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有心结构耦合腔系统中的几何量子失谐

范有机,卢道明
(武夷学院 机电工程学院,福建 武夷山354300)

摘 要:引入了由 N+1个单模腔构成的有心结构耦合腔物理模型.其中,中心腔起耦合器作用,其余 N
个腔通过N 条光纤与中心腔耦合,并且每个腔囚禁1个二能级原子.在系统激发数等于1的情况下,给

出了系统态矢的演化规律,研究了两原子间和两腔场间的几何量子失谐.通过数值计算,讨论了耦合腔

数目和原子与腔场间耦合强度对几何量子失谐的影响.研究结果表明:随着腔数目的增加两原子间和两

腔场间的几何量子失谐都减弱;随着原子与腔场间耦合系数增大,两原子间几何量子失谐减弱,但两腔

场间几何量子失谐却加强.
关键词:量子光学;有心结构耦合腔;几何量子失谐;量子关联
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GeometricalQuantumDiscordinaCoupledCavitiesSystemwithaCenter

FANYou-ji,LUDao-ming
(CollegeofMechanicandElectronicEngineering,WuyiUniversity,Wuyishan,Fujian354300,China)

Abstract:Acoupled-cavitysystem withacenterisintroduced.ItiscomposedofN +1single-mode
cavities,eachcontaininganidenticaltwo-levelatom.Oneofthemisatthecenterofthestructureandis
connectedwithotherN cavitiesbyopticalfibers.Thesituationisconsideredthatatomresonantly
interactswithcavityfieldviaaone-photonhopping,andthetotalexcitationnumberofthesystemequals
one.Theevolutionofthestatevectorofthesystemisderived.Thegeometricalquantum discords
betweenatomsandthatbetweencavitiesareinvestigated.Theinfluencesofatom-cavitycoupling
coefficientandthenumberofcouplecavitiesonthegeometricalquantum discordsbetweentwo
subsystemsarestudied.Theresultsobtainedbythenumericalmethodshow:thegeometricalquantum
discordsbetweenatomsandthatbetweencavitiesareweakenedwiththeincreaseofthenumberof
coupledcavities;theatom-atom geometricalquantum discordsisweakened,andthecavity-cavity
geometricalquantumdiscordsisstrengthenedwiththeincreaseofatom-cavitycouplingconstant.
Keywords:Quantum optics;Coupled-cavity modelwithacenter;Geometricalquantum discord;
Quantumcorrection
OCISCodes:270.0270;270.5580;020.0020;020.5580

0 Introduction
QuantumDiscord (QD)isausefulindicatorto measurequantumcorrelationsinthecomposite

bipartitesystem,whichhasbeeninitiallyintroducedbyOLLIVIERHandZUREK W H[1].Nowithas
beenfoundthatQDcapturesmorequantumcorrelationsandismorewidespreadthantheentanglement.
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Especiallyinsomequantumsystemswhoseentanglementiszero,butQDispresent.Duetoitscriticalrole
inquantuminformationprocessing,QDhasattractedhugeattention.Inrecentyears,QDwasinvestigated
quiteintensively[2-9].Forexample,AIOBIHetalstudiedquantumentanglementandQDofapairoftwo-
levelatomswithnodirectinteractioninthepresenceofadissipativeenvironment[2].WANGBoetal
investigatedthedynamicsofquantum discord usinganexactlysolvable model whereeach qubit
independentlyinteractswithitsownzero-temperaturereservoir[3].YIXue-xietaldiscussedthediscordof
abipartitetwo-levelsystem couplingto an XY spin-chain environmentin atransversefield[4].
Unfortunately,theevaluationofQDrequiresapotentiallycomplexoptimizationprocedureingeneraland
analyticalresultscanbeobtainedonlyinafewrestrictedcase.Inordertoavoidtheoptimizationprocedure
ofQD,DAKICBetalputforwardanewmeasureofquantumcorrelationsforamoregeneralbipartite
quantumsystem,namelyGeometricQuantumDiscord(GQD)[10].Itsadvantageisthatitisabletogiveits
analyticalexpressioneasily.Sofar,somenewresearchprogresseshavebeenmadefortheGQDindifferent
quantumsystems[11-16].Forexample,inRef.[11]theGQDforaclassoftwo-qubitnon-Xstatesis
investigated.CHEN HongetaldiscussedthelevelsurfacesofGQD undersometypicalkindsof
decoherencechannelsforaclassnon-X-structuredstate[12].

