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Sagnac-effect Enhancement with Squeezed Vacuum Light Input and
Photon Counting Technique
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Abstract: Sagnac effect can be enhanced with squeezed vacuum light input and Quantum Balanced
Homodyne Detection (QBHD), which can result in the improvement of the gyroscope precision. By
considering the phase sensitivity obtained by QBHD is related to the phase itself, the best sensitivity is
achieved only at some certain value of phase. A scheme based photon counting was designed to extract the
Sagnac output phase with Bayesian theory. The theoretical analysis results show that, the proposed
scheme can break through the Shot Noise Limit (SNL), and the phase accuracy can reach Heisenberg
Limit( HL.) theoretically when the power of squeezed vacuum light and coherent light are equal.
Meanwhile, the best phase sensitivity can be achieved at any value of phase, which is advantageous for
gyro to reach the best sensitivity at any output phase.
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0 Introduction

Sagnac effect refers to a phase difference between two electromagnetic waves propagating in the
opposite direction along a rotating circular path which costs the two electromagnetic waves different time
for a circle propagation. Sagnac effect is applied in many important areas, such as detection'*?, sensing!®

[4-5]

and high precision rotation measurement-">, among which optical gyro based on Sagnac effect is the

mainstream device of the military and aerospace navigation. How to improve the output precision of Sagnac

effect is an important research topict®, and is also one of the most important ways to realize autonomous
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navigation without the external signals, which is an essential technical support for deep space exploration,

UJ with the characteristics of good concealment, strong

deep sea exploration and the military confrontation
anti-jamming and working all time and all weather.
An effective method for the improvement of Sagnac effect many scholars focus on is the utilization of

.[8] [9-10] b [11] 1

particle waves such as superfluids-* and cold atoms ased on the wave-particle duality theory n

optical regime, quantum mechanics reckons that when laser used as light source is input in Sagnac

interferometer, the theoretical limit of the output phase sensitivity is 1/v/(N) ({(N) is the average number
of photons input), which restricts the precision of optical gyro and is called Shot Noise Limit (SNL) or
Standard Quantum Limit (SQL)M*. Quantum metrology shows that SNL can be broken through and the
precision even reaches 1/(N) theoretically, which is called Heisenberg Limit (HL). In order to break
through the restriction of SNL, Bertocchi et al. study the quantum Sagnac effect using single photon as

151, which conforms to the theory of quantum

light source and show that the output precision is below SNL
mechanics, because single photon doesn't have the correlation effect. Kolkiran et al subsequently take the
two-photon entanglement source as light source, and prove that the output precision can be improved by

U4 Nevertheless,

adopting two-photon and four-photon coincidence measurement technique theoretically
the efficiency of two-photon entanglement generation in Kolkiran theory is relatively low. As squeezed
vacuum light can be generated through the parametric down-conversion process efficiently, we utilize the
squeezed vacuum light entering into the unused input port of Beam Splitter (BS) in gyro and Quantum
Balanced Homodyne Detection (QBHD) for Sagnac effect enhancement™'™. However, the QBHD can only
achieve the highest precision at #=0. In this manuscript, we suggest a new method for Sagnac phase

extract by photon counting, which can achieve the highest precision at any value of phased.

1 Principle of Sagnac effect

t1% is the optical path difference

Sagnac effec
between two beams of light caused by the rotation
of the ring. The optical path difference is linear
with the rotation rate. By measuring the
interference fringes of two beams of light, one can
obtain the rotation rate. To be specific, as
illustrated in the Fig. 1., a beam of light splits
across the BS at point A, and then the two parts
propagate respectively along the clockwise and

anti-clockwise direction. If the ring doesn’t rotate,

the two beams of light will join and form the
interference fringes at point A during the same Fig. 1 A schematic diagram of Sagnac effect

time t=2xr/c (r is the radius of interferometer, and ¢ is the speed of light). If the ring rotates along the
clockwise direction with angular rate (2, as shown in Fig. 1, the beam of light propagating for a circle along
the clockwise will need more time At=4xr’(,/c* than the other beam of light. Accordingly, the optical
path difference of the two beams of light in the rotating ring for a circle is""

_ drr* 0,
-

AL (D

Furthermore, we can write as

AL

_40.nS
= (2)

where n is the unit normal vector of interferometer surface and £, is the rotation vector. Eq. (2) shows
that the optical path difference has nothing to do with the shape of the interferometer, but depends upon
the flux of rotation vector €, which can be enhanced with more circular light path effectively. If the length
of optical fiber is L, the phase difference can be written as

::4WI,nQr
cA
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where A is wavelength. One can see that the phase difference @ is linear with the rotation rate .. By
measuring the phase difference §, we can directly obtain the rotating rate ,, whose accuracy depends on
the measurement precision of 4.

