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二粒子态控制双向量子隐形传态

王思萌,张炜,廖聪
(西安邮电大学 理学院,西安710072)

摘 要:为实现二粒子态的控制双向量子隐形传态,基于张量分析、贝尔基测量和冯·诺依曼测量等方

法,提出二粒子态控制双向量子隐形传态的通道准则,准则中,选择九粒子纠缠态为量子通道,并给出任

意九粒子纠缠态能否作为量子通道的必要条件.基于该条件,控制者完成冯·诺依曼测量后,通道被分

为单通道、双通道、三通道和四通道.以双通道为例进行计算分析,在 Alice、Bob和Controller的共同作

用下,经冯·诺依曼测量后进行贝尔基测量和对应的幺正变换,最终实现Alice和Bob之间量子态的交

换,通过双通道的隐形传输,验证了所提准则的可行性并给出量子通道选择的一般方法.
关键词:量子光学;双向控制量子隐形传态;贝尔基测量;张量分析;冯·诺依曼测量;通道参数矩阵;量

子通信
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ControlledBidirectionalTwo-qubitQuantumTeleportation

WANGSi-meng,ZHANGWei,LIAOCong
(SchoolofScience,Xi'anUniversityofPostsandTelecommunications,Xi'an710072,China)

Abstract:Inordertoachievecontrolledbidirectionalquantumteleportationoftwoqubits,basedontensor
analysis,vonNeumannandBellbasismeasurements,weproposecriteriaforassessingwhetheran
arbitrarynine-qubitentangledstatecanbeusedasquantumchannelforcontrolledbidirectionalquantum
teleportation.Usingsuchachannel,thecontrollerperformsavonNeumannmeasurement,dividingthe
initialquantumchannelintosingle,dual,tripleandquadruplechannel.InordertoachieveCBQToftwo
qubitsusingtheproposedcriteria,takingthedualchannelasanexample,Alice,Bob,andthecontroller
worktogether,usingvon Neumann measurement,Bellbasis measurements,andfinallyunitary
transformations.weverifythefeasibilityoftheproposedstandardandsetoutageneralquantumchannel
selectionmethod.
Keywords:Quantumoptics;Controlledbidirectionalquantumteleportation;Tensoranalysis;Bellbasis
measurement;VonNeumannmeasurement;Channelparametermatrix;Quantumcommunication
OCISCodes:270.0270;270.5565;270.5585;000.3860;200.3050

0 Introduction
QuantumTeleportation(QT)isacommunicationprotocolthattransmitsasystem'scompletestate

informationfromoneplacetoanotherviaaquantumchannelwithouttransmittingthesystemitself.The
essentialpropertyunderlyingthistypeofinformationtransferistheexistenceofquantumcorrelations,
whichcanbecharacterizedinseveraldifferentways[1].SincetheinitialworkofBENNETTC,etal.in
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1993,QThasbeenafocusofmanyresearchers[2].Inparticular,Pan,etal.madeabreakthroughby
achievingQTviaphotonentanglement[3-4].Recently,ground-to-satelliteQTofindependentsingle-photon
qubitshasbeenachieved,whichisanessentialsteptowardaglobal-scalequantuminternet[5].

SignificantprogresstowardQThasbeenachievedinseveraldifferentareas.In1998,Karlssonand
BourennaneproposedacontrolledteleportationprotocolthatusesGreenberger– Horne– Zeilinger
(GHZ)statesasaquantumchannel[6],whileTian,etal.suggestedusingatensorrepresentationmethod
toconstructquantumchannelsforteleportation[7].

