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Abstract: The aim of this paper is to find out the operator for generating fractional Fourier transform in
Hermitian polynomial theory with the operator as the argument, and to incorporate fractional Fourier
transform into quantum theory. The role of coordinate-momentum exchanging operator is explored in
playing FFrT's addition rule. In the whole derivation the generalized generating function formula of
operator Hermitian polynomials and the integration method within ordered product of operators are used.

The core of operator Hermite polynomial theory is the operator identity H,(Q) =:(2Q)": , which turns the
operator of complex special function into power series in normal ordering, as a result, this greatly simplifies
calculations.

Key words: Fractional Fourier transformation; Coordinate-momentum exchanging operator; Operator
Hermite polynomial theory; Integration method within ordered product of operators

OCIS Codes: 270.5585; 270.6570; 270.5580

0 58§

I B 2 AR DA B0 0 BT — o B iR A R W 5 22 Ol 2, B B 16 A i BB AN 7 ¥R BT o
MEA 28 3056728 4, 159 B 22 56 DS #5076 19 07 1 B4R 5 R0 2 BB Y 28 O 2 78 . Ak hr s B 3t
22 3BT 3 2 B0 TE U A 8 B3 BT ) 2 6 TE AR e 5 2 X IO ) G 2 L L o A i R g 0 R A
Je AL bR A G B B R G L XA T A B R A — R IR SO 2 BT A T S

EE&WH:FH %K A AP 25 4 No. 1775208), Z A # F )T A A B2 F LA W H (No. KI2019A0688), 1 7 Il i 2% B & & OF 52 Wl B
(No0.2019XJZD04)
FE—EHE Kk RH(1986— ), B, SeaR Il -, EEEWFE Dy 1) O i Ok i T{5 B %% . Email : 2k626217@163.com
WS Ut (1947 —), 3, #82 , Wi 1o, FBEAFSEJ5 0] b i FO 24 Rl 715 B %% .Email : fhym@ustc.edu.cn
Y %m B #5:2020-05-15; R A B #§:2020-06-01
http: // www. photon.ac.cn

1027001-1



bI S ¢

KR EME SN TG R IR RS 0 2 07 2 X0 B B AT I R AR R J 1 2 0T I 3R v oA O B Y B
FHU PR, AR SR 8 R S A R AR 30 X R ' 2 5 L O A e ) AR B A IR R S T4 B e 1 AT
TR B A A BB AT R e Y 7R A T 0 AT e 0 A B R & IR S R Y A BUE 4 5 4 R Y
ﬁﬁﬁ?@dxﬁ?ﬁ% B o BN A
VT AE Sk, 43 B0 B A8 4 (Fractional Fourier Transform, FFrT)" ™R %2 3 & 715 B 22 M T 9 3 2 0F
AT DR R R T AL G A AR o Y B R A R ) — Al Y A 4 T = T DR O A A AR A
J5i (quadratic graded-index ) HF (A% 36 15 LA SCEE , 40 Ar FLAL BRI s 5 5 B M i T 18 Ge e 78 e B i il 1
J63 X I Wigner oRERCZ 0] A9 417 VR, 832 i F T ORER A5 BUSR RE 5 A 31 0O B 38 A R 7E
S BUE B AR e P AR AR A — A B PR B R W R R B EAE R R (FF)l f 1 =F.[Fl f1].H %
XF BB BEAT AL e, G a B HEAT AR R INE R F oFy = F o, RO HEAT W A2 46 (353152 a B A B YD
YRR A DL KR Sy — IR A8 (a -+ B B
A SCE AR AL hy o i 1 B % 22 P U 28 B0 B0 L AR de g A S 7 ) S HE SRR R b O A i
T2 W HE R R PN R TE W 3 504 L o 2 48 BT L 48 1 T I M AR AR, 7E R b R I AR AR — Bl i R AR TG
HER AT AR AR T A BN B4 (Integral Within an Ordered Product, IWOP)
ARSI L% 2 e

1 UEHFARENEZESTRAN XFEH

R bR e 2T H, (¢ ) TEROEY B 5 BOL CRE Tt MR 2 M 48 U0 R o 4+ 0 SRR A
H, (g)fE5 T J1 52 Ay o3 35 00 W BRA R, & 0 dak 1 M 2 () Hp BB Focke 25 T 368 187 A9 182 o B8 H) R At o2
2 Pl R AR T A AR bR (R AR S KO0 L A e A P AT T A 4 AR AIE 5 R B
S AIE bR R 7 SO L AT DAY R IR e R Y A R (O ) DR 1 R 2 18 B R AR rp B A AR ST R AU X
B H, (q) et i 1 /122 P AT 8 2000 H, (Q). IR 1 1 2 v i 2R 1 138 130 AF 22 [0 A7 A6 19 2
ESTRZE SN