CavityQuantum Electrodynamics(CQED),whichconcernstheinteractionbetweenphotonsand
atomswithinhighlyreflectivecavities,providesanidealphysicalimplementationflatroofsfordistributed
quantuminformationprocessing.Intheexperiment,twoatomshavebeensuccessfullypreparedinan
entangledstateoftheEinstein-Podolsky-Rosen,andaquantumphasegateoperatingonquantumbitshas
beenrealizedbyCQEDtechnology,andsoon[17-19].Inordertoachievedistributedquantumcomputation,
in1997PELLIZZARITfirstlyintroducedthecoupled-cavitymodelandproposedaschemeforreliable
transferofquantuminformationbetweentwoatoms[20].Becausethecoupled-cavitymodelcanavoidthe
difficultyofmanipulatingmultipleatomsinasinglecavity,ithasattractedmuchattention.Inrecently
years,researchershavestudiedthepossibilityofquantuminformationprocessingrealizedviacoupled-
cavitysystems[21-27].Forexample,OGDENCDetaldiscussedthedynamicsofasystemconsistingoftwo
cavities[21].ZHANGYe-qietalproposedaschemeofentanglementtransferthrougharraysofcavities
coupledbyopticalfibers[22].HUANGXiao-binetalputforwardanefficientschemetogeneratethree-atom
Wstatesincoupledcavitiesviatransitionlessquantumdriving[23].WiththedevelopmentoftheCQED
techniqueandthedeepeningofresearch,researchershaveextendedtwocoupledcavitiesto multiple
coupledcavities,eventotwo-dimensionalcoupledcavitiesandcoupledcavitiesnetworks[28-32].For
example,HUANGXiao-binetalanalyzedthedynamicsofatwo-dimensionalcoupledcavitysystemunder
one-excitationcondition[28].Thecoherenttransportbehaviorofasingle-photoninT-typecoupledcavity
arrayshasbeeninvestigated[30].Motivatedbypreviousresearches,wehaveextendedtheT-typecoupled-
cavitymodeltoanewcoupled-cavitymodelwithacenter.ThedynamicsofGQDunderone-excitation
conditionisdiscussed.Becausethecoupled-cavitysystemwithacenterhasahighersymmetrythanT-type
coupled-cavitysystems,it mayhaveimportantapplicationsinquantuminformationprocessingand
quantumcomputation.Basedonthissystem,wehaveproposedaone-stepmethodtorealizeann-qubit
controlledphasegatewithonecat-statequbitsimultaneouslycontrollingn-1targetcat-statequbits,and
oneofitsadvantagesisthatthegateoperationtimeisindependentofthenumberofthecat-statequbits[33].
Wehopethatthisworkhassomereferencevaluesforquantuminformationprocessing.

1 Themodel
Thecoupled-cavitymodelwithacenterisshowninFig.1.ItconsistsofN+1single-modecavities,

eachcontainingatwolevelatom.Cavity1isplacedatthecenterofthesystemandcoupledwithotherN
cavitiesviaNfibers.Weconsiderthesituationthateachatomresonantlyinteractswiththecavityfieldvia
aone-photonhopping.Undertheshortfiberlimitandapplyingtherotatingwaveapproximation,the
Hamiltonianofthewholesystemintheinteractionpicturecanbewrittenas(settingh-=1)[20]

HI=∑
N+1

j=1
gjajs+

j +∑
N

i=1
Jibi(a+

i+1+a+
1)+H.C (1)

wherea+
j (aj)(j=1,2,…,N,N+1)standforcreation(annihilation)operatorforthemodeofcavityj,
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biistheannihilationoperatorfortheithfiber
mode,s+

j =|e>jj<g|(j=1,2,…,N,N+1)isthe
raisingoperatorofthejth atom betweenits
groundstate|g>jandexcitedstate|e>j,gjisthe
atom-cavitycouplingconstant,Jj(j=1,2,…,N)
denotesthecavity-fibercouplingconstant,H.C
standsfortheconjugateterms.Forthesakeof
simplicity,wetakeg1=g2=…=gN+1=gand
J1=J2=…=JN=J.