Sincethequantumcorrelationsinchannelarevitalforteleportationfromapracticalpointofview,the
connectionbetweenentanglement,nonlocality,andteleportationfidelityhasalsobeeninvestigated
extensively[8-9].In2013,Zha,etal.proposedatheoreticalschemeforControlledBidirectionalQT
(CBQT)[10-11].InZha'sapproach,AliceandBobexchangedquantuminformationusingentangledfive-
qubitclusterstates.In2014,Fu,etal.proposedaQT (BQT)protocolthatusesfour-qubitentangled
statesasthequantumchannel.Fu'sprotocolusestensoranalysisandBellbasismeasurementstorealize
thetransmissionofunknownquantumstates[12].In2015,Hassanpour,etal.proposedanovelCBQT
protocolthatteleportsanunknownsingle-qubitstateusinganapproachwhichacontrollercontrolsthe
communicationinonlyonedirection[13].Thefollowingyear,Hassanpour,etal.proposedanovelBQT
schemethatusesanentanglementswappingtechniquewheretwouserssimultaneouslytransmitpure
Einstein-Podolsky-Rosen (EPR)statestoeachother[14].Significantly,mostcommunicationprotocol
studieshavefocusedontransmittingsingle-qubitstates,andlittleworkhasbeendoneonusingmulti-qubit
states.

Althoughteleportingasingledegreeoffreedomhasattractedtheattentionofmanyresearchersand
importantprogresshasbeenmade,asingledegreeoffreedomcancarrymuchlessinformationthan
multipledegreesoffreedom.Sinceanyquantumsysteminevitablyinteractswithitssurroundings,the
problemofachieving QTinthefaceofenvironmentaldecoherencehasalsobeenstudiedby many
researchers[15-16].Asidefromsingle-qubitQT,themajorityoftheremainingworkhasbeendevotedto
studyingtheteleportationoftwo-qubitstates,includingdirectlyteleportinganEPRpairandanarbitrary
two-qubitstate[17],probabilisticallyteleportingatwo-qubitstate[18],andteleportingatwo-qubitstateina
decoheringenvironment[19].Inaddition,Pan,etal.haverealizedtheteleportationofmultipledegreesof
freedom,asignificantachievementthathasaspecialimportanceforunderstandingthepotentialof
teleportation[4].

Inthispaper,wethereforeusenine-qubitentangledstatesforourquantumchannel.Wecharacterize
thesestatesusingthetensorrepresentationandshowthatthereisanintrinsiclinkbetweentheBellbasis
measurementsT andtheChannelParameter Matrix (CPM)R,which makesthequantum state
representationsimplerandclearer.Clearly,selectinganappropriatequantumchannelisimportantfortwo-
qubitCBQT.Here,wepresentageneralmethodforchoosingachanneltype,basedonanalyzingtheCPM
RforboththevonNeumannandBellbasismeasurements,andgivenecessarycriteriathatcanbeusedto
assesswhetheragivennine-qubitentangledstatecanbeusedasaquantumchannelfortwo-qubitCBQTin
termsofwhethertheresultingentangledstatesareseparableinthesetwobases.Therearefourquantum
channeltypes:single,dual,triple,andquadruplechannels.Ourgeneralapproachprovidesatheoretical
basisforchannelselectionandflexibilityfortwo-qubitCBQTexperiments.

1 Tensorrepresentationfortwo-qubitCBQT
Beforeconstructingquantumchannelsforteleportingtwo-qubitstates,wefirstneedtointroduce

somepreliminariesrelatedtocharacterizingunknowntwo-qubitstates.SupposeAlicewantstoteleportan
unknownstate|φ>A1A2toBob,andBobwantstosimultaneouslyteleportanunknownstate|φ>B1B2to
Alice.Withthehelpofthetensorrepresentation,|φ>A1A2and|φ>B1B2canbeexpressedas

|φ>A1A2=Xhi|hi>
|φ>B1B2=Yjk|jk>{ (1)

whereXhiandYjkareunknowncoefficientsthatsatisfyXhiX*
hi=1andYjkY*

jk=1,withh,i,j,k∈{0,1}.
ToimplementCBQT,wetakethegeneralnine-qubitentangledstate|φ>a1a2b3b4Cb1b2a3a4 asthequantum
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channel,whichcanbeexpressedas
|φ>a1a2b3b4Cb1b2a3a4=R

lmpqtnors|lmpqtnors> (2)
wherel,m,p,q,t,n,o,r,s∈ 0,1{ }andtheCPMRsatisfiesRlmpqtnorsR*

lmpqtnors=1.Qubitsa1,a2,a3anda4

belongtoAlice,b1,b2,b3andb4belongtoBob,andCbelongstothecontroller.Thetotalsystemstatehas
thefollowingform

|φ>T=|φ>A1A2|φ>B1B2|φ>a1a2b3b4Cb1b2a3a4=XhiYjkRlmpqtnors|hi>|jk>|lmpqtnors> (3)
TheentangledquantumchannelisillustratedinFig.1,whereAlicewantstoteleport|φ>A2A2toBob,and
Bobwantstoteleport|φ>B1B2toAlice,andbothofthemrelyontheCPMandthecontroller.

