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Bidirectional Quantum Teleportation Controlled by Single-qutrit State

LIAO Cong, ZHANG Wei, LIU Hua-bo, WANG Si-meng
(School of Science, Xi'an University of Posts and Telecommunications, Xi'an 710121, China)

Abstract: In order to realize the single-qutrit state controlled bidirectional quantum teleportation, a
protocol was proposed by using the methods of tensor representation and generalized three-dimensional
Bell basis measurement. In this protocol, the quantum state of the controller Carol is arbitrary
generalized three-dimensional Bell basis. The six-qutrit entangled state was chosen as the initial quantum
channel, and the necessary conditions to judge whether any six-qutrit entangled state could be used as
quantum channel were given. Based on the necessary conditions, with the aid of the unitary property of
the SO(3) group element, a general method for constructing quantum channels was given by selecting its
arbitrary two elements as the unitary matrices. Two specific examples were given, in which Alice, Bob
and Carol worked together by performing generalized three-demensional Bell basis measurement and
corresponding unitary transformation. At last, the exchange of quantum state between Alice and Bob was
achieved, which verified the feasibility of the proposed protocol.
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Introduction

Quantum Teleportation (QT) is an important branch of quantum communication, which is an
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important field in the research of quantum theory application. QT has drawn many researchers’ attention

[ Based on QT, Karlsson et al. proposed the first protocol

since it was first proposed by Bennett in 1993
for Controlled Quantum Teleportation (CQT) in 1998, Since then, many people have been working on
the research of CQT.

In 2013, Zha et al. proposed a theoretical scheme for Bidirectional Quantum Controlled Teleportation
(BQCT) using the entanglement property of five-qubit cluster statet*. In Zha's protocol, two legal users,
Alice and Bob, can complete the mutual exchange of quantum information under the cooperation of
Charlie. Until now, many BQCT protocols’® have been proposed. In 2014, Fu et al. proposed
Bidirectional Quantum Teleportation (BQT) protocol™ by using four-qubit entangled state as the quantum
channel. In Fu's protocol, two users can simultaneously transmit an unknown quantum state to each other
by using the Hadamard operation, Bell basis measurement and unitary transformation. In 2015,
Hassanpour et al. proposed another BQCT protocol"”! with the use of Einstein-Podolsky-Rosen states and
entanglement swapping. In the next year, Hassanpour et al. also presented the BQT protocol”of a pure
EPR state by using Greenberger-Horne-Zeilinger states, which is different from the previous one that is
teleportation of an unknown quantum state in BQT. It is worth noting that most researchers of quantum
communication protocols focus on the research in two-level quantum system, and few of them consider the
scenario in a high-level quantum system. But, it is certain that the research done by the predecessors on
the QT has a profound inspiration for the future researchers. In fact, the d-level (d==2) quantum system
has drawn many people’s attention"”'*’. In 2001, Zhou et al. proposed a protocol for teleporting an
unknown one-particle state of d-level quantum pure states by two-level Einstein-Podolsky-Rosen states!,
The significance of their teleportation protocol lies not only on the protocol itself, but also on the
possibility of further research and application of teleportation. After that Yan et al. have proposed a
scheme on probabilistic teleportation of one-particle state of d-level in 20031, Compared with Zhou's
scheme, their scheme is more perfect. In the field of experimental research, Anton Zeilinger and his team
have confirmed the correctness of Bennett's quantum teleportation schemet™. Furthermore, Pan et al.
have obtained a great achievement in realizing teleportation of multiple degrees of freedom™*, which has
special significance for understanding the potential of teleportation.

Compared with two-level quantum system, three-level quantum system has more merits such as

[1516] | greater capacity of channel™ for

increased security in a range of quantum information protocols
quantum communication. Therefore, the research for the teleportation of three-level quantum system will
have significant contribution to quantum communication and quantum information processing area. Other

related research of the three-level quantum teleportation can be found in Refs. [18-20]. In the computation

and representation of quantum teleportation, Tian et al. proposed tensor representation technology!!'?*,

which makes the description and calculation of quantum states more concise and convenient.

In this paper, a protocol of single-qutrit state Controlled Bidirectional Quantum Teleportation
(CBQT) is proposed by using six-qutrit entangled state as quantum channel based on tensor representation
and Generalized Three-dimensional Bell basis Measurement (GTBM). A necessary condition is introduced
for determining the availability to be used as a quantum channel for an arbitrary six-qutrit entangled state.
The general method is introduced to build quantum channels and two specific examples are used for
verifying the rationality of the proposed protocol. The complexity of the quantum channel is determined by
the selection of Channel Parameter Matrix (CPM).