[Q,P]=1n (1)

S, QA P4 A 3 A B T AR 2 ] B W§¢£ﬁﬁTU&miﬁ%WﬁHQa$§
SLELL (Q ) JFhy 1E BT B 96 2 WA T T L 5 185 1 75 10 M0 BU T O 5% 2 930 2 97 o ) £ 5
T B I T2 B AR A R fE B b 3RO T2 b 2 MR, (g )RR B H X R
s ST T2 A 0 T 2 2T RIS H R 07 v R T2 I B R Sk TR A A

IS % T T 0 0 £ BN HL, (Q) — +(2Q )" VI A 7 10 455k 66 B0 5% M B 70 1 1 HLHE I
BRSO PR e R R L AL T 2 Bt P F S B F

B T8 TR L, (g ) I 6 6 66 KT 1

ez/lq AZ:ZiHrl(q) (2)

Ja,a'1=1,

PH I A7
(3)

{6 B A7 T 25 P B AT B 22 T e BE HE & U R 2 5K H, (¢) A ¢ JRJT B R B0E X
TER(2) s g h Q.H, (¢) > H,(Q), T I

oo /111

e?t = ETH (Q) (4)
I3 —Jr W, R ) 2 O6 T4 519 Baker-Hausdorff ' 24 3R] LATHE
eMQ,f:ZGJﬂ@+Mﬁ—f:::evﬂp+ajfz:eMQF::EE_ZAQ: (5)

n=0 n!

1027001-2



SRABE, 4 Ol 0 Bl B AR e 7 e

KA 55 Ron\EF A C &8 g ERMHEFIE X T . IWOP #US A JI7E « . NEf 3L (a5
U IE AT S HER KO, AT AR AT A8 e, 30 T RLHE B o — A b T a7 X (4) AR (5) L Bk
745 3 345 1 452X
H,(Q)=:(2Q)" (6)
2 (6) B 52 7% (9 17 5K R BSCEE 10 S A TE R HE Y 09 i BOR A I K M b 1 i 5 JT A AR 2 W L
FH IS B A4 22X (6) RITAR AR 2 42 1 58 2% 1k 56 FR (IE B BN 11 3 T AL B =)

o o d IS
Jimdq‘ﬂ <Q‘ = wa(i:e 9 =1 (7)
PL R TWOP H AR ] LA 5]
H(Q)= | dgH,(q)|a) (a| = [ Cﬁl}h<q»ewmiszyg (8)
= VT
T L3 5 3 (8) 44
[ Jtoe T =y ()

PELE B35 S T A TR B BUAHE 00 BT T 7 B0 B F )25 A o 5
AT BRI LA B BR300 5 250058 BRSO H, Q) E 2 2 1 i
R 8B R 3T 0 ket-bra B AF AT B0 BN 3 BB BT 0% e SR B8 B SRR 2
BT 07 1A 20 1 T 558 Q) = 5(2Q) s 144585 HU 9L S K 8 00 L4 i
54558 AT, L8 e 5 TR SR A 5

EJHHMNMMJ%?w%mq;%+q1

R H R H, (¢)BRETH,(Q) =:(2Q)": , % EF|

N A S n _ 2p1Q — 1°Q*

,,Z;)Z”n! HH(Q)HH(P):”Z;)W:Q:H,,(P)*:GN <, (11)
A1) TE R A . mT DU A (12) i B4 4 45 SO |, b e 45 U TW O P £ AR = 0 AR 0 5 st T 45 31

e*/Q“rgQ — Jiw dqe*/q”rw/ ‘q><q‘ — J‘i:oﬂ: e*(‘I*Q)Z*/ilzﬂw::

(10)

Ve

2 2 (12)

L | Qe g _

VR s BT 41+
#1385 ROD AT % o = T 2p= T Wb = s 6=

1?;;ﬁﬂ1wm&ﬁ
S _ 1 2p1Q — £ + Q)

;}2"71! H“(Q)H"(p)me"p{ 1— 7 } (13)

R H,(Q) —~H, (¢), TR (10) 1Rk .

