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Preparation of Entangled Four-photon Polarization State and Its
Application in Teleportation via Cross-Phase Modulation
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Abstract: A scheme is proposed for generating a four-photon polarized Dicke state, Greenberger-

Horne-Zeilinger state, and W-type state. The scheme only uses Kerr medium, polarization beam

splitters, half wave plates and homodyne measurement on the coherent light field, which can be

efficiently achieved in quantum optical laboratories. Strong probe mode interacts successively

with multiple signal-mode photons, each causing a conditional phase rotation in the probe mode.

Subsequent homodyne measurement of the probe mode will project the signal mode photons into

the desired entangled polarization-photon state.

In addition, in order to show the power of

prepared entanglement as a resource, we further propose an experimental scheme for teleporting

an entangled three-photon polarization state, based on cross-phase modulation.
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0 Introduction

Entanglement in bipartite quantum systems is
well understood and can be easily quantified. In
contrast, multipartite quantum systems offer a
much richer structure of entanglement with various
types. Multipartite entanglement is a vital resource
for numerous quantum information applications
such  as computation,

quantum quantum

communication, and quantum metrology.
Therefore, different classifications of multipartite
entanglement have been developed . Further,
quantum states with promising properties and
applications have been identified and studied
experimentally®*!,  So far, many experimental
schemes have focused on the observation of graph
states®™, the Greenberger-Horne-Zeilinger (GHZ)
states or the cluster states, which are, e. g..
useful for one-way quantum computation™. Dicke
states form another important group of states,
which were first investigated with respect to light
[

emission from a cloud of atoms'” and have now

come into the focus of both experimental
realizations '**) and theoretical studies ', W

states, a subgroup of the Dicke states, first

Article ID:1004-4213(2012)04-0478-7
received attention triggered by the seminal work on
three-qubit classification based on stochastic local
operations and classical communication (SLOCC)
by Ref. [1]. Particularly, by applying projective
measurements on a few of their qubits, states of
different  SLOCC
obtained™ ',

resource of multipartite entanglement as required

entanglement classes are

These Dicke states can act as a rich

for quantum information applications.

Thus, crucial questions are how strongly and.,
in particular, in which way a quantum state is
entangled. The implementation of choice for long-
distance quantum communication will almost
certainly be optical in practice, while quantum
communication can be implemented with atoms or
electrons. The advantage of using photons is that
single-qubit operations can be implemented with
high precision. In addition, photons have an
intrinsic advantage in that they are better suited for
communication over long distances and more

robust against decoherence because of their fast
11]

speed and weak interaction with environment"
Therefore, people always choose their entangled
states in the polarization degree of freedom to

fulfill the tasks of quantum computation. As there
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is no efficient way of creating entanglement
between photons by direct interaction, entangled
photonic states are generally observed by
supplementing the linear-optical approach with
weak cross-Kerr nonlinearity and quantum non-

( QNDM ). Two

photonic fields undergo cross-phase modulation

demolition measurementt'*!

(XPM) when they are sent to a medium with

cross-Kerr nonlinearity. Recently, there has been

considerable interest in quantum information
processing based on weak cross-Kerr
nonlinearities!* %,

1 Preparation of the entangled states

The essential component used in our scheme is
a weak nonlinear interaction between a photon
qubit and a probe coherent field. Let briefly review
the useful weak cross-Kerr nonlinearity which has
been used in Refs. [12, 17]. Suppose a nonlinear
cross-Kerr interaction between a signal mode
initially in a superposition of photon-number states
lg).=cy[0),+ ¢ [1), and a probe mode initially in
a coherent state |a),. The cross-Kerr interaction
causes the combined signal-probe system to evolve
as

‘¢>>®‘a>p960‘0>5 a>p+L‘1‘1>s|aei0>p (@)
where 4 is induced by the nonlinearity. Conditioned
on the results of QNDM, the signal state will be

definite

projected into a number state or
superposition of number states with high fidelity.