1 Necessary conditions for single-qutrit state CBQT using the six-qutrit channel

Suppose Alice wants to teleport an unknown qutrit state | ¢). to Bob, while Bob also wants to teleport
an unknown qutrit state ‘§0>1, to Alice. With the aid of tensor representation, the two states can be

expressed as

Dyl =y,1j)+i»j€0,1,2 (D

where the unknown coefficients satis{y the normalization condition x;x;” =1 and y,y, =1.

‘ g0>a:xi

To implement the single-qutrit state CBQT, we take a general six-qutrit entangled state as the initial
quantum channel, which can be written as
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| ©) =Ry | Rltugh) kilstsu.g h€0,1,2 (2)
where RyumR s =1. Here, the particles A, and A, belong to Alice, B, and B, belong to Bob, C, and C,
belong to Carol, where the states of A;, A;, B,, B,, C, and C, are denoted by the indices &, h, [, g, ¢t and

u, respectively. The quantum state of C,C; consists of the generalized three-dimensional Bell basis.

Generalized three-dimensional Bell basis can be regarded as
gh = (e | rymod (r+u.3))) /3 3
where r=0,1,2 and a=1,2, *+++-- ,9. Let T denote a transformation matrix between computation basis
‘z‘u>and generalized three-dimensional Bell basis ¢, , that is
(Toe Tio T Too Ti Tn Toe Ti: T
TS Tie Th T4 ThHh Th T, Ti, Th

3 3 3 3 3 3 3 3 3
00 10 20 TOl 11 21 02 12 22
! 1 1 1 4 4 4 4 4
T()() Tl 0 TZ() T()l Tl 1 TZl T()Z 12 22
— 5 5 5 5 5 5 5 5 5
Ti 80 \1)0 \2)0 Tol ‘l’l 21 32 12 T’_;Z (4)

6 6 6 6 6 6 6 6 6
TO() 10 TZ() T()l il TZl (;2 12 52

7 7 7 7 7 7 7 7 7
To, T Ty Too T Tun Te T T

8 8 8 8 8 8 8 8 8
TLOO 10 fZO 01 11 21 TE)Z 12 T}Z

9 9 9 9 9 9 9 9 9
_TOO 10 TZO TO] Tll TZ] 02 12 224

The total state of the system has the following form as

1= @ | > =23, Run | 15 | kltugh) (5
and the entangled quantum channel | ¢> can be illustrated in Fig. 1. Curve® and curve® denote the GTBM

and its direction, respectively, while curve® and curve@ curve denote the quantum channel and the
direction of the collapsed state after the GTBM, respectively.
Alice Bob

T’ﬁ;@;} Carol ;}B
all 1

@

D

Az%

Fig. 1 Initial entangled quantum channel of the six qutrit in the single-qutrit state CBQT
As the first step of the single-qutrit CBQT, Carol decomposes C,C, in Bell basis ¢, via the

&)

B, () ® b()

-
c=d"
-------------

transformation matrix T, which determines the transformation between the computation basis |zu) and the

Bell basis ¢, , then the quantum state of channel can be regarded as ‘§D> =R T4, | Rlagh).
Secondly, Carol performs the GTBM on his particles C,C,, namely, <gi, | 9> =Rugoi | klgh).

Finally, Carol performs an unitary transformation on (C,,C,), with the transmission | 90’>: (¢", );11(2
@) =Ry | klgh).
So, the total state of system can be written as \ W)= ‘€D>a® ‘ 90>1,® ‘ 30/> =2y ;R ua

<

i) | i) | klgh),

and the transformed entangled quantum channel can be illustrated in Fig. 2.

Alice Bob
a(i) A, (k) B,(2)
Ay(h) B,()  b()
Sy

Fig. 2 Transformed entangled quantum channel in the single-qutrit state CBQT
The matrix R is CPM as

0527002~ 3



FROOOO RO]OO ROZOO RIOOO RHOO RIZOO RZOOO RZ]OO R22007
ROOOI ROIOI ROZOI RIOOI RllOl RIZUI RZOUI RZlOl RZZOI
ROOOZ R0102 ROZOZ RlOOZ RllOZ R1202 R2002 R2102 RZZOZ
R()()l() R()ll() R()Zl() Rl()l() Rlll() RlZl() RZ()I() Rle() RZZI()

R: ROO]I R()Ill ROZ]I Rloll Rllll RIZH RZO]I RZHI RZZ]I (6)