2 SHEEMTHROETFHLER

it Bl kA 2 W0 P ) 2 A 56 B3 350 B — TV 04T P 0 A U 0 A AR B 445 114 3 K PR O g T
T 1260 7 . 0 13 A b — 30 ik 2 4 10 P At R SR AR H BT A — bR (p) = (plf) (o i A

ﬁﬁm%%m%ﬁ%%m%%ﬁ%%quXqLﬁ¢®%%ﬁ¢ﬁﬁanjélﬁuﬁ
< g
For= (o) =" (pla)d)dg= = r(p)dq (14)

V2n
152 7% SCHR[25-26 I B 4T 2 43 3 Fourier 224 (DL o /) 9 S50, RN a Hr 28 462 )

1027001-3



bI S ¢

- ei(a/z—n/4) i P2+q2 qu
mbhmxﬁaafw&(mm ovd |RATL (15)

B, M a= %lﬁ,tana»oo, A (15) Al fapfb = (14).
yrmzﬁﬁﬂﬂit(15)tf:s@ﬁ%fz%ﬂﬁﬁifn@\ei(g”)“'“\q>,Eﬂiﬁ@a‘e%

W i (pt gt 2pg || g G

\/E;QEQ;GXP[Z( e sing) |~ Pl T la) (16)

A, @t a T A A R K Al R A 5 e R a0 =L b, BB 2 H,(g)
{1y e R B B bR

=7 - 1 2tpg — " (p* + ¢*)
”:Z;)Z”n! H,(p)H,(q)= \/1_tzexp|: 11—/ } (17)
Lr=e ", 1—r=1—-e¢ " WA LHETH
oo e*ian - eia/Z 2pq B e*Zia(p2_~_q2) -
”7202”7’1! H/z(p)Hn(q)_ e“"—e @ eXp|:e —e —la l_efZia :|—
eia/Z ox qu B (e 2in_1)(p2+q2)+(p2+q2) _
Vaisna Pl 2ising 1—e
ele/? (" + ) 2pq  (p*+¢’)(cosa+isina)|
v/ 21 sina ¢ eXp{Zisina 21 sina } (18)
e (e 2pq P tq |
VZisna P 2isine  2itana |
ela/z e(/’ziqz)/z o L p2+q2 _ﬂ
V21 sina P12 ana sina
fir LAY
_ i(a/2 — n/4) i pz+qz B qu pA/ Z 71/7 ( ( ) (19
Kﬁ‘p’“m”p{z(m ine) | € S () (9
7% BRI Y Al bR 2R G2 BT X IO B U pR B
—q%/2 Hu(q)
(gln) =e " ——= = (slg) 20)
Ve 2'n) (
BT UAH,(Q)=:(2Q)": st Al S, i FHAEXR
1 2 200 — Q7 1 2 = "
‘Q><Q‘:ﬁ€7”:e"c‘) Q::ﬁe ’;:%Hn(q): (21)
PA K al0) = 0,(m|n) =0,,, B LL AT L34
1 0 & Hn(q) (aJra*)” 1 < H,.(q) ;
0)=— ¢ : :0) = — 7 : "10) =
mla)e]0) = e RS k| T 0 = e T R ek 0) (22)
L - N H,,((]) — 1 - H’”(q)
\/;e ;;\/2”71! <m‘n> \/;e V2" m!
ﬁﬁ@m$m%wﬂxmHmn—LMﬁ%ﬂme—vﬁeﬂm U2 75 0 0 96 4N (] 0) =
T
Ve AR AR (22) 28, TR EIE M T R (20) . 2 U BT RS 1 308 7 2 T R I 1 0 R K0
—1/4 *ﬁ/ﬁw
(23)
<P‘n> Vv 2'n!

10270014



SRABE, 4 Ol 0 Bl B AR e 7 e

L6 IR S n)(n] = 1. BEATHESR(19) 80

0= ST l) = Gl S0l = alE )
T TR I LA 25 X0 IO ) 2 AR AR AN IR 2, 250 I B S Bl AR S L TR 3 B Fourier 28 4 56 £ 50 (15) T
T HeRKIkH

FLA= [ K r(mag— (el (25)
st el g gy Fourier At RS 7B 46
3 SHEEMHTHRAANMEIER

A3 B B AR S 2 T LAAE 6 £F 3 {5 (FE quadratic graded-index ¢ i /5 % ) LB T O 24 FEOG R A S
J7 T AL B AR A R O AR AR SR A R L 5 SE AR B TR (24) A (25) AT RIS F)

(FeF)LF)p)= [ Kppdg' | K(pha)f(p)dg—
I 4ol ol g et
AL IE BT o BT [ [l ) dg (AR T 3 9 Fock 4 5o Al 0 2h it 5865 X8 L6 ¢
fEZs|q ) ) o e R

(26)

1 2 T2

7)== exp{ V2 =5 }0> (27)
1 2 . a*z

p) = —rexo| =+ V2Zipa’ — o) (28)

