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Low Frequency Compensation for Turbulent Phase Screen Based on
Multi-order Frequency Grids
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Abstract; A subharmonic method was proposed based on the multi-order frequency grids dividing for the
generation of the turbulent phase screen to compensate the low frequency components. Frequency grids
were divided by multiple orders in the frequency domain of phase screen, and the frequency grids of each
order were further finely subdivided, and then the frequency components in low frequency range which
contribute the most to the turbulent spectrum could be compensated sufficiently. The phase structure
function and the power spectrum of atmospheric turbulence were used to analyze the accuracy of the
generated phase screen. Simulation results show that the discrepancy between the phase structure
function derived from the generated phase screen and the theoretical value directly calculated from the
turbulent spectrum is decreased by the increasing of the total number of frequency grid orders M, and
frequency grid point number of each order N,and ’\7 For every group of M, N,and N, ., there is an
optimum value for frequency space before subdividing Af,. By selecting M = 3, N,=N,=3 and Af, =
2 m~', the phase structure function and the power spectrum of the screen can be quite closely to theory.
The overall slope in the generated random phase screen reflects an accurate sampling of the low frequency
components.
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0 Introduction

Numerical simulation of the turbulence-induced
wave front distortion is an important way for studying
light propagating and imaging through atmospheric
turbulence in many applications, such as near-earth
laser communication”*’, LADAR (Laser Detection and
Ranging) imaging""! and adaptive optics” ). The split-
step simulation method based on multiple random
turbulent phase screens, first introduced by Fleck in
1976,  has

researchers. In this method, the effect of atmospheric

been widely developed by related
turbulence on light wave front can be regarded as a
series of phase screens every certain distance located in
the plane perpendicular to the propagation direction.
The accurate generation of turbulent phase screen is
investigated in  numerical simulation of light
propagating through atmospheric turbulence. Several
methods have been used for generating a turbulent
phase screen. A common method is based on the Fast
Fourier Transform (FFT), in which phase screen is
inversely Fourier-transformed from the power spectrum

[9-11]

of turbulence Using Zernike polynomials and a

series of random coefficients is another method to

[12-13]

generate a phase screen Also, the correlation

“"Jcan be used in some applications,

matrix method'’

Among these phase screen generating methods,
the FFT-based phase screen is most commonly used
since it has the advantages of fast implementing and
less memory requirement. However, directly using the
FFT-based phase screen has a drawback of the loss of
low frequency components. For a power spectrum of
atmospheric turbulence, low frequency components
provide a main contribution, so the loss of low
components degrades the accuracy of the generated
phase screen severely. In order to include more low-
frequency components, a quite large phase screen is
required by using FFT, which will increase the sample
points while keeping a certain spatial resolution in space
domain of phase screen, thus the amount of computing
will be increased. Several subharmonic methods have
been proposed to compensate the low frequency
components without much computing amount™"'7, In
these subharmonic methods, low frequency components
can be compensated by expanding phase screen or
adding the subharmonic levels, and the statistical
characteristics of simulated phase screen can be closer
to that of the theoretical turbulence, as the size of the
expanding screen increases or the number of
subharmonic level increases.

Frequency grid dividing is very essential in
subharmonic method, since frequency components

contained in phase screen are dependent on frequency

grids. Frequency grids of phase screen should be
divided for every useful frequency section to match the
power spectrum of atmospheric turbulence. We
propose a subharmonic method based on multi-order
frequency grid nesting to compensate low frequency
components lost in the FFT-based phase screen. The
frequency grid is subdivided finely for each order
according to the power spectrum of atmospheric
turbulence, and the phase structure function and power

spectrum of generated phase screen are close to theory.
method for
compensating low frequency loss in
FFT-based phase screen

In the FFT-based phase screen which is commonly

1 Subharmonic

used in numerical simulation for light propagation
through atmospheric turbulence, the loss of low
frequency components is a problem. The subharmonic
method is an effective solution to compensate the low
frequency components.

A phase screen is constituted of turbulence-
induced phase perturbations in the two dimensional
(2D) plane perpendicular to the propagation direction.
Phase
transforming on the power spectrum of atmospheric
turbulence in the FFT-based method. The turbulence

can be reasonably assumed to be isotropic and

screen 1is generated by inversely Fourier

homogeneous, and the 2D power spectrum of

atmospheric  refractive-index  fluctuation can be

represented by the modified Von Kdrman model
including the influence of outer scale as follows™"!