Shot noise is caused by the vacuum zero-point fluctuation introduced through the unused input port of
the BS. In order to break through the limitation of shot noise for the improvement of measurement
precision, the unused port is suggested to be fed with squeezed vacuum light. As a result of the linear
relationship between the rotation rate and relative phase difference, the key problem is how to effectively
extract the phase information of the output light and utilize the squeezed properties of light field to improve
the sensitivity of the Sagnac effect.

2 Squeezed vacuum technique

2.1 Scheme of squeezed vacuum generation and injection
The squeezed vacuum light is generated with degenerate parametric amplifier and fed into the unused
port of BS instead of the vacuum for reaching the sub-shot-noise sensitivity with the precision

measurement, as shown in Fig. 2 in detail. The laser source through BS A splits off one part, denoted by
. . A . . - .
annihilation operator c¢;,» to enter into the input port of BS C , and the other part serves as pump light
. A . .
after frequency doubled to generate the squeezed vacuum light 0,,. The pump light is left out through the

dichroic mirror B, and the squeezed vacuum light &, enters into the other input port of BS C in the Sagnac

interferometer.
Bichroic mirror for
- Degree B pump removal
Doubling | parametric >
xtal amplifier
N
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- .
|
D\ %@
o >
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()

Fig. 2 The generation of squeezed vacuum light and fed into Sagnac interferometer
The physical distinction between the Sagnac interferometer and Mach-Zehnder Interferometer (MZI)
is that the MZI has two independent BS while the Sagnac interferometer is only one BS but used twice by
signal isolation between input and output with optical circulator. For the convenience of analysis, here
Sagnac interferometer will be treated as MZI. Thus, the two beams of light will join at the BS D.
The process of the degenerate parametric amplification in Fig. 2 is a parametric down conversion

process, in which the output frequency of light is half of the pump light. The purpose of frequency

. . . N A . . .
doubling for pump light is to keep squeezed vacuum b;,and laser c;, consistent in frequency. When no signal
is fed into the amplifier, the output is squeezed vacuum light, which can be characterized as Bogolyubov

transformationt'®

bo=pa.tval )

where ;= cosh G,y= —sinh Ge¥ and |px|* — |v|* =1. We note that G is squeezed degree and ¢ is the

. . . A . ..
squeezed orientation, and the input operator a, must satisfy the vacuum conditions

Gatay=(|al*|y=(|a?|)=0
(a.ahy=1 (5

QBHD technique is introduced in the Ref. [15], here we show the scheme in the Fig. 3 and give the

A
expectation value of homodyne detection data M
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A
(My=—2]a.] |a.

COs @) COS (%) (6)

where ¢, is the phase between the input coherent light [e.) and the local oscillator light [a; ). Clearly, the
expectation is a function of phase @ which can be effectively found out by adjusting the phase of local

oscillator light, so that ¢, =0.
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Fig. 3 Schematic diagram of QBHD

2.2 Photon counting with Bayesian phase inference

With the development of the photon counter,
especially the production of single photon counter
worked in the Geiger mode, the measurement of
the number of particles at the output ports D Y A
gradually becomes important detection method for > \dl(c) »D
the unknown value of the relative phase A
estimate!*1. Unlike the quantum balanced al @

homodyne detection, the measurement method E

doesn't need the local oscillator, just need photon

counting for the output particles of the BS D, as

shown in Fig. 4. Fig. 4 Measurement of the number of particles
The quantum balanced homodyne detection technique doesn’ t take advantage of all information

effectively, and is not optimal (see 'performance analysis' in section 3). In fact, the quantum fluctuations

of the number of the particles at the output ports also contain the relative phase information". The

precision of the parameter estimated by the Bayesian inference strategy can reach the Heisenberg limit

effectively by utilizing all the information.