Now let us study the generation of the
polarization-entangled states among four modes
using the weak-nonlinearity-based method. To
illustrate the essential features of our scheme that
allows a flexible observation of entanglement, it is
sufficient to first consider how to produce
symmetric four-photon Dicke state, GHZ states
and W states. The schematic setup of our proposal
is depicted in Fig. 1. The photon in the signal
mode is prepared in a superposition state of
horizontal and vertical polarizations while the

probe beam is initially set in a strong coherent

Weak nonlinear interaction

Signal mode

Fig. 1 Schematic setup for the state preparation

state. Without loss of generality, we have assumed
the amplitude « is real and positive. Then the
initial state of the system that consists of four
photons in the signal modes and a coherent probe

beam is
7
V=1, (2)
where | +)=(|H)+ | V) /JV2. H and V denote

respectively  horizontal —and  vertical linear
polarizations. The four-photon qubits in the signal
modes are split individually on the PBSs into two
spatial modes which transmit | H) and reflect | V).
Horizontal and vertical modes then interact with
probe mode in the Kerr nonlinear medium. After
recombined by the last PBS array, the whole

system evolves into the following state
W) =6 D) [ +2 W fae™) +

2|W§” > |0(eii26>+ ‘ HHHH>1557 ‘ae‘w>+
‘VVVV)HM |0(€7i46>) (3)
where

[ D7) =(CDH " EP IHHVV) 551
1

W y= ;P, | HVVV) 560

2
W >;%;p[ HHHV) oy = W) (1)

in which > P, (+»*) means the sum over all
!

permutations in the usual notation of polarization
encoded logical photonic qubits, and (C,*) "% is a

normalization factor with >.% as  binomial
coefficient. | D,® ) is the four-photon Dicke state
with two excitations that is symmetric under all
permutations of qubits. Kiesel et al
experimentally observed the polarization-entangled
four-photon Dicke state using the second-order
emission process of collinear type-II spontaneous
parametric down conversion.  Generally, a
symmetric N-qubit Dicke state ' with M
excitations is the equally weighted superposition of
all permutations of N-qubit product states with M
logical H's and (N—M) logical V's, here denoted
by | D" ), and well-known examples are the N-
qubit W states | DY’ ) (in the present notation
(W)

Strong probe mode interacts successively with
multiple signal-mode photons, each causing a
conditional phase rotation in the probe mode.
Subsequent X-quadrature (X: position) homodyne
measurement of the probe mode, as quantum
scissors, will project the photons in the signal
mode into the desired entangled states. Very

convenient measurement tools in this case are the
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quadrature amplitudes of the optical field, which
are continuous variables analogous to the position
For the

convenience of the analysis of the X-quadrature

and momentum of a harmonic oscillator.

homodyne measurement with « real, the state in

Eq. (3) can be expanded in terms of the eigenstates
of the operator
), = (x| ¥)=N,[V6 f(xsa0) | D)+
2f(x,a0cos 20) |Gy + f(xsaocos 40) | G, ) 1 (5)

where

Gl >Eci¢2(n ‘Wil) >+Cfi¢2(.4> ‘Wfll) >

. . (6)
|Gy y=e"'" | H® Yiser e Y |V®'1 Y 1567
Here the coefficients!™ are
f.p=0Q2m) Yexp [ —(x—2p%/4] oD

o, (x) =a(x—2acos nd)sin nl
and N, is a normalization factor. Here n=2,4.

In Fig. 2, we plot the Gaussian functions of
the homodyne measurement result x with ¢ = 30 000
and 6=0.01, such as f(x,a), f(x,acos 2 §) and
f(x, acos 4 ) which correspond to probability
amplitudes associated with one of the three states
D, ?y,

We observe that f(x,8) are three Gaussian curves

G,) and |G;) in Eq. (5), respectively.

with the peaks located at 2qcos nf where n=20,2,
4, respectively. The
separated by the distances 2d;=2a{cos [ (j—2)0]—
cos (GO} (j=2,4), which are referred to as the
The
distinguishabilities are approximately in proportion
to af’.

neighboring peaks are

distinguishabilities of the measurement.
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Fig.2 Curves of the homodyne measurement result x

The X-quadrature homodyne measurement,
which is near the center of one of the peaks, is
subsequently implemented on the probe beam.
Suppose 5 for example 5 the result is 2, =2acos (20) —
8 » which is near the peak of f(x,acos 20) as seen
from Fig. 2. In this case, the polarization photon
state in Eq. (5) is very close to the state |G,). The
fidelity'"® of the resulting state with respect to
|G,) is

Flo) =G ) |~ 1 e |7 )

For given a and §, we can decide 8, from the needed
high fidelity. Assuming that § = 0. 01 and « =
30 000, the fidelity in Eq. (8) will be 0. 999 9 with
9,2=0. 989d,. Similarly, if the measurement result
is x;=2acos (20) +0,. the resulting fidelity with
respect to |G,) will be

Fig), (ap)ac[141. 5e a0 712 €D
Assume the minimal acceptable fidelity of the
resulting state is F,;,. By appropriately choosing ¢;
and 8y, we can have Fig) (x3) =F;, (x2) = Fo.
Then, as long as the measurement result x is in
the regime of x» < x << x», we can get the
polarization photon state | G, ) with the fidelity
higher than F,,. The success probability of such

an event that is close to the state |G,) is
P=[ (el (W) (W )| dea[erl(5,) +

erf(8',)]/4

As  the

probability of obtaining the state will approach to
1/2.

