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Abstract: The effects of the atomic motion and the field-mode structure, on the evolution of the
linear entropy of the atom were examined in the Jaynes-Cummings model by means of linear
entropy when the field was initially prepared in Schrodinger cat state and squeezed coherent state.
It was found that the degree of entanglement between the atom and the field is very sensitive to
the squeezing parameter. It was shown that the atomic motion leads to the periodic evolution of
the linear entropy and an increase in field-mode structure parameter results in shortening of the
evolution period of the linear entropy and decreasing in the amplitude of the linear entropy when
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0 Introduction

Quantum entanglement is one of the most
remarkable features of quantum theory'™. It
plays an essential role in quantum communication
information

and quantum processes such as

quantum key distribution™’, quantum

teleportation'”, superdense coding”*®', quantum

[78] and entanglement swapping®'".

computation
An investigation of the atom-field entanglement for
Jaynes-Cummings model has been initiated by
Phoenix and Knight"'?**) and Gea-Banacloche!*'*,
The time evolution of the field (atomic) entropy
reflects the time evolution of the degree of
entanglement between the atom and the field. The
higher the entropy, the greater the entanglement.
Moreover, many papers have focused on the
properties of the entanglement and entropy in
different modelst®®7. All these theoretical study
results are obtained only under the condition that
the atomic motion is neglected and the field-mode
structure is not taken into account.

Recently, much attention has been paid to the
von Neumann entropy in the presence of the atomic
motion. For instance the effects of atomic motion
and field-mode structure in the one-photon Jaynes-
Cummings model have been investigated in Ref.
[26] showing that the atomic motion leads to the
periodic evolution of the von Neumann entropy.
The influences of atomic motion and field-mode
structure on the dynamical properties of the von
Neumann entropy in the JC model when the field is
initially prepared in SU (1, 1)-related coherent
fields and thermal field have been examined in
Refs. [ 27-28 ] respectively.

effects of atomic motion and field-mode structure

Furthermore, the

in the two-photon Jaynes-Cummings model have
been investigated in Ref. [297] showing that the
atomic motion and field-mode structure have no
effect on the amplitude of the von Neumann
entropy. The main aim of this paper is to examine
the influences of the atomic motion and field-mode
structure on the dynamical properties of the linear
entropy when the field is initially prepared in
Schrédinger cat state and squeezed coherent state.
The organization of the paper is arranged as
follows: we introduce the model and the basic
equations for the system under consideration in

section 2 ; by the numerical computation , we

investigate the effects of the atomic motion and the
field-mode structure on the time evolution of linear
entropy when the field is in Schrédinger cat state
and squeezed coherent state in section 3; in section

4, the main results are summarized.

1 The model and basic equations

We consider a moving two-level atom
interacting with a single mode of the cavity field
via the one-photon transition processes. The
effective  Hamiltonian of the model with the

[30-31]

rotating-wave approximation can be written as

H:wa+a+%woaz+g_}‘"(z)(aa\ +a'e Y(h=1) (1)

where a' and « are the creation and annihilation
operators of the field of frequency w, ¢. and ¢+ are
the Pauli spin operators of the atom, w, is the
atomic transition frequency and the coupling
constant g is proportional to the dipole matrix
element of the atomic transition. f(2) is the shape
function of the cavity field mode. We restrict the
investigations to the atomic motion along z-axis, i.
e. the z-dependence of the field-mode function is
considered. The atomic motion can be incorporated
into the system through %%

f)—f ) (2)
where v is the atomic motion velocity. In this
regard the transformation TEM,,,, is defined as'®

f(z)=sin (pmvt)/L (3)
where p represents the number of half-wavelengths
of the field mode inside a cavity of the length L.
For reasons of simplicity we will now consider a
resonant system, i. e. w=w, and assume that the
atom enters the cavity at time t=0 in the excited
state | +) and leaves the cavity again after passing
p half-wavelengths of the electric field.