A ARG RN IE LR BUE X
0)(0] =:e “ (29)
DL R T TWOP AR B3 45 i

J: ali-r)dg'(r'| = rm dg|g)(#’

dg q
_[7[1/2 exp{— o —F\/chf —

]
5 }O><Oexp|: 5 V2qga" + 2}—
dg a'*—a’ (30)
—Lexp|l — ¢ +V2q(a —ia)— —a*a}:

j\/; p|: q q 2

cexp [—(1+ 1)a+a]:—exp{—1;a+a}

B AT AL
et =, exp[(e‘— l)a*a]: (31)
AR (31) 16N
" lalv-s)ag (o) = exe| ~ aa] (32)
AR SON e B g A bR — B A, B R K AE T
otaf2
{‘q' =) (33)
(ple="=(q]..-,]

B 230 FUA K (26) 1] LR 3

1027001-5



t T ¥

(Fa OFﬁ’) |: f ](p) — J‘Ococ<p‘e*iau+u p!>dp/<p/‘ei(%*ﬁ)ﬂfﬂv‘> _ (34)
ol =10
JIF AT AR IE
4 B

AR SCAR B 5 3 A A W AT 2 22 TSR A 2 B PP 1 AR O BRE 4R T AR R B B R e ) B
AF L DNTIRE 28 353 K00l B AR 3 9 AT i TR IOAE R 2 b SRS 3 M 1 AR AR — 3 i L 5 A L 4 i
ARk A LU H R A A P A TR R M Ol T i R B LG S B ) Y O R e
5% 3Lk
[1] FAN Hong-yi, HU Li-yun. Optical Fresnel transformation and quantum tomography [J]. Optics Communications, 2009,
282(18): 3734-3736.
[2] Xie Chuan-mei, FAN Hong-yi. A new theorem relating quantum tomogram to the Fresnel operator[J]. Chinese Physics B,
2011, 20(6): 060303.
[3] FAN Hong-yi. Fractional Hankel transform studied by charge-amplitude state representations and complex fractional
Fourier transformation[J]. Optics Letters, 2003, 28(22): 2177-2179.
[4] JIA Li-juan, LIU Zheng—jun. Double image encryption algorithm based on random fractional fourier transform [J]. Acta
Photonica Sinica, 2009, 38(4): 1020-1024.
STATAR  XIEA . 3 BEAIL S B0 B v 4 i U (o 2 5k [T ] 0 724, 2009, 38(4) : 1020-1024.
[5] OZAKTAS H M, ARIKAN O, KUTAY M A, et al. Digital computation of the fractional Fourier transform [J]. IEEE
Transactions on Signal Processing, 1996, 44(9): 2141-2150.
[6] WANG Hong-xia, HE Jun-fa, ZHAO Xuan-ke, ez al. Implementation of the multiple-spectrum fractional fourier
transform using multi—focus hololens [J]. Acza Photonica Sinica, 2002, 31(9): 1109-1111.
FLE, fRK, BitH, & A2 HEA2 LB RLNL i B Bk 5 T]. 5t 724, 2002, 31(9): 1109-1111.
[7] FAN Yue, FAN Hong-yi. New eigenmodes of propagation in quadratic graded index media and complex fractional Fourier
transform [J|. Communications in Theoretical Physics, 2003, 39(1): 97-100.
[8] FAN Hong-yi, LI Hong—qi, XU Xing-lei. New route to deducing integration formulas by virtue of the IWOP technique[J].
Communications in Theoretical Physics, 2011, 55(3) : 415-417.
[9] FAN Hong-yi, ZAIDI H R. Application of IWOP technique to the generalized Weyl correspondence[ J]. Physics Letters A,
1987,124(6) : 303-307.
[10] FAN Hong-yi. Normally ordering some multimode exponential operators by virtue of the IWOP technique[J]. Journal of
Physics A, 1990, 23(10) : 1833-1839.
[11] FAN Hong-yi, LU Hai-liang, GAO Wei-bo, et al. ABCD rule for Gaussian beam propagation in the context of quantum
optics derived by the IWOP techniquel J]. Annals of Physics, 2006, 321(9) : 2116-2127.
[12] ISRAEL M, MINIIOWITZ R. An efficient finite element method for nonconvex waveguide based on Hermitian
polynomials[J]. IEEE Transactions on Microwave Theory & Techniques, 1987, 35(11): 1019-1026.
[13] MCWHIRTER J G, BAXTER P D, COOPER T. An EVD algorithm for Para-Hermitian polynomial matrices[J]. IEEE
Transactions on Signal Processing, 2007, 55: 2158-2169.
[14] WIENER N. Hermitian polynomials and Fourier analysis.[J]. Journal of Mathematics and Physics, 1929, 18: 70-73.
[15] FAN Hong-yi, CHEN Jun-hua. Normal ordering of the Dirac radial momentum operator and the power of radial
coordinate operators by virtue of the IWOP techniquelJ]. Journal of Physics A General Physics, 2001, 34(49): 10939.
[16] LIU Han-jun, WANG Xiao—qin. Simple realization of normal and antinormal ordering product of boson operators for SU
(1,1) lie algebra[ J]. Acta Photonica Sinica, 2001, 30(4): 400-402.
XA, BT SUCL, 1) 2B 6 S0 AF IE AL S E AL B R B 92 B[ T ] D724k, 2001, 30(4): 400-402.
[17] WEISS G H, MARADUDIN A A. The baker-hausdor{f formula and a problem in crystal physics [J]. Journal of
Mathematical Physics, 1962, 3(4): 771-777.
[18] KOLSRUD M. Maximal reductions in the Baker-Hausdorff formula[J]. Journal of Mathematical Physics, 1993,34(1) :
270-285.
[19] YU Zhao-xian, ZHANG De-xing, LIU Ye-hou. The algebraic structure of two-parameter deformed two-mode bose
operators and their application[ J]. Acta Photonica Sinica, 1997, 26(10): 877-881.
FEEBE, sRE, MR RS BRI B B0 A B AR A4 SR LT 06 7274, 1997, 26(10) : 877-881.
[20] YU Hai-jun, ZHONG Guo-bo, MA Jian-guo, e/ al. Ridgelet transform research based on the coordinate representation