D, (k,,2)=0.033C%(2) (k& +il) 1 [@D)
where x,= 2n/L,, L,is the outer scale, C’(2) is the
structure constant, and «, = (« +«,)"* is the radial
spatial wave number in the plane perpendicular to the
propagation direction (% axis), in which x, =2x/x and
k,= 2m/y are the spatial wave numbers along x and y
respectively.

Turbulent phase can be expressed as the integral
of the refractive index along the path, so the 2D power
spectrum of turbulent random phase can be written as

Suo (e, sk, s 2) = 2nk [T2D, (i, ,2)dE=

2mk” + 0,033k +w) T CL(o dE (2)
By introducing the definition of atmospheric coherence
length™™
r=0.185(X*/[:">Cl(e)de)*” (3)
Eq. (2) can be expressed by
Sa, () =0.4907, > (i Fu) 1 4)

where A = 2x/k is the optical wavelength. According
to the 2D power spectrum of the random turbulent
phase, the random phase in the 2D plane (&, y) can be
obtained by

[9.11]
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Aplx,y) = [T gk, Ky «/We"‘mdx (5)
where g(k,, x,) is a Hermitian Gaussian white noise
process.

The random phase screen is discrete in numerical
simulation, and can be divided as a discrete rectangle
grid structure with total size of G, X G, , grid points of
N, X N,, and each grid size of Ax X Ay. Each grid size
which is also the spatial interval of two adjacent grid
points can be derived by Ax = G,/N, and Ay = G,/
N,, along x and y respectively. The frequency space in
frequency domain is the reciprocal of the total screen
size as Af, = 1/G, and Af, = 1/G,. The spatial
frequency is related to the spatial wave number by f, =
k./2m and f,= k,/2n. Spatial discrete points on phase
screen can be represented as x = 0, = Ax, -,
+(N,/2—DAx and y = 0, =+ Ay, -,
+(N,/2—1)Ay, and discrete frequency points in
frequency domain can be represented as f,=0, = Af,,
<+, =(N,/2—DAf, and f,=0, £Af,, ===, =(N,/
2— 1) Af,. By performing discrete operation on Eq.
(5) and considering the scaling coefficient, the discrete
phase distribution on phase screen can be expressed

9. 11
as‘

N, /21

Ap(pAT qAy) = 2 2 h(mAf, snAf,) *

m=—N_/2 n=-N,/2
F,(mAf. snAf)exp [2ri(mp/N,.+nq/N,) ] (6)
where p, ¢, m and n are all integers, h(mAf., nAf,)
is a discrete Gaussian white noise process with zero-

mean and unit-variance, and

E,(mAf, snAf,) =21 /Af,Af,0.0024r, 7" X

[(mAfD P+ aAaf)? ] e (7
Eq. (6) can be regarded as turbulent filter. The FFT
which is the most effective Discrete Fourier transform
(DFT) can be applied to realize the operation of Eq. (6).
The result of Agp represents the random phase screen with
discrete grid structure according to the refractive index
power spectrum of atmospheric turbulence.

Frequency components contained in the FFT-based
phase screen are determined by total size and spatial
interval of phase screen. The maximum sample
frequency can be derived from the spatial interval as
Some = 1/(2A2) and f,... = 1/(2Ay). The sample
frequency space is the reciprocal of the total screen size
as Af,=,/G, and Af,= 1/G,. The minimum non-zero
frequency is equal to the frequency space, 7. e. , fom=
Af.=,/G,and f,..,= Af,= 1/G,. It is noted that the
sample at the origin (f,, f,) = (0, 0) (the point with
the frequency of zero) contributes the same average
phase shift to every point in phase screen. Since this
phase shift will not induce any distortion on the wave
front, the sample of the zero frequency will not act on

statistical characteristics of phase screen. Therefore,

only the frequency range between the minimum non-
zero frequency and the maximum frequency can be
regarded as the effective frequency range in phase
screen.

