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and important characters of quantum mechanics
which plays a very key role in quantum information like

quantum cryptography
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Dynamics and Transfer of Entanglement between Two
Jaynes-Cummings Atoms
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Abstract: Two different measures of entanglement, concurrence and negativity, were used to study the
evolution of the two Jaynes-Cummings atoms and the transfer of the entanglement between the
subsystems. The effect of the initial entanglement degree of two atoms on the time evolution of
entanglement was analyzed. It is found that the amplitude of the entanglement depends on the initial
entanglement degree while the length of time interval for the zero entanglement does not. The maximally
entangled state between the two cavities was created. Moreover, the numerical analysis shows that the
initial entanglement of the two atoms flows into the other subsystems and leads to entanglement sudden
death and entanglement sudden birth in the evolution.
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quantum teleportation?. One of the most common

Introduction used models on the interaction between radiation and

Quantum entanglement is one of the most fantastic matter is the Jaynes-Cummings Model (JCM)™ that
g y g

SR describes the interaction of a two-level atom with a

single mode quantized electromagnetic field in the
g q g

, quantum dense coding™ and Rotating Wave Approximation ( RWA). There are

Foundation item: The National Natural Science Foundation of China (Nos. 11247213, 61368002, 11304010, 11264030, 61168001), the
China Postdoctoral Science Foundation (No. 2013M531558), the Jiangxi Postdoctoral Research Project (No. 2013KY33), the Natural
Science Foundation of Jiangxi Province (No. 20142BAB217001), the Foundation for Young Scientists of Jiangxi Province (Jinggang Star)
(No. 20122BCB23002), and the Research Foundation of the Education Department of Jiangxi Province (Nos. GJJ13051, GJJ13057)
First author: LIAO Qing-hong (1982—), male, vice professor, PhD. degree, mainly focuses on quantum optics and quantum information.
Email:nculgh@163. com
Received: Aug. 24, 2015; Accepted: Dec. 8, 2015

http : // www . photon . ac. cn

0327002-1



T

¥R

many extensions and applications based on the JCM like
entangled atom-field state in JCM'',
JCMY,

cavity modes

deep strong

regime  of two/multi-photon

897
’

coupling

transitions two for three level

Lozl = gqueezed states in JCM™ and nonlinear

atoms

JeMb
with

Entanglement evolution of atom interacting
field without RWA has
investigated in Refs. [ 15-16 ] and shown that the

periodic evolution of entanglement can be obtained.

quantized been

Zhou, et al have studied the generation of strongly

coherent entanglement by manipulating the atom

located outside cavity™™.

The evolution of the entanglement in JCM is
always a hot topic so many years. Yu and Eberly found
that the evolution of entanglement of a bipartite system

This

termed as Entanglement

could vanish abruptly in finite time in 2004,
strange phenomenon was
Sudden Death (ESD),

attention

which has attracted lots of
both
experimentally Yonac, et al studied the dynamics
of ESD of two JC atoms™’. They showed that the non-

and

from theoretically and

[19]

interacting non-communicating atoms could

abruptly lose their entanglement with each other. Then
Li, et al discussed the case of an isolated atom and a JC

U They found that atom and cavity could

atom
entangle with each other even though there were no
Isabel

investigated the entanglement dynamics for a double

interactions between them. and Gunnar

JCM and found an entanglement invariant valid for a
large class of so called X states in the closed system™',
Han studied the entanglement transfer from initial
pairwise entanglement to multipartite entanglement for
the that this

simultaneous

model and showed during

ESD

entanglements could be created™/,

same

period  various  multipartite

In this paper, we consider the case of two Jaynes-
Cummings atoms coupling with a phase state cavity"*"
and a vacuum cavity, respectively. Both -cavities
considered in Refs. [22-237] are in the vacuum states,
while one of the cavities under our consideration is
prepared initially in the phase state [@(0)), =
(10>, +€%]1>,)/4/2. The system includes not only
but the qubit-qutrit
the

entangled state between the two cavities can be created

also
that

qubit-qubit entanglement

entanglement. It is shown maximally
and the initial entanglement of the two atoms flows into
the subsystems ESD

Entanglement Sudden Birth (ESB) in the evolution.

other and leads to and

1 Model and measure of entanglement

Consider a system consisting of two Jaynes-

Cummings atoms. The atom a, interacts with a phase

state cavity field via one-photon transition. The atom
a, interacts with a vacuum state cavity field. Each
model is completely isolated from the other atom and
cavity. The two atoms are identical. For simplicity, we
consider the exact resonance of the field with the atoms
and the quality factors sufficiently high such that it
[25-27] High
the
microwave regime, with factors from 10" to 107,
The the

consideration is presented in Fig. 1. The Hamiltonian

allows us to neglect the dissipative effects

quality factor cavities may be prepared in

physical model of our system under
describing the whole system can be written, in the
RWA, as (=1