1027001-6



SR A5 <Ol o B L A Y T AR

[21]

[22]

[28]
[29]

[30]

[J]. Acta Physica Sinica, 2013, 62(13): 134205

ARUFE, BhE S, BEE A T ARRRR I H HOE BT ]. WA, 2013, 62(13): 134205.

FAN Hong-yi, TANG Xu-bing. Operator Fredholm integration equation in intermediate coordinate-momentum
representation and its analogue to thermo conduction equation[J]. Communications in Theoretical Physics, 2008, 49(5) :
1169-1172.

ZHANG Zhong—can, HU Chen—guo. Path integral of the angular momentum eigenstates evolving with the parameter
linked with rotation angle under the space rotation transformation[J]. High Energy Physics and Nuclear Physics, 1998, 22
(2):153-161.

R, IR AR A A S R 4 T i AR i AR R 2SS BE L A 0 SR BOR R A AR B (T]. S RE A B S A AL, 1998,
22(2): 153-161.

FAN Hong-yi. Inverse operators and some new completeness relations in q-deformed Fock space[J]. Physics Letters A,
1994, 191(5) : 347-351.

FAN Hong-yi, YE Xiong. Common eigenstates of two particles’ center-of-mass coordinates and mass-weighted relative
momentum|[ J]. Physical Review A, 1995, 51(4): 3343-3346.

FAN Hong-yi. Time evolution of the Wigner function in the entangled-state representation[J]. Physical Review A, 2002,
65(6): 064102.

YU Li, LU Ying-yang, ZENG Xiao—ming. Deriving the integral representation of a fractional Hankel transform from a
fractional Fourier transform[J]. Optics Letters, 1998, 23(15) : 1158-1160.

YANG Zhi-yong, HOU Xun. The effects of time/frequency squeezing—frequency/time expanding in quantum systems
and their nonclassica properties[ J]. Acta Photonica Sinica, 1998, 27(9): 769-777.

B O, A A TR AR A I T AR TR RN B AR R S [T ] O TR, 1998, 27(9) : 769-777.
MANOHAR A V. Bosonic operator methods for the quark model[J]. Physical Review D, 2004, 70(1) :014004.

DONG Jian—ping, XU Ming-yu. Some solutions to the space fractional Schrodinger equation using momentum
representation method[J]. Jowrnal of Mathematical Physics, 2007, 48(7):072105.

CHEN Zong-yun, HUANG Nian-ning, ZHOU Yi-chang. On the functional evaluation of effective potential in scalar
QEDI[J]. Acta Physica Sinica, 1982, 31(5): 660-663.

PResze, 8T, MBS T hrht i TSI ) 2 A R Wz IR AE [ T]. Wy 8R4, 1982,31(5) :660-663.

Foundation item: National Natural Science Foundation of China (No.1775208) , Natural Science Foundation of Anhui Higher Education
Institutions of China (No. KJ2019A0688), Key Projects of Huainan Normal University(No. 2019XJZD04)

1027001-7