As we can see from the power spectrum of the
refractive index according to the modified Von Kdarman
turbulence, the main contribution is located in the
range of low frequency components close to 1/L,,
whereas high-frequency components have little
contribution since the spectrum amplitude decays
quickly as the frequency increases. The outer scale L,
with the value of several meters to tens of meters
exhibits low frequency characteristics of atmospheric
turbulence, such as tilt. If phase screen is not large
enough to ensure that the minimum non-zero frequency
is less than or close to 1/L,, the FFT-based phase
screen cannot reflect low frequency characteristics due
to low-frequency loss. In this case, low frequency
effect of turbulence on the wave front such as tilt
cannot be simulated accurately. Enlarging phase screen
is a way to increase low frequency components in the
FFT-based method. The whole screen size should be
several times of L, as to guarantee sampling low
frequency components sufficiently, and it is suggested
that the screen size should achieve at least five times of

{7, On the center region of phase

the outer scale
screen, a high spatial resolution is required to ensure
sufficient phase points acting on the beam. Only in this
case the simulation for the effect of atmospheric
turbulence on the propagating light can be accurate. In
this case, the sample point number is large and the
amount of computing will be evidently large for the
FFT-based simulation.

The subharmonic method is employed to solve the
problem of low frequency loss existing in the FFT-
based phase screen. Two basic subharmonic methods
are the two-order phase screen method proposed by
Herman and Strugala™, and the multiple 3 X 3
frequency grids method proposed by Lane, Glindemann
and Dainty". and Gavel
subharmonic method which combines these two basic

methods™"”

Johasson present a
. In these subharmonic methods, the larger
the added low frequency screen is, or the more the
subharmonic levels are, the closer to 1/L, of the
compensated frequency will be, hence the simulated
result will be closer to the theoretical turbulence. The
subharmonic method can compensate low frequency
components while keeping a high resolution in phase
screen center region covered by the light, and the
amount of computing will not be so large. In this
method, the center of phase screen keeps a high
resolution, and a phase grid structure with large size

and low resolution is added around the center screen.

0405001~ 3
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The outer large screen contains sufficient low frequency
called

screen”, whereas the center screen guarantees the

components, SO as “ low-frequency phase
sample resolution in the region covered by the light,
containing high-frequency information, so as called
“high-frequency phase screen”. From the angle of
frequency domain, several subharmonic levels in the
form of low frequency grid points are added to high
frequency grids.

Frequency grid dividing for phase screen is
important in the subharmonic method. It is better to
divide frequency grid finely enough according to the
power spectrum of atmospheric turbulence, so as to
ensure that the frequency range contributing the most
to the turbulent spectrum can be sampled accurately.
Phase screen accuracy can be enhanced by setting grid
order number suitably, selecting low-frequency and
high-frequency grids reasonably, and dividing each
order finely. We propose a subharmonic method to
compensate low frequency components lost in the FFT-
based phase screen, based on multi-order frequency
grids. For each order, the frequency grids are further

finely subdivided.
2 The subharmonic method based on
multi-order frequency grid dividing

On the basis of subharmonic principle, we propose
frequency grid dividing method for
In this

a multi-order
compensating the low frequency components.
method, frequency grids are divided more finely in
frequency domain according statistical characteristics of
atmospheric turbulence. The detailed sample frequency
distribution is shown in Fig. 1. The sample frequency
distribution for generating phase screen is based on
multi-order 3 X 3 frequency grids, and each grid for

every order is subdivided into several smaller sub-
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Fig.1 Frequency distribution of multi-order
frequency grid method

grids. As the low frequency components take up the
main part in turbulent spectrum and the spectrum
amplitude decays quickly with the frequency rising,
frequency grid dividing principle of the lower frequency
being sampled more finely should hold. The high
frequency information can be intercepted at a suitable
maximum value, since enhancing the frequency can do
little contribution to the spectrum when the frequency
exceeds a certain value.

According to the required maximum frequency, we
can choose a suitable frequency space Af, and Af, of the
first order grids before further dividing. In the frequency
domain, the first-order with 3 X 3 grids is divided, in
which eight outer frequency grids are performed finely
sampled. Each of the outer eight grids is subdivided into
N, X N, sub-grid points, i. e., every initial frequency
grid contains a smaller frequency space. The remaining
center grid (containing low frequency information around
the zero-frequency) is divided into the second-order 3 X 3
grids, the outer eight grids of which are in turn subdivided
in the same way as the first-order grids. The number of
sub-grid points in each outer grid for the case of the
second-order can be denoted as N, X NQ . The number of
the sub-grid points selected for each order can be different
or the same.