The ideal laser in Coherent state |a), and squeezed vacuum state |&) in particle number representation

can be expressed as |a)=2,C,|n) and |&)=2>],S,.|2m) respectively, where C,=e" lal®2_ ¢ ond S, =

n!
_ m / ) |
#(*1)”’ (le'gs tanh r) M Assuming that the output state of interferometer is | ¥(§)) =
v/ cosh r 2 m!
A A . i
e | ¢, where J, = (IA7,+n?‘in—/c\‘fnlA)in)/2i and | ¢,) = |a) | &, at the output port the conditional

probability for measuring the number of particles N, and Ny is

0512003~ 4



CHEN Kun, et al; Sagnac-effect Enhancement with Squeezed Vacuum Light Input and Photon Counting Technique

i N , 2
P(Nc7]\]d | 0) = ‘<Nc | (Ny ‘ e s ‘ §0m>‘2 - ‘ZCN—HSH 5.':\2'/2—7,((9) D)

n=0
A
where y=(N.— N /2, d,., (D= —plGtple " |j4+v)][j—v), and N=N.+ N, is the total number
of particles in the system. dJ, (§) are rotation matrix elements and can in detail be expressed as dJ,., (§) =

G—0! GFrol (
G—m! GTm!

v vt
sin i) / <cos i) ' Pi_were (cos @) where Pyovte(cos §) =

2 2
v

—(jud ]_Iu ]+# _ —jukD L 1 1
2 ﬁz; <Ie ) <j B vf/e> (1—cos @) (1 -+ cos #)* is the Jacobi polynomial.

The derivation process is as follows

-/\ P 1 7/\ ~
P(N, N[ = [(NJ(Ngl e | g |* = ‘%—# | <g+,¢ e 37 C e

) N/2
2,,,5"1 | 2m) ‘2 = ‘(g—y \ <g + | e"‘”A.v ZM'HC,,S,,, | n) | 2772)‘ = ‘ ZC\: o ®

m=0 €))
A 2 N/2
SNyl At e I N—2m 2| = | D Cvas Y —p 1 Kt
2 2 e 2 2
of E ﬁ _ E _ E 9, : _ O N/2 2
ple” | S+5—2m |3 ( . 2m)> = | Zc,sczf 0
The posteriori probability function can be obtained based on Bayesian theory
__P(N..N4|®P (9
P(G|N.,Ny) = P (NN (9
where P (@) is the prior probability distribution of the angle §. And usually we set P (0) :%'c (—r<0<m)

which means that the prior probability of the angle § in [ —x,x] obeys uniform distribution, namely the
probability of each value of @ is the same. P (N..N,) can be set as a fixed constant for normalization.
Thus under the condition of the output phase §, we will be able to obtain a posteriori probability density
function P (4| N.,Ny) by measuring the probability distribution of the number of particles at the two

output ports. We can get the phase with the Bayesian inference 4., = JﬂﬁP (0| N.,NyHdg.
0

3 Performance analyses

3.1 Quantum balanced homodyne detection

We are more concerned about the phase sensitivity, which is an important index of the validity of the
strategies for the enhancement of the Sagnac effect. In the Ref. [15], we show the phase uncertainty with
QBHD technique by setting a phase bias is

Jlul 1
o0=

Obviously, the uncertainty of phase @ is related with phase §. When §=0 we can obtain the minimum

? +tan’ (%)

(10

1
QAc

uncertainty
1
O0min = ————0@sn1 an
9 <n,q> PSNI
where {(n,) = <;\)T /A)S>: |v|? is the average photon number of the squeezed vacuum light, and dpsa. =1/

V/<{n.> where (n.,) =

number () increases, the phase uncertainty will decrease.

a. |? is the average photon number of coherent state light. As the average photon

If the Sagnac interference is input with only coherent state light, one can obtain the uncertainty of

phase d¢p=1/|a. | |cos (%) by adopting the homodyne detection technique. The minimum uncertainty of
phase is the so-called standard quantum limit dgsy. = L __ 1 at =0.
Qe VAND
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3.2 Photon counting with Bayesian phase inference
The estimation error (phase fluctuation) of the Bayesian inference based on statistical theories is no
longer characterized with the error propagation formula, but with a more accurate expression called

quantum Cramer-Rao Low Bound A0=1/+F(0) , where F (#) is the quantum Fisher information. The

quantum Fisher information of squeezed vacuum state and coherent state is"*"