Initially,weconsiderthatallcavitiesand
Fig.1 Sketchoftheset-up

fibersareinthevacuumstate,atom1ispreparedinanexcitedstate,andtheotheratomsareintheground
states.Thus,thecombinedinitialstateis|φa1>,andthewholesystemevolvesintheone-excitation
subspacespannedbythebasisstatevectors

|φai>=|ei>a|0>c|0>f i=1,2,…,N,N +1
|φci>=|g>a|1i>c|0>f i=1,2,…,N,N +1
|φfl>=|g>a|0>c|1l>f l=1,2,…,N

ì

î

í

ïï

ïï

(2)

wherethesubscriptsa,candfrepresenttheatomicstate,thestateofcavityandthestateoffibermode,
respectively;|j>(j=0,1)denotestheFockstatewithjphotons;|ei>astandfortheith(i=1,2,…,N,
N+1)atombeinginanexcitedstateandotheratomsbeingingroundstates,|g>astandforallatombeing
ingroundstates;|1i>c meansthattheithcavityisinonephotonstate,othercavitiesareinvacuum
states;|0>cdenotesallcavitiesareinvacuumstates;|1l>fissimilarto|1i>c,|0>fissimilarto|0>c.
Then,thetimeevolutionofthewholestatevectorisgivenby

|φ(t)>=∑
N+1

i=1
Ai|φai>+∑

N+1

i=1
Bi|φci>+∑

N

l=1
Cl|φfl> (3)

wheretdenotestime,Ai,BiandClaretheexpansioncoefficients,and∑
N+1

i=1
(Ai

2+ Bi
2)+∑

N

l=1
Cl

2=1.
Thestatevector|φ(t)>obeysfollowingtheschrödingerequation

i∂∂t|φ(t)>=HI|φ(t)> (4)

usingtheinitialcondition,weobtainbysolvingtheEq.(4)

A1=
1

N +1
cos(gt)+

NJ2

α2 +
Ng2

(N +1)α2
cos(αt)

A2=A3=A4=A5=A6=…=AN+1=-
1

N +1
cos(gt)+

J2

α2 +
g2

(N +1)α2
cos(αt)

B1=-i
1

N +1
sin(gt)-i Ng

(N +1)α
sin(αt)

B2=B3=B4=B5=B6=…=BN+1=i
1

N +1
sin(gt)-i g

(N +1)α
sin(αt)

C1=C2=…=CN =-
Jg
α2 +

Jg
α2
cos(αt)

ì

î

í

ï
ï
ï
ï
ï
ïï

ï
ï
ï
ï
ï
ï

(5)

hereweusethenotationα= g2+(N+1)J2.

2 GQDbetweentwoatoms
Inordertoquantifythequantumcorrelationbetweenthetwosubsystems,inRef.[10]DAKICBetal

introducedGQD.TheanalyticalexpressionofGQDis

D(ρ)=
1
4
(‖a‖2+‖T‖2-kmax) (6)

where
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ai=Trρ(σi 􀱋I)

‖a‖2=∑
3

i=1
a2

i

Tij =Trρ(σi 􀱋σj)
‖T‖2=Tr(TTT)

ì

î

í

ï
ï
ï

ï
ï
ï

(7)

hereTrdenotestracing,ρisthedensitymatrix,Iisidentitymatrix,σi(i=x,y,z)istheusualPauli
matrix,a=(a1,a2,a3)Tstandsforacolumnvector,T={Tij}isthematrixwithelementsTij,‖T‖2=
Tr(TTT),kmaxisthelargesteigenvalueofthematrixK=aaT+TTT,superscriptTdenotesatransposeof
vectorormatrix.