The above dividing process is repeated for adding
the fine low-frequency sampling into the center grid in
the form of 3 X 3 nesting with sub-grids. Every 3 X 3
grid dividing means one order. The outmost order is
called the first-order, and the order number is in turn
adding one for every inner 3 X 3 grids. The total order
number of frequency grids is denoted by M. Fig. 1(a)

shows the case of the same sub-grid point number for

0405001~ 4
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each order with N, = N;l =2and N, = N;Q = 2, and
Fig. 1(b) shows the case of the different sub-grid point
N,= 3 and N, =
N, = 2. To simplify the problem, the same number as

number for each order with N,, =

shown in Fig. 1(a) is employed, and the denotation of
N, and N, are employed for unification.

The maximum frequency difference, the frequency
space of each order, and the minimum non-zero
frequency can be derived from the frequency grid
dividing. The high frequency information is determined
by the eight outer grids of the first order with the
maximum f{requency difference of 3Af, and 3Af,,. The
frequency space for the mth-order is Af, /(3" ' N,)
and Af,,/(3"'N,). The minimum non-zero [requency
for N, and N," being odd numbers is different from
that for N, and N, being even numbers. When N, and
N, are odd, the original point (f,, f,) = (0, 0) on
frequency grids is sampled but without any influence on

the phase structure function, and the effective non-zero

minimum frequency is located in the innermost Mth
order and can be derived from Af.,. /(3" ' N,) and
Af,/(3Y 'N)). When N, and N, are even numbers,
the original point (f,, f,) = (0, 0) is not sampled,
and the non-zero minimum frequency is (1/2) * Af./
(3" 'N,) and (1/2) « Af,/ (3""'N,). The phase

screen can be expressed by the nesting form of

M cel(N /2-D cel(N/2—D)
Aplx,y) = 2 2 2 h(n,.n,) X
m=0 y =ceil(—N /2) n =ceil (=N, /2)
F, (n,  n)e* ot (8)

where ceil (-) denotes rounding up to an integer, h(#, ,
n,) is a discrete white Gaussian process in the spectrum
domain with zero-mean and unit-variance, and

F¢(nf, ) =2m /AL, AL, 0.024r, 7" -

(fitfo e (9

where

Af.=Afa/B" "N Af,=Af, /(3" "N, (10)
and

fo=nAf o fy=nAf,

f.=,+0.5Af, »fy:(n;,+0. 5YAS, N and

N, are even

N’ and N;, are odd

1D

It is worth noting that in space domain, the total
size and sampling resolution of phase screen can be set
according to the diameter of the beam propagating
through atmospheric turbulence, therefore a very large
screen in space domain is never actually needed. The
points on phase screen in space domain can be set with
the same interval, and there is no need to be the same
nesting form as in frequency domain. The FFT cannot
be directly used due to the irregular frequency grids,
and only a general DFT can be applied in the method.
Even though the DFT is not as effective as the FFT,
the computing amount of the proposed subharmonic
method can be still reduced compared with that of the
method of directly generating the large phase screen
based on the FFT, since this method needs fewer
points.

As the frequency grids in each order are further
subdivide, the frequency distribution of the phase
screen can be set to match accurately with variation
trend of turbulent spectrum, by adjusting the grid
order number M, the original frequency space Af,, and
Af, s and the grid point number of each order N, X
N,. As long as the associated parameters are selected
properly to ensure the frequency grids being divided
close to turbulent spectrum, the frequency components
can be adequately and accurately contained, and the
phase screen can be produced very accurately in an
efficient way, compared with the subharmonic methods
in Refs. [9-11].