RUOIZ ROIIZ ROZlZ RlOlZ RlllZ RIZIZ RZOIZ RleZ R2212

ROOZO ROIZO ROZZO RIOZO RllZO RIZZO RZOZO RZIZO RZZZO

R()()Zl R()l2l R()ZZI Rl()Zl RllZl RlZZl RZ()ZI RZlZl RZZZI

\_RO()ZZ ROIZZ ROZZZ Rl()ZZ Rl 122 R 1222 RZ()ZZ RZIZZ R2222_

5 T% % T, Ti, T%
= 7@1 7?1 Ygl = |T% 7 T7 7
5, T%, T% T?, i %

where T? and T” are measurement matrices, o4, is an element of the transmission matrix ¢” and 6%, = Rug
T
In order to realize their quantum state interchanged, the CPM R must be reduced into a direct product
form of two unitary matrices R' and R*, namely, R=R'QR?, that is to say
o) = @A, & ‘ @)p a, = Ri R, ‘ kg)a s, ‘ L)y a, (8)
The total state also can be writen as
| W) =2y, RERG | [0 | kg [ L0 €D
with Ryy =R, Rj,. Here, the CPM R is 9 X9 complex matrix, R' and R* are 3 X3 complex matrices.
Alice and Bob decompose | W)+ with the generalized three-dimensional Bell basis
¥ =2y, RLRITATL B ) | ) [y =x.y,07%"" | Brgh) (10)
After Alice and Bob finishing the GTBM on their particles (a, A,) and (b,B,), respectively, the
remanent state of the system has the next form as
‘@>T::<:¢ﬁ
with ¢ = (R'QR*) (TP'QT") = (R' T X (R*T") :oﬁ®ay.

Alice and Bob individually perform an unitary transformation on particles A, and B, to swap their

x.y,0%7 | ghdy, a, (1D

quantum state, and the unitary transformation can be represented as follow
() (D) | @ r=x, [ g,y [ h)a, 12
hence we can easily find that the single-qutrit state CBQT is successfully achieved.

Based on the result of the above analysis, one can determine the necessary condition which can be used
to judge whether a six-qutrit state can be regarded as quantum channel for the single-qutrit state CBQT :
1) The initial quantum channel is a single channel which is composed of a genuine quantum entangled
state; 2) Carol must perform a GTBM on his particles (C;, C,) and then performs an unitary
transformation; 3) The transformed quantum CPM can be written as a direct product of two unitary
matrices. If we want to realize a probabilistic CBQT, the CPM needs to be reduced into direct product
form of two invertible matrices.

2 General method of the constructing channel for CBQT

As is known to all, the nature representation element of SO (3) group is all unitary, so it will be a
suit candidate of CPM R for perfect teleportation. In order to realize perfect teleportation in qutrit system,

for instance, we can select universal rotational matrix as the matrix R' and R*. We can define R' as

[ e T cos” (By/2) —/2e Mcos (B/2)sin (B/2) e TN sin® (3, /2)
R' = |\2e "icos (B/2)sin (B,/2) cos” (B /2)sin” (B, /2) —2e" cos (B/2)sin (B/2)| (13)
L e sin’ (3,/2) VZe cos (Bi/2)sin (Bi/2) et cos® (B1/2) -
where a1» 15 71 are Euler angle, 0<Cay <{27, 0<{B<<n, 0<{y, < 2n. Similarly, we can define R* as
[ e et cos (B,/2) —y2e ®cos (B,/2)sin (3,/2) e w2 sin® (B,/2)
R — V2e " cos (B:/2)sin (B:/2) cos’ (B./2)sin* (3 /2) —/2 e cos (B:/2)sin (B./2) (14)
| e ‘2 2 sin® (3, /2) V2 e cos (2 )sm (B:/2) e <7722 cos? (ﬁz) |
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where a,s 32, ¥, are Euler angle, 0<Ca, <{21, 0B <{m, 01y, <2m.

The general quantum channel |¢) is

=1 a8,@ | @ ua, @ e ¢, =Ruue | kltugh) (15)
where | @)a s, =Rl |kg) . its expansion is
| @) a1, :%[e*‘(“1+yl’cosz (Bi/2)|00) e e a1 cos® (8 /2) ] 22)] (16)
| @52, =R | lh) + its expansion is
| @), a, — Lot og (B:/2) | 00) A= Fei "2 cos” (B,/2) | 22) ] (17)

3

‘9")‘71‘32 =g}, » its quantum state is represented by arbitrary generalized three-dimensional Bell basis.