H,=g(as/ +a's; )+ g (bs, +b'6, ) (D
where g is the constant of coupling between the atom
and the field, 6, = |e)(g]| and 6. = | g) (e| are the
atomic raising and lowering operators, a (b) and o’
(b") are the annihilation and creation operators of the

cavity field f, (f,) respectively.

l . l l . l
(a) Cavity A (b) Cavity B

Fig. 1
Assume that at time =0 the cavity A is prepared

The schematic diagram of the physical model

in the phase state
e

g
J% ﬁ|1>1:K1 [0),+K, [1), (2

The phase state has been produced by two-photon

|90<O)>/‘: |O>1+

absorption. The generation of such a state has been
proposed in Ref. [ 24] by controlling the phase of the

initial coherent state. The cavity B is in the vacuum

state
\@(O)>/7:‘O>z 3
The two atoms are in pure entangled state
| @(0)) uom=cos Ol e g, +sin | gie) 4

Then the initial state of the system has the
following form
[@(0)),=(cos 0le g,>+sin 0l gie,)) (K, [0,0,)+
K,[1,0,7)=cos 0K, | e, g,0,0,) +cos 0K, *
le g,1,0,) +sin 0K, | g,€,0,0,) +sin 0K, *
lg1e,1,0,)=ale g,0,0,0b|e g,1,0,)+
clgie,0,0,)+d|ge 1,0, (5
where a= cos K, , b=cos 0K,, ¢=sin 0K, and d =
sin 0K, .
The wave function of the system under the action
of the Hamiltonian given by Eq. (1) evolves to
lo(t)), =M, e g,0,0,)+M,le g,1,0,)+
M, |g e,0,0,)+M, |ge1,0,)+M|g g,1,0,)+
M 1g12.2,0,)+M, | g, 2,0,1,)+M;|e e 0,0,)+
M, |lg g.1,1,)+M;le g,0,1,) (6)
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where
M, =acos (gt) sM,=bcos (J2gt) »
M, =ccos (gt) M, =d cos’ (gt)
M; = —iasin (gt) sM;=—ibsin (J2g1) >

_ 1

M. = —icsin (gt) ,M;= 2

idsin (2gt) ,

M;:*%idsin (2gt) » M,,=—d sin”* (gt).

We begin with the entanglement between the two
atoms. The reduced density matrix of the two atoms
can be calculated by taking a partial trace over the
cavity over the degrees of freedom in the two-qubit
standard basis {|e;e,) . lei g0l gie)s|gig.) ) as

p.. (1)=Tr,, USD(t”.\(gD(l‘f) | 1=

pn Pz s O
P pn P
Ps1 Ps2 O3 PO
0 pz ps pu
where p, =M;M; 0, =M;M; 0, =M, M ,

o =MM, " +M,M, " +MM, ",

o =M M, +M,M," ,0, =M, M;" +M,M; ",

o =0 0w =pn o =MMT MM,

o =MM: " o =00

7

2013 =031 s

ou =M; M;~ +M,M, " +M,M, " +M,M, " .

We use Wootter’s Concurrence™™’ to calculate the
degree of entanglement between the two atoms, which
is defined as

C(p)=max[0,4, =4 —A; — A, ] (8)
where 2 is are the eigenvalues, in decreasing order, of

the Hermitian matrix R= «/;)[;«/;) , and ;) is the time

reversal matrix of p , which is expressed as

p=(0,80,)p" (6,0,) (9
Here p* denotes the complex conjugation of p and ¢, is
the Pauli matrix. It's shown that Concurrence ranges
from C = 0 for a separable state and C =1 for a
maximally entangled state.

Next we calculate the concurrence between the
atom a, and the cavity f,. The reduced density matrix

for the atom a, and field f, is obtained as
por =Tr., [let) le)]]=

0 0 0 0
0 0 0 pu (10)
0 032 033 Osa
0 P12 P13 Pu

in the standard basis
{le:1,)51e,0,0 181,05 12,0, )
where
022 = M My +M,M; +M;M; ,
02 = M, M7 4 M My, =M, M, ,
ot =M M; + MM 00, = 031 »
pss = M M; +M, M, +M,, M, ,

o =My M +M, My 0., =ps s

P13 = s »

o =M, M; +M, M, +M, M, + M, M;

The Concurrence can be obtained more easily for

such a matrix given by Eq. 10.