In our multi-order frequency grid subdividing
method, for one sample point in space domain of phase
screen, as there are nine frequency grids before
subdiving, and there are N, X N, sub-grid points in
each initial frequency grids, the computing amount for
each order is 9N, N, by use of a DFT operation. For an
order number of M, the computing amount is
9MN,N,. If the sample point number needed for phase
screen is N, X N, in space domain, the total computing
amount is about 9MNJJ\]},N;,N;. Note that the
subharmonic components are added in a manner of
irregularly spaced points for multiple orders. This can
cause a ringing effect at the edge of the generated phase
screen, so a phase screen at least twice the desired size
should be produced and the central range of the phase
screen is used to simulate the effect of atmospheric
turbulence on the wavefront. As for a beam diameter of
50 cm, a screen size of G, XG,=1 m X 1 m can be
selected to satisfy the twice size of the beam diameter.
For a resolution of 1 cm, the required number of the
grid points is N, X N,=100X100. For the case of N,
X N,= 3X3 and M=4, which is sufficient to generate
a very accurate phase screen, the computing amount is
9X4X100X100X3X3a3.2X10°.

3 The accuracy of phase screen in
terms of phase structure function
and power spectrum

We use the phase structure function and the power

0405001~ 5



kT ow i

spectrum to analyze the accuracy of the phase screen
generated by the proposed method. These two terms of
the generated phase screen are compared with that of
theoretical turbulence, and the accuracy is determined
by the discrepancy between them.

The phase structure function is defined as the
mean squared phase difference of two points with a
certain distance on phase screen. Since atmospheric
turbulence is assumed to be isotropic and
homogeneous, the phase structure function is only
related to the distance of the point pair, and defined by

D,(r)=[(plpt+r —e(p))*] (12)
where r is the distance of two points on the phase
screen. The phase structure function can be related to

the 2D autocorrelation function B, (r) by the expression

of

D,(r)=2(B,(0)—B,(r) (13)
where the 2D autocorrelation function is defined by
B,(n="[¢(ptremp]= [ [F,(e *dx (1D

According to the modified Von Kdrmdn model,
the theoretical phase structure function of atmospheric
turbulence with the outer scale L, can be expressed
as™
L, >M ~ (rL,/4m) )°/e .

_ 5/3 i Lo
D,(r)=6. 167, [5 <2n ST

2nr [_
K5'6<L0 )} (15)
where K;,; (-) is the modified Bessel function of the
third kind, and I'(-) is the Gamma function.

One method for obtaining the phase structure
function of the simulated phase screen is through
evaluating the ensemble average of random phasest .
Another method is to obtain the expected phase
structure function through calculating the 2D discrete
autocorrelation function by use of the 2D power

spectrum™'',

We use the second method to calculate
the expected phase structure function. The 2D discrete
autocorrelation function for the phase screen generated

by the proposed method can be expressed as

ceil(N, /2—1) ceil(N_ /2—1)

B,(x,y) = 2 > > Fu.n) -

m=0 5 =ceil(—N /2) n =ceil(—N,/2)

elzﬁ(/".lg/ .y (16)

As we can see, the autocorrelation function
expression does not contain Gaussian random variable h
(n,, n,) since what we desire is the expected value.
The expected phase structure function can be calculated
from the autocorrelation function through Eq. (13).
The discrepancy of the simulated result with theory can
reflect the accuracy of phase screen.

The performance of the phase structure function
D, (r) of the multi-order frequency grid dividing

method and the theoretical result are given in Fig. 2 and

Fig. 3. The outer scale of atmospheric turbulence is
L,= 10 m, and atmospheric coherence length is r, =
0.1 m. The accuracy of the screen is related to the grid
number M, the space
subdividing Af,, and Af, , and the grid points of each

order N, X N,. As we can see, the screen accuracy is

order frequency before

determined by the combination of these parameters.
The case of N,= N, = 1 without subdividing is shown
in Fig. 2, and the case of N,= N,= 2 and N,= N,=
3 with subdividing is shown in Fig.3(a) and (b),

50

——Theory N=N=~1
—o— M=1,Af;=1m" o
£ —e— M=2,Af=1m! Limit
S —o— M=3,Af;=1m"
2 1007 s p=3 Af=2m
E e V=4 Af=1m!
2 —e— M=4 Af;=2m'!
o S0f
<
=
[a

0 02 04 06 0.8 1.0 1.2 14
Distance/m

Fig. 2 Phase structure function of phase screen generated
by multi-order frequency grid method without
subdividing as N, = N, =1

150 ¢

—— Theory

—*— M=1,Af,(=2m’!
—&— M=1Af=1m"'
100 [ —*— M=2,Af(=2m!
=& =2 Afi=Im"'

50

Phase structure function

0 02 04 06 038 1.0 1.2 1.4
Distance/m
() N=N,=2

= —— Theory Limit

—v— M=1,Af;=3m™'
= M=1,Af(=1m"'
s ME2,Af=2m!
100 | o M=2Af=Im"
—e— M=3,Af(=2m’!