Inthepresentpaper,weuseGQDasacriterionofquantumcorrelation.Firstly,wediscusstheGQD
betweenatom1andatom2.UsingEq.(3),intheatom-atombases{|ee>,|eg>,|ge>and|gg>},we
obtainthedensitymatrixρ12ofatom1andatom2subsystem

ρ12=

0 0 0 0
0 A1

2 A1A*
2 0

0 A2A*
1 A2

2 0
0 0 0 1- A1

2- A2
2

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

(8)

  CombiningEq.(7)andEq.(8),weget
a1=a2=0
a3=2 A1

2-1
T11=2A1A2=T22

T33=1-2(A1
2+ A2

2)

ì

î

í

ï
ïï

ï
ï

(9)

otherelementTijequalszero.FromEq.(6)andEq.(9),theGQDbetweenatom1andatom2canbeeasily
computedas

Da12=
1
4
[a2
3+2T2

11+T2
33-max(T2

11,T2
33+a2

3)] (10)

2.1 TheinfluenceofNonGQDbetweentwoatoms
InordertodiscusstheinfluenceofthenumberofcoupledcavitiesonGQDbetweentwoatoms,weset

g=J.WhenNequals4,8,12and16,respectively,Da12asafunctionofthescaletimeJtisplottedin
Fig.2.ItisshownthatDa12exhibitsirregularoscillation,andthepeaksofcurvesdecreaseasNincreases,
andsodotheaveragesofDa12.ThisshowsthattheGQDbetweenatom1andatom2isweakenedwiththe
increasingofN.Similarly,inthecaseofthesameparameterasbefore,theGQDbetweenatom2and
atom3isexhibitedinFig.3.WecanclearlyseefromFig.3thatGQDbetweenatom2andatom3isalso
weakenedwiththeincreasingofN.Thiscanbequalitativelyexplainedasfollows:accordingtothe
symmetryofthesystem,theprobabilitiesofatom2,atom3,…,atomN+1sharingtheexcitationnumber
ofsystemarethesame,thentheprobabilityofatom2sharingtheexcitationnumberdecreasesasN
increases.Therefore,theGQDbetweentwoatomsisweakenedwiththeincreasingofN.Forexample,in
the[0,50]region,thecalculationresultsoftheprobabilitiesaverageofatom2sharingtheexcitation
numberA-22are:whenNequals4,A

-2
2equals0.04895;whenN equals8,A

-2
2equals0.01632;whenN

equals12,A
-2
2equals0.00812;andwhenNequals16,A

-2
2equals0.00485.
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Fig.2 ThetimeevolutionofDa12withthescaledtimeJt

Fig.3 ThetimeevolutionofDa23withthescaledtimeJt

2.2 TheinfluenceofgonGQDbetweentwoatoms
AssumingthatN=8,theatom-cavitycouplingconstantgequals0.1J,0.5J,J,2.0J,5.0Jand

10.0J,respectively,weplottheevolutionofDa12withthescaledtimeJtinFig.4.AsshowninFig.4,as
thecoefficientgincreases,Da12exhibitsaquasi-periodicoscillationinthebeginning;thenitdisplaysan
irregularoscillation,finallyitdisplaysaquasi-periodicoscillationwhengislargerthanacertainvalue.
FromEq.(9)andEq.(10),weknowthatDa12dependsonexpansioncoefficientsA1andA2.Theyareall

thesuperpositionofcosinefunctionswiththeangularfrequencyαorg.Asg≪J,A1→
1

N+1cos
(gt)+

NJ2

α2
,A2→-

1
N+1cos

(gt)+
J2

α2
;Asg≫J,α→g.Therefore,inbothcaseseitherA1orA2istransformed

intoacosinefunctionofasingleangularfrequency.ThisleadsthattheevolutionofDa12showsaquasi-
periodicoscillation.Ontheotherhand,theaveragesofcurvesdecreasewiththeincreasingofcoupling
constantg.Whengequals0.5J,J,2.0Jand5.0J,theaverageD-a12equals0.02128,0.01529,0.00912
and0.00582,respectively.ThisshowsthatGQDbetweentwoatomsisweakenedwiththeincreasingof
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theatom-cavitycouplingconstant.Physically,thisresultcanbeunderstoodasfollow:theprobabilitiesof
thecavity modesbeingexcitedincreaseasthecouplingcoefficientgincreases.Thisleadsthatthe
probabilitiesofatomssharingtheexcitationnumberofsystemdecrease.Thus,theGQDbetweenatomsis
weakened.