The phase shift ¢, (x) in the state | G, ),

associated with the components depends on the

(10)

distinguishabilities  increase,  this

outcome of the homodyne measurement result x, is
unwanted but can be simply removed by dynamic
phase shifter combined with classical feed-forward
process to transform the state |G;) to
|GHZ) =W )+ |WP ) /2

which is independent of .

an
This does mean our
homodyne measurement must be accurate enough
such that we can determine ¢, (x) precisely,
otherwise this unwanted phase factor cannot be
undone. That is to say, the success probability of
obtaining the GHZ state given by Eq. (11) can be
near 1/2.

Similar analysis can be made to obtain the
state |D,*) and | G,) with the desired fidelity
when the measurement result x is near the centers
of the f(x,a) and f (x, acos 4) in Fig. 2,
respectively. With regard to the state | G,), the
phase shift ¢, (x) can be simply removed by
dynamic phase shifter combined with classical feed-
forward process to transform the state to

|GHZ)=(|H") 5 + [V ) V2 (12)
The success probability of obtaining the states
|D,”) and | GHZ) can be near 3/8 and 1/8,
respectively. The entanglement of the symmetric
Dicke statest” is known to be very robust against
photon loss. Eventually, one of the states
{ID,®>, |GHZ)" ., | GHZ)} can be prepared by

using X-quadrature homodyne measurement on the
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probe coherent field |o) in the present scheme.

Now consider the other case that P-quadrature
homodyne measurement is subsequently
implemented on the probe beam in our scheme.
The resulting four-photon state in the signal mode
is then

W), =N(g, e+ |[VVVV)+2g, &= |[WP)+

V6goe [ DY) +2g,, e [WP) +

girer |HHHH)Y) (13)
Here the coefficients are

s To :\/50(])

1/4 —(pTZasinin? /2

giz=mn e (14

)
1/ —(1/2)p
go=m e ’

Tt :ﬂa(p1ésin i0) cos i

where j=2,4 and N is a normalization factor.
Next analysis is similar to previous one of X-
quadrature homodyne measurement. We observe

that g, and g;. are five Gaussian curves with the

peaks located at v/2 asin (j@), respectively. The
neighboring peaks are separated by the distances
2d;=+2 a sin {j@) —sin[(j —1)8]}, which are
referred to as the distinguishabilities of the
measurement, The  distinguishabilities  are
approximately in proportion to qf in the case of P-
quadrature homodyne measurement. However, the
homodyne

distinguishabilities of X-quadrature

measurement above are approximately in
proportion to af® As we have shown, as long as the
probe beam has a sufficient amplitude «, we can
work with much smaller phase shifts. This makes
our distinguishability rather easier to implement.
The following discussion will be made on the
assumption that good distinguishability is already
achieved, e. g. , with the realistic pumps. Analysis
can be made to obtain the state |[W{”) and [W)
with the desired fidelity when the measurement
result p is near the centers of the g,— and gy ,
Under

measurement on the probe beam, the total success
probability of obtaining the |W,V) state with a high

respectively. P-quadrature homodyne

fidelity is near 1/2 because a simple local polarization
rotation would be performed to transform [W" ) to
[W, ">, Of
|D,®), can also be
measurement result p is near the centers of the g,.
In Ref. [20], Stockton et al. considered that

Dicke state is difficult to reliably produce from an

symmetric Dicke
obtained when the

course, state,

initially unentangled state. However, here we can
propose the efficient scheme, in which it' s

relatively easy to realize highly symmetric Dicke

state of light fields.