50 f

Phase structure function

() o= . + .
0 02 04 06 038 1.0 12 14
Distance/m
(b) N=N=3

Fig. 3 Phase structure function of phase screen generated

by multi-order frequency grid method with

subdividing
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respectively. For a certain N, X N,, the screen
accuracy is improved as the grid order number M
increases, and when M arrives at a limit value, there is
no further improvement. In this situation, adjusting
the value of Af,, and Af, can further improve the
result, and hence an optimized performance can be
achieved by choosing a suitable value of Af,, and Af,,.
For simplification, we choose the same value for Af,,
and Af, , so a uniform denotation of Af, instead of
Af. and Af, is used in Fig. 2 and Fig. 3. The limit
case marked in Fig. 2 and Fig. 3 individually reflects the
best performance for a certain value of N,nd N;.

For the case of N,= N,= 1, which means there
is no subdividing in each grid for every order, we can
see that the discrepancy between the simulated screen
and theory always exists, and a best result achieves
when M = 4 and Af, = 2 m '
2. Even in this condition, the discrepancy is still

This

without further subdividing will not achieve an optimal

, as illustrated in Fig.

evident. demonstrates that frequency grids
performance. The simulated phase structure function
will be improved when N, = N;,, 2 and N,= N,= 3
since further subdividing is implemented. In the case of
N,= N,= 2 as shown in Fig. 3(a), when M = 2,
and Afi=1m 'or Afy= 2m ', the simulated phase
structure function is extremely close to theory, which
means the phase screen is accurate sufficiently. The
same situation occurs when M = 2 and Af, = Im™',
or M = 3 and Af,= 2m ' in the case of N,= N,= 3
as shown in Fig. 3(b), and rather better than the
former, the simulated curve is smoothly close to
theory.

For comparison, Fig. 4 shows the phase structure
functions of our multi-order method and the
conventional subharmonic method presented by Lane ez
al. in Ref. 10. In Fig. 4, curve a represents the phase
structure of our multi-order method, in which the
parameters are selected as M = 3, N, = N;,: 3, and
Af, = 2 m™ ', while curve b represents the phase
structure of the subharmonic method by Lane et al. in
Ref. 8, in which eight subharmonic levels is selected.
Two curves both represent the most accurate case for
each method. As we can see, the phase structure
function of our method can achieve a more accurate
value, which corresponds to a more accurate phase
screen.

The radial power spectrum of the generated phase
screen S,, (x,)can be calculated by performing Fourier-
Bessel transform on the autocorrelation function
through the relation of
1
2x

where J, ( « ) is the zero-order Bessel function of the

Sy (k) = J<B¢(r)Jo(r/c,.)rdr (17

first kind. The discrete autocorrelation function can be
obtained by Eq. (16), and can be derived through the
(17).

spectrum of the generated phase screen is compared

discrete calculation of Eq. The radial power
with the theoretical value of Eq. (4), as shown in
Fig. 5. The associated parameters are M=3, N, =N,
=3, and Af; =2 m".

spectrum matches the theoretical turbulence very well,

From Fig. 5, the power

which represents a very accurate phase screen.
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Fig. 4 Phase structure functions of multi-order frequency
grid method and method presented by Lane et al. in
Ref. 10
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Fig. 5 Power spectrum of generated phase screen

compared with theory

Two sample realizations of random phase screen
are demonstrated in Fig. 6(a) and (b). The turbulence
0.1 m and L, = 10 m. The
parameters of the frequency grids of two random phase
screens are selected as M = 1, N, = N;: 1, and Af,
= 2m 'inFig. 6(a), and M = 3, N,= N,= 3, and
The overall

slopes in the random screens reflect the low frequency

parameters are r, =

Af;= 2 m ' in Fig. 6(b), respectively.