Fig.1 Entanglednine-qubitquantumchannelfortwo-qubitCBQT

CBQTcanbeimplementedbyusingthefollowingtwo-step.
Step1:ByperformingaHadamardoperationonthequbitC,wechangethetotalstate|φ>Tto

H|φ>T=XhiYjkRlmpqtnors|hi>|jk>|lmpqnors>H|t>c=

 
1
2
XhiYjkRlmpqnors|hi>|jk>|lmpqnors>[|0>+(-1)t|1>]c

(4)

ThecontrollerthenperformsavonNeumannmeasurementonCinthebasis{|0>,|1>}.Iftheoutcomeis

|0>,theoriginalstate|φ>Tbecomes|Φ1>T=
1
2
XhiYjkRlmpqnors|hi>|jk>|lmpqnors>,andlikewise(but

withafactorof(-1)t)fortheoutcome|1>.
Step2:Totransmitthetwo-qubitstates,weneedtoperformBellbasismeasurementsbasedon(A1,

a1),(A2,a2),(B1,b3),and(B2,b4).TheBellbasisis|ϕα>=
1
2
(|00>±|11>)and|ϕβ>=

1
2
(|01>±

|10>),whereα=1,2andβ=3,4.WiththemeasurementmatricesTgiveninRef.[12],whichwedefine
asTβ1,Tβ2,Tγ1,andTγ2inthiscase,thequantumchannelbecomes|φ>=Rnopqβ1β2γ1γ2Tβ1Tβ2Tγ1Tγ2

|nopqβ1β2γ1γ2>andthefourBellbasismeasurementmatricesTcanberepresentedasT1=I/2,T2=σz/

2,T3=σx/2,T4=-iσy/2,whereIistheidentitymatrixandσx,σy,andσzarethePaulimatrices.
AliceandBobnowperform Bellbasismeasurements,yielding <ϕγ2|ϕγ1|ϕβ2|ϕβ1|φ>=Rnopqσβ1β2γ1γ2

|nopqβ1β2γ1γ2>.
Finally,theyperformunitarytransformations,giving(σβ1β2γ1γ2)-1<ϕγ2|ϕγ1|ϕβ2|ϕβ1|φ>.
Afterthemeasurementsandtransformationsabove,theresultingCPMRcanbeoneoffourdifferent

types,givingasingle,dual,tripleandquadruplechannel,asillustratedinFig.2.
IftheCPMRcannotbewrittenasadirectproductoftwoormoreunitarymatrices,wecallthe

channelasinglechannel,asshowninFig.2(a).Inotherwords,itisgenuinelyentangled,andcannotbe
usedtorealizebidirectionalteleportationbetweenAliceandBob.

IftheCPMRcanberepresentedasRlmpqnors=Rlmno
1 Rpqrs

2 ,wecallthechanneladualchannel,asshown
inFig.2(b).Here,Risa16×16complexmatrix,whileR1andR2are4×4complexmatrices.Aliceand
Bobcandecompose|Φ1>TusingBellbasismeasurements,transformingthestate|Φ1>Tinto
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Φ1>T=
1
2
XhiYjkRlmno

1 Rpqrs
2 Tβ1

A1a1T
β2
A2a2T

γ1
B1b3T

γ2
B2b4|nopqβ1β2γ1γ2>=

 
1
2
XhiYjkσ(β1β2)no

hi σ(γ1γ2)pq
jk |nopqβ1β2γ1γ2>

(5)

Fig.2 Thefourchanneltypesintwo-qubitCBQT

AfterAliceandBobhavecompletedtheirBellbasismeasurementsontheirqubits(A1,a1),(A2,a2),
and (B1,b3), (B2,b4),respectively,the resulting state becomes <ϕ