In a word, GHZ-type, W-type states and
Dicke state can all be prepared in the present
scheme. The cascaded scheme given above can be
order to produce

generalized expediently in

maximally entangled states of five or more
photons. Multipartite entangled states, such as
Dicke states and W states, can be useful for
important quantum information processing (QIP)
tasks. Maximally entangled states of three or more

socalled GHZ

fascinating quantum

particles, states, have been

systems to reveal the
quantum world™®Y. GHZ

entanglement between several particles is the most

nonlocality of the

important feature of many such quantum

communication and computation protocols-**!. For

Dicke states, quantum telecloning, quantum secret
23]

sharing, open-destination teleportation® and

quantum gamest? have been mentioned. For W-

class states, quantum teleportation"®, dense

quantum telecloning®®”, quantum key
[28] s

coding"®”,

distribution have been proposed. Besides,
entanglement in the Dicke states is highly resilient
against external perturbations and measurements
on individual qubits"® *'.  Githne et al.B"
provided a versatile method to determine the decay
of multiparticle entanglement for quantum states
under the influence of decoherence. Giihne eral.’s
study revealed that the Dicke state is the most
robust state while the GHZ state is the most
fragile state among the four-qubit states: GHZ,
W, Cluster, Dicke. W states possess a robust two-
party entanglement even after all the other N2

parties are traced out",

2 Teleportation based cross-Kerr

nonlinearity

In order to show the power of prepared
entanglement as a resource, we further propose an
experimental scheme for teleporting an entangled
three-photon polarization state with prepared four-
photon GHZ state, 1. e.

quantum channel, based on the weak cross-Kerr

given by Eq. (12), as

nonlinearities, where photon 7 belongs to the
sender Alice and the other three photons 4, 5 and 6
belong to the receiver Bob. Let us therefore
consider an entangled three-photon polarization
State

“1’>123:01‘HHH>123+,8|VVV>123 (15)
which is given to Alice and has to be teleported to

Bob. In Eq. (15), « and g are unknown
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parameters, and |a|*+|B]*=1. Initially, the total
state of the system can be expressed as

‘11,>:‘11,>123®‘GHZ>4567 (16)

Before proceeding with a detailed description
of teleportation, it is worth to note that Bell-state
measurement ( BSM ) as shown in Fig. 3 is
employed so as to realize the teleportation scheme.
The module ‘— 0’ denotes phase-shifter, N-PG
denotes normal parity gate, and 45-PG denotes a
parity gate with 45-PBS. The idea to BSM is
rooted in the coalition of Ref. [16] and Ref. [ 31].
The whole chain of transformations of the present
BSM setup in Fig. 3 can be summarized by the
Table 1.

45-PG

Fig.3 Bell state measurement (BSM)
Table 1 Bell states corresponding to the results of QNDM
on the probe beams 1 and 2

The state of modes i and Result of Result of
j at the input of BSM QNDM, QNDM,
|w) ny, >0 1y, =0
| ) 1y >0 Ny >0
|w) 1y =0 1, =0
[v ) 1, =0 Ny >0

Note: n, denotes the photon number via QNDM on the probe
beam 1 or 2. The first thing to notice is that after a QNDM
result n,>>0 we remove the unwanted phase factors that have
arisen via classical feed-forward.

The table 1

discrimination of the four Bell states. Here, the

illustrates the unambiguous

four Bell states can be written as
T H)=(|HV) = |VH)») /2

@ )=(|HH) £ |VV) /2
To realize the teleportation, joint BSM on

an

photons (2, 3) and photons (1, 7) are made by
Alice at the first step, which will project photons
4, 5 and 6 into the following states

+ + 1 ;
17(@* |23<@7 “I’>:%(a‘I‘IHI‘I>JiF2'g

+BIVVV)Y),.
Bl ) ise 18

AT \Y>=i2<a|vvv>i“

2/2
TR HHH)) 5
where | =), and |®~ ), are the Bell states of the
photon pair (7, ;) described
and 17 denote the Bell-state
and (1, 7),

above, the
superscripts 23

composed of photons (2, 3)

respectively. In order to complete the
teleportation, Alice sends the results through the
classical channel to Bob when the photons are
detected. And after

information of four bits coming from Alice, Bob

knowing the classical
can perform relevant unitary transformation on
photons 4, 5 and 6 to obtain the original polarized
state prepared on photons 1, 2 and 3 shown in Eq.
(15). Table Alice’ s all different

! .
measurement results and Bob' s corresponding

2 gives

optical unitary operations. Thus we achieve the
teleportation procedure successfully. In the ideal

case, the total successful probability P

(3/2)7?X8=1, and the fidelity of the output state
is 1. 0.
Table 2 Bob's unitary transformations corresponding to