C(p):Z«/(c2 cos’ (gt)+d" cos' (gt)Jr%dz sin” (2gt)) *

\/<eZ sin’® (gz‘,)Jr%a’Z sin® (2gt) +d* sin' (gt)) (1D

It is observed that the atom a, and cavity f,
become a qubit-qutrit system and the corresponding
reduced density matrix is expressed as an explicit 6 X6
matrix in the standard basis

{(II)=12,e)s12)=11,e,0513>=10,¢,) s

[4>=12,g), |5)=11,g),16>=10,g,>}.

p.; (t)=Tr,, [|¢(I)>-\<90(1) | ]1=
0 0 0 0 0 0
Q22 P23 O P25 Oz
[ TR TR Sy
01z P13 P Pis 0
o2 0w P P O

0 053 0 Q65 P66

(12)

oS O O O O

where
(022 =M, M, s 023 =M, M; s 024 =M, My s 025 =M,M; ,
032 =M, M, s 033 =M, M; +M;M; + M, M, ,
031 =M, My s 035 =M M; +M;M; +M, M, ,
O36 =M;M; +M,,M; s P12 :(02%1 s 013 =M;M; ,
014 = M; My > 015 =M; M7 2052 = 25 2053 = P35 »
oss =M My s p5s =M, M, +M; M, +M, M, ,
pss = M, M, +=M, M; , ps; = pss s pss = M; M, +M; M, ,
pss = M, M, +M; M; .

Concurrence introduced above is applied for any
reduced density matrix of two qubits system not a
qubit-qutrit system. Thus we use another measure of
G121 here.  The

negativity of entanglement is defined as the absolute

entanglement named Negativity

value of the sum of negative eigenvalues of p"
N =2>) |

Where, 4, is the negative eigenvalue of p™ , Tx denotes

(13

partial transpose with respect to the system X. N (p)
also varies from 0 for a disentangled state to 1 for a
maximum entangled state.

At last we discuss the case of the two cavities f;
and f,. Just like the situation of the entanglement
between atom a, and field f,. the reduced density
matrix is also a 6 X6 matrix which may be written as

O, f, (t):Tru‘ul I:‘SD(f)>\<<p(l‘) ‘ ]:

0 0 0 0 0 0
Q22 P23 O 25

R R TR R
pe o pu o O
P2 O O P O
0 o5 0 pss s

(14

oSO O O O O
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in the standard basis 1.0
{(ID=12,1,>,12>)=11,1,),[3>=10,1,), \
[4)=12,0,),15)=11,0,5,16>=10,0,) } , 084
where, o
pzzzMaM; ?(023:M)M7X ’Pu:Ms;M(: s 025 =M,M; , g
032 = 023 » 033 = My M =M, My 5 050 = M; M 0.4 ".
s =M, M + MM, 00 =M M; i = i, » ;
pis = s s = MMy s pis = M M5 050 = 025 5 055 = 55 » =
0 =pls s =M,M; MM, +M,M; .
056 =M, M +M M 500 = pss » 055 = 03 » 0

056 = M, M +M, M, + M; M .
We still apply the negativity as the measure of

entanglement of the qubit-qutrit system given above.

2 Results and discussion

In this section, we give numerical analysis for the
evolution of entanglement between the atoms, the atom
and the cavity as well as the cavities.

Fig. 2 is a plot for the maximum entanglement
evolution between two atoms for = x/4. Obviously,
the concurrence C between the two atoms is 1 initially
for a maximal entangled state. After a finite time, C
abruptly decreases to 0 and remains zero for a period of
time before it recovers, and ESD happens. The ESD is
mainly caused by the atom-cavity interaction, which
leads to the exchange of the information and energy.
Coming through a short time, C abruptly increases to
peak value, and the ESB happens. With the time going
on, the ESB and ESD appear repeatedly. When 0=
n/4,7/6,7/12, corresponding to some different initial
partial entangled states between the atoms, as shown
in Fig. 3, the peak values of C reduce and the length of
time interval for the zero entanglement is not dependent
on the initial degree of entanglement. This character is
different from the result of the double Jaynes-
Cummings model in Ref. [20] in which the smaller the
initial degree of entanglement, the longer the state will
stay in the disentanglement state.