We consider the atom initially in the excited
state | ) and the field mode in a general pure

state having the form"

=3 phFexpCig) | )
Hence, the initial state of the system is [¢(0)) =
| +>]y>. Then the solution of the Schrodinger
equation in the interaction picture is given by
|¢(l)>= i:p,l,”éexp(iﬂ,) [cos (g0(t) /n+1)|n,e)—
iesin (g0()/n+1)|nt+1,g)] (5)

where

5(t):if(uz‘/)dt/:ﬁ[1*cos (P”“t)} (6)
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For a particular choice of the atomic motion

velocity v=gL/x, (1) becomes
ﬂ(t):iﬂlfcos (pgt) ] (7

In order to describe the evolution of the atom
alone it is convenient to introduce the reduced
density matrix p, (¢) = Tr, [p(t)] » where p(1) =
() <(p(t) | is the total density matrix and the
trace is over a complete set of radiation field
states. One easily finds that

oa (D =p. (D) |e)e| +p, (O] g)(g|+

pe (D [ (g |+ s () ]g) (e (8)
From Eq. (5) the matrix elements of reduced
density operator py (z) of the atom can be

expressed as

p”(t)zgop”cosz[gﬁ(t) Vn+1] (9

0w (D=1 VP prexp (1B =BT+

cos [ g0(t) v/n+2 ]sin [g0(t) v/n+1]=
oz (1) 10)
e (1) =1 p.. (D 1D
Analytical conclusions about the system state
vector dynamics and atom-field entanglement can
be verified through examining the linear entropy.
The linear entropy of reduced atomic (or field)
density matrix can be used as a measurement of the
degree of the entanglement between the atom and
the field of the system under consideration. The
linear entropy of reduced atomic density matrix for
considered systems has the following form"*
S =1=Trp: () ]=1—p. () —pp, () —
21 o 1? (12)
By making use of Eqs. (8)-(12), we are in a
position to discuss the effects of the atomic motion
and the field-mode structure on the evolution of the
linear entropy of the atom. This will be seen in

section 3.
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(a) The atomic motion is neglected

2 Discussion of the results

The main purpose of the present section is to
discuss the effects of the atomic motion and the
field-mode structure on the time evolution of linear
entropy of the atom when the field is in
Schrodinger cat state and squeezed coherent state.,
2.1 The initial field is in a Schrodinger cat state

The field is initially prepared in a Schrédinger
cat state having the form"

7> =N(la)texp (i) | —a)) (13)
where [a) is a coherent state of amplitude o, and ¢
is a real local phase factor. Note that the relative
phase ¢ can be approximately controlled by the
displacement operation for a given cat state with

a=1. Schrodinger cat states of this type have been

realized for a trapped ‘Be" ion". The
normalization factor N takes the form
- 1
N 2+2cos (@exp (—2]al?®) (b
So the quantity p, takes the form
o la|* [14+(—1)"cos ¢] 15)

"l [exp (Ja|») Fexp (—lal®]
In Fig. 1 we plot the time evolution of the
linear entropy of the atom when the field is initially

prepared in Yurke-Stoler state (¢=mn/2) with the

initial mean photon number n = 25 and different
1(a)

atomic motion is

values of the field-mode structure p. Fig.
displays the case when the
ignored, i. e. 0(z)—>t¢. One can observe that the
time behavior of the linear entropy is not periodical
in the normal Jaynes-Cummings model and the
linear entropy evolves to the minimum values and

the atom is completely disentangled from the field

at the half of the revival time (tx=2x «/;/g). This

corresponds to the case of the Jaynes-Cummings

A
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(b) The atomic motion is considered where p=1

(=]
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(c) The atomic motion is considered where p=2
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(d) The atomic motion is considered where p=4

Fig. 1 The time evolution of the linear entropy(the field is initially in Yurke-Stoler state with mean photon number n=25)

model when the initial field is in coherent state
which has been discussed in Refs. [12-15, 26 ].
Figs.1(b), (c¢) and (d) illustrate the dynamical
properties of the linear entropy when atomic
motion is taken into account. From these figures
we can observe the atomic motion leads to the
periodic evolution of the linear entropy and an
increase in parameter p results in not only
shortening of the evolution period of the linear
entropy but also decreasing in the amplitude of the
linear entropy. Remarkably, these results are very
similar to those discussed by Fang in Ref. [26].
This can be understood by looking at the photon
statistics of the initial fields.
In Fig. 2 we illustrate the behavior of the
0.6 T T r
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(a) The atomic motion is neglected
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(c) The atomic motion is considered where p=2