γ2
ks|ϕ

γ1
jr|ϕβ2im|ϕβ1hl|Φ1>T =

1
2
XhiYjkσβ1β2γ1γ2|nopq>b1b2a3a4=|Φ2>T,whereσβ1β2γ1γ2isthetransmissionmatrix

σβ1β2γ1γ2=(R1R2)(Tβ1Tβ2Tγ1Tγ2)=[R1(Tβ1Tβ2)][R2(Tγ1Tγ2)]=σβ1β2σγ1γ2 (6)
Here,σβ1β2γ1γ2isa16×16matrix.Inordertorealizethequantumstateexchangeperfectly,thematrix
σβ1β2γ1γ2 mustbeunitary,andAliceandBobhavetoindividuallyperformunitarytransformationson(A1,
a3),(A2,a4)and(B1,b1),(B2,b2)toperfectlyexchangetheirquantumstates.ThetwomatricesR1and
R2areunitary,andwecanrealizetwo-qubitCBQTifAlice (Bob)performsanappropriateunitary
transformation(σγ1γ2)-1a3a4((σβ1β2)-1b1b2)onthestate|Φ2>T.Thistransformationcanbeexpressedas

(σβ1β2
b1b2
)-1(σγ1γ2

a3a4
)-1|Φ2>T=Xno|no>b1b2Ypq|pq>a3a4 (7)

IftheCPMRcanbewrittenasRlmpqnors=Rln
1Rmo

2Rpqrs
3 ,wecallthechannelatriplechannel,asshownin

Fig.2(c).Now,R1andR2are2×2complexmatrices,whileR3isa4×4complexmatrix.Here,Aliceand
Bobdecompose|Φ1>TusingtheBellbasisviathemeasurementmatrixT,so|Φ1>Tbecomes

|Φ1>T=
1
2
XhiYjkRln

1Tβ1
A1a1

Rmo
2 Tβ2

A2a2
Rpqrs
3 Tγ1

B1b3
Tγ2

B2b4
|nopqβ1β2γ1γ2>=

 
1
2
XhiYjkσ(β1)n

h σ(β2)o
i σ(γ1γ2)pq

jk |nopqβ1β2γ1γ2>

(8)

AfterAliceandBobhavefinishedthismeasurementontheirqubits(A1,a1),(A2,a2)and(B1,b3),(B2,

b4),respectively,thecollapsedstatetakestheform <φγ2
ks|φ

γ1
jr|φ

β2
im|φβ1

hl|Φ1>T =
1
2

XhiYjkσβ1σβ2σγ1γ2

|nopq>b1b2a3a4=|Φ2>T wherethetransmissionmatrixσβ1β2γ1γ2is
σβ1β2γ1γ2=σβ1σβ2σγ1γ2 (9)

ToimplementCBQT,AliceandBobeachperformhisorherownunitarytransformationson(A1,
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a3),(A2,a4)and(B1,b1),(B2,b2),respectively,toperfectlyexchangetheirquantumstates.Again,the
matricesR1,R2,andR3areunitary,andwecanachievetwo-qubitCBQTifAlice(Bob)performsthe
appropriateunitarytransformation(σγ1)-1a3(σ

γ2)-1a4((σ
B1B2)-1b3b4)onthestate|Φ2>T,whichyields

(σγ1)-1a3(σ
γ2)-1a4(σβ1β2)-1b1b2|Φ2>T=Xno|no>b1b2Ypq|pq>a3a4 (10)

IftheCPMRcanberepresentedasRlmpqnors=Rln
1R

mo
2Rpr

3R
qs
4
,wecallthechannelaquadruplechannel,

asshowninFig.2(d).ThefourmatricesR1,R2,R3,andR4are2×2complexmatrices.Thistime,Alice
andBobdecompose|Φ1>TintheBellbasisusingthemeasurementmatrixT,obtaining

|Φ1>T=
1
2
XhiYjkRln

1Tβ1
A1a1

Rmo
2 Tβ2

A2a2
Rpr
3T

γ1
B1b3

Rqs
4Tγ2

B2b4
|nopqβ1β2γ1γ2>=

 
1
2
XhiYjkσ(β1)n

h σ(β2)o
i σ(γ1)p

j σ(γ2)q
k |nopqβ1β2γ1γ2>

(11)

