were analyzed. The results
indicate that the spatial coherence of the incident light has an important role in the behavior of the spectral
density of scattered field. With an increase of the correlation length of the GSM beam, the effective angular
width of the spectral density of the scattered field decreases. The spectral degree of coherence of the
scattered field increases with decreasing beam width of the incident light or effective radius of the medium.
The scattered field is fully coherent when the appropriate choices of the effective radius and the correlation
length of the medium, the spatial correlation length of the incident light are made.
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0 Introduction

Since Wolf and his collaborators found that the
spectrum of light may change when it is scattered by
an object!", lots of work have been done on the subject
of light scattering due to its potential applications, for
example, in medical diagnostics, optical imaging and
remote sensing of the atmosphere and ocean . And
the information about the properties of the scattering
medium can be obtained from measurements of the
statistical properties of the scattered field, such as the
spectral density, spectral degree of coherence and
spectral degree of polarization !, In the study of
light scattering, it is generally assumed that the
incident field is spatially fully coherent. However, the
field is partially coherent under usual circumstances.
In 1988, an ambient light with spatial coherence
scattering by a Gaussian-correlated medium was
studied™”. The effect of spatial coherence of the incident
light on the angular distribution of the scattered field
was examined through an experiment'"!. Using the
angular spectrum representation of fields, scattering of
a wide class of beams of any state of coherence on a
medium was analyzed™™". More recently, Zhang et al.
extended the analysis of weak scattering to Hermite-
Gaussian incident beams and found some new features'™.
In this paper we will perform the scattering of a
spatially partially coherent plane-wave light by a
quasi-homogeneous random medium within the
accuracy of the first-order Born approximation, where
the influence of the spatial coherence of the incident
field and the properties of the scatterer on the spectral
density and the spectral degree of coherence of the

scattered field will be investigated.

1 Theoretical formulation

It is considered that a spatially partially coherent
plane-wave light incidents on a quasi-homogeneous
random medium occupies a finite domain D, in a

direction specified by a real unit vector s, (see Fig.1).

The coherence properties of the incident field at any
two points ' and r,’ can be characterized by the so-
called cross-spectral density function, which can be
expressed as™:

WO(r',ry ,s0;0)=WO(r," 1, ;w)expliks, (r,'—r")] (1)
where WO(r\',r,';w) represents the cross-spectral density
of the incident light wave, with w being the frequency,

k=w/c, and c being speed of light in vacuum.

rs,

rs,

Fig.1 Illustrating the notation related to the scattering of a CGSM

plane-wave pulse by a random medium

For a random medium, the scattering potential
F(r',w) is a random function of the position vector r’.
Therefore, the properties of the medium should be
described by a two-point correlation function of the
scattering potential at a pair of points specified by the

!

position vectors r," and r,’, which is defined by™:

Gi(r' .1y ;0)=(F'(n";0)F(ry";0) )., (2)
here the asterisk denotes the complex conjugate and
the angular brackets, with subscript m, denote the
average, taken over the ensemble of the random
medium.

It is assumed that the scatterer is so weak that
the scattering can be analyzed within the accuracy of
the first-order Born approximation. In such a case, the
cross-spectral density function of the scattered field

specified at any two points with position vectors r

and r, is expressed as''!:

W(S’(rl,rz;w)=J J WOr' 1", 50;0) Gy 1" ;)X

D D

G*(rl,rlr§w)G(r2,r2l;w)dsrlldﬁr2’ (3)
where G(r,r';w) is the outgoing free-space Green's
function. In the far-zone, the Green’s function has the

well-know asymptotic approximation:
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G(rs,r’;w)~ﬂp£i&exp[—iks-r’] (4)

Now let us suppose that the incident light of a
spatially partially coherent beam takes the typical form
of a Gaussian Schell-model(GSM) beam, whose cross-

spectral density is"'™:

, : ry o+ )2
WO ' sw)=A, exp | == )
4o 46

L L

where o, and 6, are the beam width and the spatial

correlation length, respectively. In order for the

incident field to be beamlike, the parameters o, and &,
must satisfy the beam condition™™:
2
LU s’;— ()
4o, 46