linear entropy when the initial field is in even
coherent state (¢=0). Fig. 2(a) displays the case
when the atomic motion is neglected, this
corresponds to the results obtained in Ref. [237.
Figs.2(b), (c¢) and (d) illustrate the dynamical
properties of the linear entropy when atomic
motion is taken into account. From these figures,
we can conclude that: an increase of the parameter

p leads to the

periodicity of the linear entropy, but has no effect

shortening of the evolution
on the amplitude of the linear entropy. This result
is quite interesting and this feature gives the
opposite to the case of the standard Jaynes-
Cummings model which has been observed in
Ref. [26].
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(d) The atomic motion is considered where p=4

Fig. 2 The time evolution of the linear entropy(the field is initially in even coherent state with mean photon number n=25)

2.2 The initial field is in a squeezed coherent state
We initially prepare the field in a squeezed

coherent state. Squeezed coherent state is purely

quantum state since it has less uncertainty in one
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quadrature than the vacuum noise level*" 7. Tt can
be generated via a degenerate parametric
amplifier™”. Tt is defined by the action of

squeezing operator on the coherent state having the

form™
1Y) =S |a) (16)
Here we consider a squeezing operator
2__ _+2
S(r)=exp [r(afa)] (17
0.5F
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gt
(a) The atomic motion is neglected
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(c) The atomic motion is considered where p=2
Fig. 3
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(¢) The atomic motion is considered where p=2

Fig. 4

thus the quantity p, takes the form™"

tanh ()"

p,,:mexp [* \a|‘(1*tanh (7’))]

2

a
H”([sinh 2r)]V* ) (18)

In Figs. 3~5 we illustrate the time evolution
of the different
parameters (r=0.75,1,1.5) which are similar to

those of Ref. [33].
05 - : ' .

linear entropy for squeezing
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(b) The atomic motion is considered where p=1
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(d) The atomic motion is considered where p=4

The time evolution of the linear entropy(the field is in a squeezed coherent state with »=0. 75 and a(=&14.72))
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(d) The atomic motion is considered where p=4

The time evolution of the linear entropy(the field is in a squeezed coherent state with r=1.0 and a(=x14.72))
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(c) The atomic motion is considered where p=2
Fig. 5

Figs. 3(a), 4(a) and 5(a) display the case
when the atomic motion is neglected, It is observed
that the linear entropy reaches a minimum at
approximately the revival time corresponding to an
initial coherent state with amplitude « and the
value of the entropy is almost the same at the
revival time and at half of the revival time.
because they to

Furthermore, corresponding

minima, the states of the field are less mixed at
This
squeezed coherent states

Figs. 3(b) ~(d), 4(b) ~(d) and 5(b) ~(d)

illustrate the dynamical properties of the linear

is due to the nature of the
[2425]

these times.

entropy when atomic motion is considered. From
these figures it is observed that the atomic motion
leads to the periodic evolution of the linear entropy

and an increase in parameter p results in not only

0.06
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a’ 003
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001 [ 1
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n

80

(a) =0(i.e.coherent state)
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(b) The atomic motion is considered where p=1

S(0)

0 20 40
gt

(d) The atomic motion is considered where p=4

60 80

The time evolution of the linear entropy(The field is in a squeezed coherent state with »=1.5 and a(&14.72))

shortening of the evolution period of the linear
entropy but also decreasing in the amplitude of the
linear entropy. The comparison of the curves of
Figs. 3(c), 4(c) and 5(c) at p=2 shows that the
linear entropy is not monotone for the squeezing
parameter . This can be understood by looking at
the photon number distribution of the initial fields
(see Fig. 6).

In Fig.

distribution of

6 we show the photon number
the field for different

squeezing parameters (»=0,0. 75,1,1.5). From
the Fig. 6(b) the photon number distribution of the

initial

squeezed state (r=20. 75) is sub-Poissonian, i. e.
narrower than the Poissonian distribution for a
coherent state (see Fig. 6 (a)). Moreover, the
oscillations in the photon number distribution are
present for some squeezed states ( see Figs. 6(c)

0.12

010} .
008 f g
ol 006} g
0.04 .

0.02 4

40
n

(b) =0.75

60 80
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Fig. 6 Photon number distribution of the initial field for different squeezing parameters
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