AfterAliceandBobhavefinishedthismeasurementontheirqubits,(A1,a1),(A2,a2)and(B1,b3),(B2,
b4),respectively,theresultingstatetakestheform

<ϕγ2
ks|ϕγ1

jr|ϕβ2
im|ϕβ1

hl|Φ1>T=
1
2
XhiYjkσβ1σβ2σγ1σγ2|nopq>b1b2a3a4=|Φ2>T

wherethetransmissionmatrixσβ1β2γ1γ2is
σβ1β2γ1γ2=σβ1σβ2σγ1σγ2 (12)

Thesituationisthesameasbefore:inordertorealizeperfectquantumstateexchange,AliceandBob
eachhavetoperformaunitarytransformationon(A1,a3),(A2,a4)and(B1,b1),(B2,b2),respectively.
Again,thematricesR1,R2,R3,andR4areunitary,andwecanachievetwo-qubitCBQTifAlice(Bob)
performsanappropriateunitarytransformation (σγ1)-1a3 (σ

γ2)-1a4 ((σβ1)-1b1 (σβ2)-1b2)onthestate
|Φ2>T,yielding

(σγ1)-1b1(σ
γ2)-1b2(σβ1)-1a3(σβ2)-1a4|Φ2>T=Xno|no>b1b2Ypq|pq>a3a4 (13)

Basedontheanalysis,weobtainthefollowingnecessaryconditionsforthechanneltoserveasa
quantumchannelfortwo-qubitCBQT:

1)Theinitialquantumchannelmustbeasinglechannelandinagenuinelyentangledstate.
2)ThecontrollermustperformavonNeumannmeasurementonitsownqubitC,andthenreducethe

quantumchannelfromanine-qubittoaneight-qubitentangledstate.
3)AfterperformingthevonNeumannandBellbasismeasurements,theresultingCPMcanbewritten

asadirectproductofunitarymatrices.Thiscanproducefourdifferentchanneltypes,andtrueCBQTis
onlypossiblewhenthechannelcanbedivided,i.e.,ifitisnotasinglechannel.

2 Selectingnine-qubitchannelsfortwo-qubitCBQT
Giventheabovechannelrequirementsforachievingtwo-qubitCBQT,thechannelmusthavenofewer

thanninequbits.Here,wechooseanine-qubit,genuinelyentangledstateasthequantumchannel,and
focusonthedualchannelcase,wheretheCPMiscomposedoftwogeneralunitarymatrices,R1andR2,as
follows

R1=

-sinθ1 0 0 cosθ1
0 cosθ1 sinθ1 0
0 -sinθ1 cosθ1 0

cosθ1 0 0 sinθ1

æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷

 0≤θ1≤π (14)

R2=

-sinθ2 0 0 cosθ2
0 cosθ2 sinθ2 0
0 -sinθ2 cosθ2 0

cosθ2 0 0 sinθ2

æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷

 0≤θ2≤π (15)

Forsimplicity,wesetθ1=0andθ2=π/6inthefollowingdiscussion.Thenormalizationconditionensures
thechannelparametersaresuitablyadjusted,andtheCPMRcanthenberepresentedasR=R1R2,
whilethechannel'squantumstatebecomes

|φ>a1a2b3b4Cb1b2a3a4=
1
42

-
1
2
(|0000C1100>+|0001C1110>+…)+…é

ë
êê
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+
3
2
(|0000C1111>+|0001C1100>+…)

ù

û
ú
ú

(16)

whereC=0,1.IfAlicewantstoteleport|φ>A1A2toBob,andBobwantstoteleport|φ>B1B2toAlice,with
|φ>A1A2=X00|00>+X01|01>+X10|10>+X11|11> (17)
|φ>B1B2=Y