3 Specific examples

3.1 Example one
Selecting R' and R? as

1 0 0

R'=|0 cosf —sin 6, (18)
10 sin6¢y  cos O |
1 0 0 ]

R*= |0 cos @, —sinb, (19
0 sin 6, cos 0, |

where 0<{0, <<2x and 0<{0,<2x. It is obvious that R' and R* are unitary matrices. Let §, =60, ==/4, then
R' =R’. Because coefficients of a state must be normalized, the channel parameter will be suitably adjusted
and the CPM R can be written as R=R'@R*/3. The initial channel state is given by

_1 V2 V2 vz V2 e L

‘50> 3 (002003 +2 [ 01601 +75- [ 01a02) =57 102q01) +Y-[02002) + -+ 5[ 21a22) + (20)
ENpy 11>—i\22 12)— L |22 21>+i\22 22))
2|77 2 oo 2|77 2 177

where « is equivalent to a generalized three-dimensional Bell basis ¢, which represents the quantum state of
C,C,. Carol performs a GTBM on his particles (C,,C,). If he obtains the result ¢, , the channel state will

be marked as

‘ go/>:<90?,4

1 JZ JZ JZ JZ
— — Y2 10102 — Y2 10202) -+
@ =5 (0000 +*2 | 0101) +*7 \ )= 020D+ \ > G

1 1
o l2122)+

2211>—% \ 2212>—% ‘ 2221>+% |2222))

The system state of the six particles is given by |[¥) = |¢).® [ ¢),® |¢). When Alice and Bob
perform the GTBM on their particles (a, A;) and (b, B,), respectively, and obtain the results ¢, and
@i, » the system state will collapse to the state | vy, =<gis, ‘ gof\,\] | ¥y, witho’=R'(/3T"), and ¢° =R*
3T 6% =6*@s° being the transformation matrix.

Alice and Bob perform an appropriate unitary transformation on their particles A, and B,,

respectively, to swap their quantum state. The final state is (¢’ )X; Ca )1;21 | ¥ )1, which is marked as
| D) ey Z%[IQ [0+ [ D+, [2)T5, @Lye [0)+ 30 [ 1D+ 3, [2) ], (22)

therefore the single-qutrit state CBQT is successfully achieved.
For the other 80 kinds of Bell basis ¢fy ¢l measurement results, Alice and Bob operate a suitable
unitary transformation on their particles to interchange their quantum states.

3.2 Example two
Let 6, =20, :% , then the CPM R can be represented as R=R'QR*/3. In the same way with Section 2,

the initial channel state can be remarked as
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g0>:%[‘00a00>+ |01202) — [02201) + | 10a20) + | 11a22) — [ 12421) — | 20210) — (23)

|21a12)+ | 22a11) ]
After Carol performs a GTBM on his particles (C,,C,), and obtains the result ¢f, , the channel state

will be marked as

| ) =gk,

|2010) — | 2112)+ | 2211) ]
The system state of six particles is | V)= |0, @] ¢),& |¢'). When Alice and Bob perform a GTBM

on their particles (asA;) and (b,B,), respectively, and Alice's and Bob's respective measurement result

@z%[ 10000) 4 10102) — [0201) + | 1020) + | 1122) — | 1221) — (24)

are 90*1”\1 and SDII,BI . the system state will collapse to the state | @' ). :<5011,51 ‘50"1'"\1 | ¥) 1, with ¢' =R' (/3
™, "' =¢"®0".

Alice and Bob perform an appropriate unitary transformation on their particles A, and B,,
¥''y, which is marked as

2>]B_)®[y0 ‘O>+y1 ‘ 1>+yz

As a consequence, the single-qutrit state CBQT is successfully achieved.

respectively, to swap their quantum state. The final state is (¢') 4 (')

By =y [0 a0 | 1) 42 27, (25)
9 2

For the other 80 kinds of Bell basis gdﬁAl @i, measurement results, Alice and Bob operate a suitable

unitary transformation on their particles to swap their quantum states.

4 Conclusion

The quantum state of controller Carol is selected as Bell basis ¢, . Due to the orthogonality of Bell
basis, the Bell basis ¢, is chosen to measure the controller. After the initial quantum channel is measured
by the Bell basis, the transformed quantum channel parameter matrix will be able to be represented as the
direct product of two unitary matrices. For legal user Alice sand Bob, having performed the corresponding
Bell basis measurement and unitary transformation respectively ensures their exchange of the quantum
information between each other theoretically. However, the complexity of the quantum channel is still
determined by the selection of R. In order to deal with the problem flexibly, we discussed two specific
examples of making R.

In summary, the protocol of CBQT for the single-qutrit state is proposed by using six-qutrit entangled
state as the quantum channel. Besides, a necessary condition is introduced for determining the availability
to be used as a quantum channel for an arbitrary six-qutrit entangled state. In addition, based on necessary
condition proposed, the general approach is introduced to build quantum channels and two specific
examples are given.

In fact, the proposed protocol is an ideal CBQT, with a transmission success probability of 100%.
However, assuring the success rate of probabilistic CBQT requires Rbeing a reversible matrix instead of
unitary matrix. Besides, Alice and Bob will need to perform the corresponding reverse transformation as
well.
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