L L

The correlation function of the scattering potential
of a Gaussian-correlated, quasi-homogeneous medium

has been given by the expression'>™

_n+n'1?
2

Iry)=rI?
2
28

Gi(r' ' ;w)=Cexp exp

(D

R R
where C, is a positive constant. o and J; represent
the effective radius and the correlation length of the
medium, respectively, satisfying inequality oz= 0,.
Substituting Eqs.(4), (5) and (7) into Eq.(3), the
cross-spectral density function of the scattered field in

the far field is obtained as follow:

2 2
K+K,)’
W risrorasa; ) =L exp— . Ta Kt KD
b 20, +0,)
0 z b
AL O @
2(40, +6)
2 2 .
be A, CAmo, oxd)* )
(o, +0, ) (&+d0 )]
;7=;—2+81—2 (10)

R L
where K,=—k (s,—s,) and K,=k,(s,—s,) are analogous to
the momentum transfer vector of quantum mechanical
theory of potential scattering!'.

The spectral density of the scattered field is
obtained at once from Eq.(8) by setting r,=r, and s;=

sy. One finds that:

2
280, K
S“’(rS;w)ﬂlTeXp _‘h):

; 2
&+do,

llT exp

_ 8k, sin’(0/2)

: 2
&+do,

(11)

where 60 denotes the angle between the direction of
incidence s, and the direction of scattering s. When
the spatially fully coherent light incidents on a quasi-
homogenous medium, the spectral density of the
scattered field relates to the correlation length of the
medium & only through the reciprocity relations ™.
However, when the incident light is spatially partially
coherent the properties of the incident light also affect
the spectral density of the scattered field.

The spectral degree of coherence of the scattered
field can also be derived from Eqgs.(8) and (11) by
use of the formula'®:

WOr15),1585; @) -
\/S(S)(”lSl;w)Sm(VzSZQw)

RO(r8), 7289, )=

_ksz(zLaR—S)(sl—szz) xexplik(r—r)] (12)

: 2 2
2(8+40, (o, +0,)

€X

Without loss of generality we may take the z direction
to be along the direction of incidence s, and the x
direction along the victor s, —s,. If we restrict our
attention to a pairs of observation points placed
symmetrically along the direction of incidence, then
rs1=r(s,,0,s.), and rs,=r(-s,,0,s.). Thus, Eq.(12) takes
on the simple form:

2k, (4o, —&)sin’(d/2)

2 2 2 2
(6440, (o, +0,)

W (rsy,rsy, w)=exp | — (13)

where ¢ is the angle between s, and s,, When the
spatially fully coherent light incidents on a quasi-
homogenous medium, the spectral degree of coherence
of the scattered field relates to the effective radius of
the quasi-homogeneous scatterer oy only through the
reciprocity relations ™. However, when the incident light
is spatially partially coherent, not only the correlation
length but also the effective radius of the scatterer
affect the spectral degree of coherence of the scattered
field. Furthermore, the scattered field is fully coherent
at any angle ¢ when the following equation is satisfied:

4}72 =1—2+1f (14)

2
R R 6L
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2 Numerical results

According to Egs.(11) and (13), we will show
how the properties of the incident light and the
scatterer influence the spectral density and the spectral
degree of coherence of the scattered field. Figure 2
shows the behavior of the spectral density of the
scattered field as a function of the scattering angle 0
for different values of (a) the spatial correlation length
of the GSM beam 6,, (b) the beam width of the GSM
beam o;. It is shown that the spatial coherence of the
incident light has an important role in the behavior of
the spectral density of the scattered field. With an
increase of the correlation length of the GSM beam
0., the effective angular width of the spectral density
of the scattered field decreases. However, the

influence of beam width of the GSM beam o; on the

spectral density of the scattered field is less evident.