components, which induce the tilt effect of turbulence
on the wavefront. In Fig. 6 (a), the frequency grids
are not subdivided and the slope in the phase screen is
not evident, which means the low frequency
components are not sampled adequately. In Fig. 6(b),
the frequency grids are subdivided and the slope in the
phase screen is so significant, which reflects that the

low frequency components of turbulence are well
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Fig. 6 Two generating random phase screens

The results show that the phase structure function
and the power spectrum of phase screen can approach
to respective theoretical values with suitable grid
dividing and suitable combined parameters, and
generated random phases can contain sufficient low
frequency components by adopting proper parameters.
These prove that low frequency components can be
sampled appropriately in our multi-order frequency grid
dividing method, which is based on subharmonic
principle.

For a conventional method of inversely power
spectrum, a FFT-based operation requires generating a
quite large phase screen to contain effective low
frequency components (the screen size should be at
least five times of outer scale L,) , hence the computing
amount could be so large. Relatively, our method of
multi-order frequency grids (as a kind of subharmonic
approach) can generate an accurate phase screen
(which is not required to be very large) fast and
Although the method based on Zernike

Kolmogorov

efficiently.

polynomials can produce turbulence
accurately, it is restricted to a circular screen. For
simulating the effect of turbulence moving across the
wavefront, it is more convenient to generate a phase
screen defined on rectangular Cartesian coordinates.

In our method of multi-order frequency grid

subdiving based on the subharmonic principle, since the

frequency spaces for multiple orders are different and
irregular, the particularly low frequency space cannot
be satisfied simultaneously in the frequency range
which contributes most to turbulent spectrum. In
general, a phase screen within the size of 10m X 10m
can be generated accurately. If a large amount of
frequency grids is adopted in one certain order, a large
phase screen may be produced. However, the
computing amount will increase in this case and the
advantage of this subharmonic method as a low
frequency compensation to the traditional FFT-based
phase screen is degraded. Our method is suitable to
generate a relative small phase screen for simulating
the effect of turbulence on the wavefront of a beam.
The above mentioned examples show the case of
generating a square screen using our method. Note that
a rectangular phase screen can also be generated by
adopting different parameters along two different
directions. It is not efficient to generate a very long
phase screen because of the restriction of the screen
size.

The simulations for our method are based on the
modified Von Karman spectrum of Eq. (1), which is a
modified spectrum of Kolmogorov turbulence. In our
method, the phase screen can also be generated by use
of other modified spectrums of Kolmogorov turbulence,
like Hill spectrum, and the modified spectrum by
Andrews and Philips™"!.

used to generate non-Kolmogorov spectrum, which is

Moreover, our method can be

statistically differently from Kolmogorov turbulence.
Some statistical terms of the phase screen such as
phase structure function and power spectrum may not
be directly obtained from 2D autocorrelation function.
However, these statistical characteristics can be
obtained through evaluating the ensemble average of

random phases, by Monte Carlo simulation.

4 Conclusion

A subharmonic method based on the multi-order
frequency grid dividing was proposed for generating
turbulent phase screen, which can sufficiently
compensate the low frequency components lost in the
FFT-based screen.

are firstly divided into multiple orders, and then the

Frequency grids for phase screen

frequency grids for every order are further subdivided.
In this method, since frequency grids are divided more
finely according to the power spectrum of atmospheric
turbulence in frequency domain, the generated phase
screen can be accurate. The phase structure function
and the power spectrum are selected as two references
to study the accuracy of the generated phase screen.
The modified Von Kdrmdn spectrum of atmospheric

turbulence which includes the outer scale L, is

0405001~ 8
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employed. For numerical simulation, the outer scale of
L,=

0.1 m are selected. The accuracy of the simulated

10 m and atmospheric coherence length of r, =

phase screen is related to the grid order number M, the
frequency space before subdividing Af,, and Af, , and
the grid point number of each order N, X N*'. The
results show that the phase structure function and the
power spectrum can be quite close to the theoretical
result. The overall slope in the realization of random
phase screen reflects that the low frequency
components can be well sampled in the screen for
proper parameters. In summary, the phase screen
generated by the proposed method can be quite accurate
while keeping a fast implementation.
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