00|00>+Y01|01>+Y10|10>+Y11|11> (18)
thenthestateofthewhole13-qubitsystemisgivenby

|φ>T=|φ>A1A2|φ>B1B2|φ>a1a2b3b4Cb1b2a3a4=

 
1
42

-
1
2X00Y00(|00000000C1100>+|00000001C1100>+…)+…é

ë
êê

 +
3
2X11Y11(|11110000C1111>+|11110001C1100>+…)

 
 
ù

û

ú
ú

(19)

AfterthevonNeumannmeasurement,thestateoftheremaining12-qubitsystemcollapsesto
|φ>T=|φ>A1A2|φ>B1B2|φ>a1a2b3b4Cb1b2a3a4

 =
1
42

-
1
2X00Y00(|00000000C1100>+|00000001C1100>+…)+é

ë
êê

 +
3
2X11Y11(|11110000C1111>+|11110001C1100>+…)

 
 
ù

û

ú
ú

(20)

IfAliceandBobperformstandardBellbasismeasurementson(A1,a1),(A2,a2)and(B1,b3),(B2,b4),
respectively,then,assumingtheirmeasurementoutcomesareϕ1,ϕ2andϕ3,ϕ4,thewholesystem will
collapseintothefollowingstate

|Φ2>T=<ϕ4
B2b4
|ϕ3

B1b3
|ϕ2

A2a2|ϕ
1
A1a1|Φ1>T=

 
1
42

-
3
2X11Y00-

1
2X11Y11

æ

è
ç

ö

ø
÷|0000>+ 1

2X11Y01-
3
2X11Y10

æ

è
ç

ö

ø
÷|0001>+…

é

ë
ê
ê

+ -
3
2X00Y01-

1
2X00Y10

æ

è
ç

ö

ø
÷|1110>+ 1

2X00Y00-
3
2X00Y11

æ

è
ç

ö

ø
÷|1111>

ù

û
ú
ú

(21)

whereσ12=R1(2T1 2T2)andσ34=R2(2T3 2T4).
Toexchangetheirquantumstates,AliceandBobthenperformappropriateunitarytransformationson

b1,b2,anda3,a4,respectively.Thisgivesthefinalstateσ34( ) -1b1b2 σ12( ) -1a3a4|Φ2>T,or,moreexplicitly

|Φ>swap=
1
2
(X00Y00|0000>+X00Y01|0001>+…+X11Y11|1111>)b1b2a3a4=

1
2
(X00|00>+X01|01>+

 X10|10>+X11|11>)b1b2(Y
00|00>+Y01|01>+Y10|10>+Y11|11>)a3a4

(22)

Inotherwords,Alicehassent|φ>A1A2toBob,andBobhassimultaneouslytransmitted|φ>B1B2toAlice,
successfullyachievingtwo-qubitCBQT.Thisisalsotruefortheother255typesofBellbasismeasurement
ϕα

B2b4ϕ
β
B1b3ϕ

γ
A2b2ϕ

δ
A1a1
,whereα,β,γ,δ=1,2,3,4.

3 Conclusion
Inthispaper,wehavepresentedatwo-qubitCBQTprotocolwithpotentialtheoreticalapplications,

andsetoutnecessaryconditionsforselectingaquantumchannelthatusesnine-qubitentangledstatesto
achievetwo-qubitCBQT.Wethengaveageneralexpressionforthechannel'squantumstate,takingthe
specificexampleofadualchannel.Wehavealsoproposedageneralchannelselectionmethodforthefour
differentchanneltypesandverifieditsfeasibilitytheoretically.Thismethoddescribeshowtochoosean
appropriateandsimplequantumchanneltorealizetwo-qubitCBQT,andprovidesflexibilityforquantum
experiments.Clearly,therearemanywaystoimplementtheproposedprotocoltheoretically,withawide
rangeofapplications,leadingtouniqueresearchavenues.Wehopethatwiththeimprovementofmodern
opticaltechnologyandtheprogressofQT,thiscriterioncanbeverifiedexperimentally.Inthefuture,we
plantoinvestigatewaysforAliceandBobtoexchangesomethingcomplexmorethanjustatwo-qubitstate
withthehelpofthecontroller.
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