1.0

0.8

0.6

()

0.4+

02+

0 5 10 15
gt

Fig. 2 Time evolution of Concurrence between the two atoms

with the maximal entangled initial state [@(0) ) om =

(‘elg2>+‘g1€2>)/\/§

Fig. 3 Time evolution of Concurrence between the
two atoms

The evolution of N, ; for =0, §=n/2 and some
other initial states are shown in Figs. 4, 5 and 6,
respectively. When 0 =0, as shown in Fig. 4, the
initial state of the atom a, is [@(0))um = | €182 s
which means that there is no initial entanglement
between the two atoms. The evolution of the
entanglement in the two cavities is totally uncorrelated
and independent, This is due to the fact that each
model is completely isolated from the other atom and
cavity. We can see that after a short time, N, ,
abruptly rises to peak value because of the interaction
between the atom a, and the field f,. It's remarkable
that when it comes to the maximal entanglement at
gt=mn, N,, remains 1 for a finite time interval. That
is, the maximally entangled state between the atom «,
and field f, can be long-lived. Moreover, the atom a,
and field f, almost retain entanglement in the time
evolution process.

1.0

0.8

0.6

N(®)

0.4

0.2

0 2 4 ot 6 8 10

Fig. 4 Time evolution of the Negativity between the atom a;
and the cavity field f; with an initial state [@(0) ) on =
lergs)

In Fig. 5, we can see that there is still no ESD
appearing as the case in Figure 4. But there is a very
important character that N, ; evolves periodically with
a period of /2. In Fig. 6, we try three different initial
entangled states with 0==n/4, 0==/6 and 0==/12. It
is obvious from Fig. 6 that N,, becomes larger with
the decrease of § while the trends of the entanglement

evolution are almost the same, no matter how the value

0327002~ 4
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of initial entanglement changes. That is, the maximum
of the entanglement between the atom a, and the cavity
field f| increases as the initial entanglement degree of
two atoms decreases. In the experiment, the amount of
the initial entanglement degree of two atoms can be
adjusted, which modifies the entanglement between the
atom and field.

0.5

0.4

0.3

N(»)

0.2

0.1

0 2 4 6 8 10
gt

Fig. 5 Time evolution of the Negativity between the atom
a, and the cavity field f; with an initial state
|9 0D uom = | g1€2)
1.0

0.8

0.6

N

0.4

Fig. 6 Time evolution of the Negativity between the atom
a, and the cavity field f;

In Fig. 7, we plot the entanglement between the
atom a, and cavity field f, with an initial state
[@(0)) om =
evolves periodically with a

gie;). From the figure we find that C, ,
of =/2 and
disentanglement between the atom a, and cavity field

1.0

period

0.8t ]

0.6 1

)

0.4 1

0.2 4

0 . ‘
0 5 10 15
gt

Fig. 7 Time evolution of the Concurrence between the
atom a, and the cavity field f, with an initial state

90D uom =l gr1e2)

f> happens at the time gt==/2. We can see that the
maximal entanglement is achieved at the time gt =
2n—1)r/4 (n=1,2,3, ) and there is no ESD
appearing through the evolution.

We also plot some different values of ¢ in Fig. 8.
From Fig. 8 we find that C, ; evolves periodically with
a period of 7t/2 and achieves 0 at gr=x/2, which means
that what the initial entanglement changes is only the
peak value not the trends of the evolution. It’s shown
that C, , becomes larger with the value of § increasing
and also the trends of the evolution are still identical
even with different initial entanglement. However,
from Fig. 8, we see that the period of time evolution of
the entanglement between the atom a, and cavity field
/> is independent of the initial entanglement degree of
two atoms.

1.0

0.8 r

0.6 1

ot

0.4

02 F

Fig. 8 Time evolution of the Concurrence between the
atom a, and the cavity field f,

In what follows, we consider the dynamics of the
entanglement between the two cavities. The evolution
of N, , are shown in Fig. 9. We can see that there is no
entanglement at earlier times and suddenly at some
finite time an entanglement starts to build up. This

3

effect has been referred to as “entanglement sudden

birth” ©**

develops and N, , achieves 1 at some time. That is,

The phenomenon of ESD happens as time

the maximally entangled state between the two cavities
can be generated . Fig. 9 shows that the entanglement
1.0

0.8 ]

0.6 1

et

0.4

0 L L
0 5 10 15
gt

Fig. 9 Time evolution of the negativity between the two

cavities for the initial atom state for [@(0) ) om =

(‘elg'z>+‘g1€2>)/\/§

0327002~ 5
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between the two cavities can be created, though the
cavity A has no interaction with cavity B. Its
origination may come from the entanglement of two
atoms and the interaction between the atom and the
cavity. Fig. 10 shows the time evolution of two cavities
negativity for the different initial entanglement degree
of two atoms. From Fig. 10 we can see that with the
increasing of the initial entanglement of two atoms, the
oscillating amplitude of entanglement between two

cavities becomes larger.