1.2

(a) —6,=21
1.0k —=8,=61

0.81
0.6r -\

0.4 N\

5rs,w)/S®(rs,,w)

02f N

0 iy - N
G/rad
1.2

0.8
0.6

0.4f

§rs,w)/S®(rs,,w)

0 0.1 02 03 0.4
f/rad

Fig.2 Normalized spectral density of the scattered field S“(rs,w)/
SW(rsy,w) versus scattering angle 6 for different values of
(a) the spatial correlation length of the GSM beam &,
(b) the beam width of the GSM beam o,

The influence of the properties of the scatterer on
the behavior of the spectral density of the scattered

field is shown in Fig.3. From Fig.3 it can be seen

that the correlation length of the medium &; has a
great effect on the behavior of the spectral density of
the far-zone field. The effective angular width of the
spectral density of the scattered field decreases with

increasing correlation length of the medium 6.

1.2

—5,=24
1.0k —e20,=6)
0.8
0.6}

0.4

S9(rs,)/S®(rs,,0)

0.2

0 z~ N )
0 0.1 0.2 0.3 0.4
G/rad

Fig.3 Normalized spectral density of the scattered field S“(rs,w)/
S (rsy,w) versus scattering angle 6 for different values

of the correlation length of the medium 6

Figure 4 gives the spectral degree of coherence of
the scattered field u‘(rs,,rs,;w) versus angle ¢ for
different values of (a) the spatial correlation length of the
GSM beam 6,, (b) the beam width of the GSM beam o,.

From Fig.4 it can be seen that with an increase of the

1.2

(a) —5,=21

1.0

0.8r

0.6r

0.4f

u®(rs,,rs,;0)

0.2f

% 0.02 0.04 0.06

u®(rs,,rs,;0)

G/rad

Fig.4 Spectral degree of coherence of the scattered field
u(rs,, rsy;w) versus angle ¢ for different values
of (a) the spatial correlation length of the GSM

beam §;, (b) the beam width of the GSM beam o
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spatial correlation length of the GSM beam §,, the
spectral degree of coherence of the scattered field
increases. The angular width of the spectral degree of
coherence of the scattered field decreases when the
beam width of the GSM beam o increases.

The influence of the properties of the scatterer on
the behavior of the spectral degree of coherence of
the scattered field u“(rs,,rs,;w) is shown in Fig.5. As
shown in Fig.5, with an increase of the correlation
length of the medium &, the spectral degree of
coherence of the scattered field increases. The spectral
degree of coherence of the scattered field decreases
when the effective radius of the medium oy increases.

1.2

(@ — 5,22

u(rs,,rs,;m)

1.2
(b) —o,=151
--0,=201
T 6,=301
g
g
2
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=
0 . s
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Fig.5 Spectral degree of coherence of the scattered field
u(rs), rsy;w) versus angle ¢ for different values
of (a) the correlation length of the medium &,

(b) the effective radius of the medium oy

3 Conclusion

In conclusion, we study the
GSM  beam

homogeneous medium within the accuracy of the first-

scattering of a

partially  coherent from a quasi-
order Born approximation. The analytical expressions
for the spectral density and the spectral degree of
coherence of the scattered field have been derived.

The dependence of the spectral density and the

spectral degree of coherence of the scattered field on
the spatial coherence of the incident field and the
properties of the scatterer is examined. Especially, the
scattered field is fully coherent when the appropriate
parameters are chosen. Numerical calculations illustrate
how the spatial coherence of the GSM beam affects
the spectral density and the spectral degree of
coherence of the scattered field. With an increase of
the correlation length of the GSM beam §;, the
effective angular width of the spectral density of the
scattered field decreases, however, the spectral degree
of coherence of the scattered field increases. The
influence of the properties of the scatterer on the
spectral density and the spectral degree of coherence
of the scattered field is also illustrated. With
increasing correlation length of the medium &, the
effective angular width of the spectral density of the
scattered field decreases. The spectral degree of
coherence of the scattered field decreases when the
effective radius of the medium o} increases. The
results obtained in this paper will be useful in the

application of partially coherent light scattering.
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