Fig.4 ThetimeevolutionofDa12withthescaledtimeJt

3 GQDbetweentwocavities
ItissimilartothecalculationofGQDbetweentwoatomsinSec.2.Thedensitymatrixofcavity1and

cavity2subsystemcanbewrittenas

ρc12=

0 0 0 0
0 B1

2 B1B*
2 0

0 B2B*
1 B2

2 0
0 0 0 1- B1

2- B2
2

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

(11)

  CombiningEq.(7)andEq.(11),wederive
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ac1=ac2=0
ac3=2 B1

2-1
Tc11=2B1B2=Tc22

Tc33=1-2(B1
2+ B2

2)

ì

î

í

ï
ïï

ï
ï

(12)

otherelementTcijequalszero.SimilartothecalculationofEq.(10),theGQDbetweencavity1andcavity2
canbederivedas

Dc12=
1
4
[a2
c3+2T2

c11+T2
c33-max(T2

c11,T2
c33+a2

c3)] (13)

3.1 TheinfluenceofNonGQDbetweentwocavities
Again,setg=J,theevolutionsofDc12versusthescaledtimeJtfordifferentNareplottedinFig.5.

FromFig.5,wecanseethattheevolutionofDc12issimilartothatofDa12,thepeaksandtheaveragesof
curvesdecreaseasNincreases.ThismeansthattheGQDbetweentwocavitiesisweakenedwiththe
increasingofN.Thereasonisasfollows:theprobabilitiesofcavity2,cavity3,… ,cavityN+1sharing
theexcitationnumberofsystemarethesame,thentheprobabilityofcavity2sharingtheexcitation
numberdecreasesasNincreases.ThiscausestheGQDbetweentwocavitiestodecrease.

Fig.5 ThetimeevolutionofDc12withthescaledtimeJt

3.2 TheinfluenceofgonGQDbetweentwocavities
WhenNequals8andtheatom-cavitycouplingconstantgequalssomegivenvalues,theevolutionsof

GQD(Dc12)betweencavity1andcavity2versusthescaledtimeJtareplottedinFig.6.Asseenfrom
Fig.6,asgincreases,thecurvesshowatransitionfromquasi-periodicoscillationtoirregularoscillation
andthentoquasi-periodicoscillation.Thereasonissimilartothatinsection2.2,i.e.,wheng≪Jorg≫
J,B1andB2arealltransformedintocosinefunctionsofasingleangularfrequency.Butthepeaksofthe
curvesincreaseasgincreases,andsodotheaveragesofDc12.ThisshowsthatGQDbetweentwocavities
isstrengthenedwiththeincreasingofg.
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Fig.6 ThetimeevolutionofDc12withthescaledtimeJt

4 Conclusion
Inconclusion,weintroducethecoupled-cavitymodelwiththecenter.ItconsistsofN+1single-mode

cavities,andeachcavitycontainsatwolevelatom.Cavity1isatthecenterofthesystem,andiscoupledto
theremainingNcavitiesthroughNfibers.Weconsiderthesituationthatatomresonantlyinteractswith
cavityfieldviaaone-photonhopping.Underone-excitationcondition,theevolutionofstatevectorofthe
systemisderived.Usingthenumericalcalculation,weplottheevolutioncurvesofGQDbetweentwo
atomsandbetweentwocavities.Thecalculationresultsshow:firstly,thepeaksofcurvesGQDbetween
twoatomsandthatbetweentwocavitiesalldecreasewiththeincreasingofthenumberofcoupledcavities,
andsodotheaveragesofcurves;secondly,theaveragesofcurvesofGQDbetweentwoatomsdecrease
withtheincreasingofatom-cavitycouplingconstant,buttheaveragesandthepeaksofcurvesofGQD
betweentwocavitiesincreasewiththeincreasingofatom-cavitycouplingconstant.Theseresultsshowthat
GQDbetweentwoatomsandthatbetweentwocavitiesareweakenedwiththenumberofcoupledcavities.
Ontheotherhand,astheatom-cavitycouplingconstantincreases,GQDbetweentwoatomsisweakened,
butGQDbetweentwocavitiesisstrengthened.
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