1.0
— O=n/4
A== 6=n/6 _.-".__.
iy - O=n/12
E’ 0 5 II'\_‘- 3
A A i -
v i } i
Fa s 3 q
I A g
0 4
0 5 10 15
gt
Fig. 10 Time evolution of the Negativity between the

two cavities
After the

subsystems, we notice that there is only entanglement

discussion of the four bipartite
between the two atoms initially while ESB happens in
the other three subsystems after the interaction. We
wonder where does the lost entanglement go and where
does the new entanglement come from. We shall start
considering the evolution of the entanglement of the
four subsystems here.

Figs. 11 and 12 present the situation of = =/4,
which has been shown above that this is the maximal
initial entanglement between the two atoms. It's worth
emphasizing some significant properties of the
entanglement dynamics of the whole system. Fig. 11
shows although the atoms only interact with their
entanglement  also other

We can see N, ., C,, and

cavities, flows  to

noninteraction partitions .

1.0 T :
ol — Cuay |
3 wnamn————— /\/“],.l
0.6 1
S
04t

Fig. 11 Time evolution of C“lu? and Nu1 f with the atom

initial state for [¢(0) ). = Cle1g:)+ |g1e2)) N2

C(1)

0 5 10 15
gt

Fig. 12 Time evolution of C,,;, and N, ,, with the atom

initial state for [@(0) )y = Clerg2)+ [ grex) Y2
N, ; begin to arise exactly the time when C,, begins to
decrease. The swap of the entanglement is especially
obvious between C,, and N, ,. Every time when C,
(N, ;) reaches the peak value ESD or disentanglement
happens in the evolution of N, , (C,, ). Look back to
the evolution of C, ; and N, , we find that the trends
of the evolution of the two subsystems seem to be
synchronous or near-synchronous and the peak values
are nearly the same of C, ; and N, ;.

We consider the different initial entanglement for
=x/6 and f==/12 to observe the different characters
for the four subsystems presented in Figs. 13 to 16.

1.0

— C.

ayay

ogd 0 -
0.6
ot
04r
02
0
0
Fig. 13 Time evolution of Culu2 and N“I f with the atom
initial state for |@(0) ) om =cos 0]e1g2)+
sin 0] g1e,) with 0==/6
1.0 .
— Cay .
08F 5 T Ny, 1
_ 0.6 1
T
041 i
02t/ A N} NANNTS
0 ' %"-."." W, V7 "’,.". '.,~‘,f';
0 5 10 15
gt

Fig. 14 Time evolution of Co,r, and Ny s, with the atom
initial state for |@(0) ) om =cos Ole gs)+
sin §‘g182> with @:Tt/6

0327002~ 6
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C(1)

Fig. 15 Time evolution of Cﬂlu2 and leb,l with the atom
initial state for [(0) ) om =cos 0] e1 g2 ) +sin 0] g1ex)
with 0==/12

1.0
0.8 1
S | [V
i i i
02 " ::' '% _; % :;
N , Ind
0 10 15

Fig. 16  Time evolution of C,,, and Ny, with the atom
initial state for [ (0) ) uom =cosf| e; g2 )+ sind| g1 ;)
with 0=m=/12

One should note that the relation between C,, and
N, ; is still valid for different initial states. The most
interesting consequence about C, , and N, , is shown
by comparing the above three figures . Obviously the
presence of the larger initial entanglement leads to the
increase of the entanglement between the atom a, and
the cavity f; and the decrease between the atom a, and
the cavityf,. The obtained results show that the
evolution of C, ;, and N, , is correlated with the change
of the initial entanglement, which may be due to the
fact that the interaction between the atom and its cavity

is local.
3 Conclusion

In summary, we have discussed the evolution of
the entanglement of the two JCM where the atoms a,
and a, interact with their cavity field by calculating the
concurrence and negativity for the four bipartite
systems respectively. We have investigated the
influence of different initial entanglement of two atoms
on the dynamics of the ESD and ESB phenomenon. The
results show that there appears the ESD and ESB
between the two atoms and the two cavities. We find

that the change of the initial entanglement only leads to

the change of the amplitude of the entanglement of all
the subsystems instead of the trends of the evolution.
At last we study the entanglement swapping among the
bipartite systems. We can see that when C,, (N, )
reaches the peak value the ESD or disentanglement
happens in the evolution of N, , (C,, ). An interesting
character is that the larger the initial entanglement is,
the larger the entanglement between the atom «, and
the cavity f, becomes and the smaller that between the
atom a, and the cavity f, is. We believe that our study
is of general property and we hope that what we
presented in this paper will have a potential application
in quantum communication in the near future.
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