O OP(N., Ny | O \*

F(e) NLZ:()\Z}()P(NC’NC\ | 6)< 86 ) o
Then A0=1/+/Ta. [?e*® +sinh® G. Obviously, 1//]a.
equation holds. When |q.|?=sinh® G, A0=~1/]a.|e”

!=sinh® G=n/2>1, A8=<1/n can reach the Heisenberg limit. We must note that the

2e?¢ +sinh? G (12)

‘ c

2e’® +sinh? G<<1/|a. | €®, if and only if G=0, the

is in line with the optimal sensitivity of homodyne

detection. If ‘ac
phase fluctuation Af is not dependent upon the phase § with Bayesian inference, which is the optimal
estimation for any value of phase. Furthermore, when the input power of the coherent light and squeezed
vacuum light are equal, the Sagnac interferometer has the best output sensitivity, and can even reach the
Heisenberg Limit (HL).
3.3 Comparison of each approach

To evaluate the theoretical performance of the designed scheme, we will make the numerical analysis
and comparison among the Sagnac output sensitivities with only coherent state light input, coherent state
and squeezed state light input with the QBHD and photon counting, as shown in Fig. 5.

We set the squeezed degree of the squeezed vacuum G=35 and the average photon number of coherent

state |a.|? and squeezed state sinh’G to be equal. As shown in Fig. 5(a), the sensitivity of Sagnac
interference output using quantum homodyne detection technique is related to the phase ¢, and the best
sensitivity is at ¢ =0 (with phase bias). When the input signal is only the coherent state light, the
sensitivity can just reach SNL at §=0. When the squeezed vacuum light fed into the other input port of
Sagnac, the sensitivity is improved obviously. The results of Bayesian inference based on the statistics
information of the photon number are independent on the phase ¢, and for any value of output phase can
get the best sensitivity. When the photon number of coherent states and squeezed state are equal, the
Bayesian method can reach the HL.

The optimal performance of various methods with different squeezed degree G is compared with each
other in Fig. 5(b) In order to make the comparison more clear, we set the maximum value of G is 5.
Certainly, we can set any value of G for comparison theoretically. From Fig. 5(b) we can see that the
precision of the QBHD and photon counting with Bayes analysis are very close to each other. As the
average photon number of coherent state and the squeezed state are equal, the average photon number of
coherent state light will increase as G increases. Fig. 5 reflects the phase estimation precision is
proportional to the average photon number of coherent state. In other words, the sensitivity increases as
the input photon number increases. However, the increase of the photon number means the increase of the

input power which increases the burden of equipment. As the input power increases, the radiation pressure

2 0
-0.5 ]
-1.0 1
| 15t .
2 | £ har '
2 o - S | B -2.5 - ]1%3 \‘-\.-__\_.
= — Only coherent state light input =, - o ﬁﬁ\
-3 g -=== Quantum homodyne detection %5 ] 35 ["1.436 oosm
4 £ ___—-=Photoncounting _ % | 7 | == Only coherent state light input
~ -4.0 | =vk= Quantum homodyne detection
s HNL ) 45 =—»— Photon counting ) )
0 50 100 150 200 1 2 3 4 5
0/ G
(a) G=5 with different phase (b) Different G

Fig. 5 Performance comparison among each approach
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noise will dominate. We cannot improve the sensitivity by only increasing the input power. The Sagnac
sensitivity will be effectively improved with the squeezed vacuum light input, with little increase of optical
input power. Meanwhile, the photon counting with Bayesian phase inference can make full use of the

statistical information, so it can achieve best sensitivity at any value of phase.

4 Conclusion

On the basis of the squeezed vacuum technique for improving the precision of optical gyro, considering
the phase sensitivity of QBHD is related to the phase itself, photon counting is introduced for the effective
measurement of the relative phase of the Sagnac interferometer. It can be realized in experiment. There
exist some challenges for implementation: 1) the higher requirement for experimental environment and the
strict requirement for photon number accuracy, due to the photon number counting error will have a big
impact on the result of the phase estimation accuracy; 2) the input power of light cannot be too high to
damage the photon counter. Consequently, The photon counting method is suitable for small amount of
photons input and can achieve the best sensitivity at any value of phase. When the power density of coherent state
light and squeezed vacuum light are equal, it has the optimal performance which can reach HL.
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