Alice’s measurement results

Alice's result of joint BSM

Bob's unitary

BSM,, BSM,, ‘
transformations
N-PG 45-PG N-PG 45-PG
ni = ny; =0 ny = nyh = L RQLRI
23 — 23 17 — 17 — z
nyi =0 n >0 np =0 np; =0 I, QI Qo
23 — 23 — 17 — 17 z
ny = ni =0 Ny = ny >0 1, Q15 @as
23 — 23 17 — 17
np1 =0 71p2>0 n])(io 7'1.>2>0 11®Ia®115
23 — 23 — 17 17 — E x x
n, =0 ny; =0 ny >0 1y, =0 61" Qo5 Xos
23 23 17 17 N y y
i =0  np=0 mi >0 >0 io oy Pag”
23 — 23 17 17 — N y y y
ni=0  n3>0 i >0 np =0 io,’Qos’ Do
ni= ni >0 ny >0 ni >0 6,"®e5" Xos*

3 Discussion

It is clear that the feasibility of the present
schemes depends on the veracity in the homodyne
measurement and the implementation of weak
cross-Kerr nonlinearity. Analysis of the veracity in
measurement is

the X-quadrature homodyne

presented-'™. The scheme of our present paper has
some similar features with that of Ref. [15] in
using such small-but-not-tiny Kerr nonlinearities.
Such nonlinearities are potentially available today

doped fibers and

electromagnetically induced transparency (EIT).

by using optical
Strong nonlinearities are not a prerequisite to be
able to perform quantum computation. Besides,
phases shift, such as ¢, (x) in connection with X-
quadrature homodyne measurement, can then
simply be eliminated via a classical feed-forward
operation. This does mean our homodyne
measurement must be accurate enough such that
we can determine ¢, (x) precisely, otherwise this
unwanted phase factor cannot be undone. This is a
technological challenge. Compared the paper with

Refs. [ 32-34 ], our scheme does not the
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requirement that optical paths should be stable to
subwave-length order for interferometric stability.
It is also not necessary to have an ancilla photon,
which was needed in Ref. [ 35 ]. This success
probability is more than head and shoulders above
one in the scheme of Ref. I based on linear optical

elements.

4 Conclusion

In conclusion, the cascaded scheme is
presented for preparing the entangled polarization-
photon states, e. g., GHZ-type, W-type states
and Dicke state, with the position or momentum
quadrature homodyne measurement. Multipartite
entangled states, such as Dicke state, GHZ and W
states, can be useful for important QIP tasks.
This scheme has the following distinct advantages:
first, the scheme only involves weak cross-Kerr
nonlinear interaction between probe coherent state
and signal modes followed by the homodyne
detection which can be made much more efficient
than the single-photon detection. It is not
necessary that the cross-Kerr nonlinearity is very
large, as long as the coherent light is bright
enough in order to amplify the effect of the weak
cross-Kerr nonlinearities. For instance,
calculations for EIT systems in NV-diamond have
shown potential phase shifts of order of magnitude
of 9=0. 01. With #=0. 01 the probe beam must
have an amplitude of at least 10°, which is
physically reasonable with current technology. So
far, this scheme uses only the basic tools in
quantum  optical laboratories and can be
implemented in the regime of the weak cross-Kerr
Second, we employ homodyne

which a highly

absorbing single photon number resolving detector

nonlinearity.
measurement efficient non-
that does not absorb the photon from the signal
Third, the
advantage of the higher success probability and
fidelity. As the

distinguishability increases, the total

mode. preparation scheme takes

near perfect measurement
success
probability achieving W state will approach to 1/2
P-quadrature homodyne

due to using

measurement, and the success probability
obtaining Dicke state is near 3/8 with either X- or
P-quadrature homodyne measurement. Finally, in
addition to preparing the GHZ and W class states
among four modes, plentiful new kinds of
entangled state can be generated with this scheme,
e. g. highly symmetric Dicke state. These Dicke

states can act as a rich resource of multipartite

entanglement as required for quantum information
applications. GHZ and W class states cannot be
transformed into one another via SLOCC and not
even by entanglement catalysis. However, the
Dicke state can be projected into both classes by a
local operation. In order to show the power of
prepared entanglement as a resource, we further
propose an experimental scheme for teleporting an
entangled three-photon polarization state with
prepared four-photon GHZ state as quantum
channel, based on the weak cross-Kerr
nonlinearities. More importantly, the employed

BSM-based weak

extremely simple and also robust against detector

cross-Kerr nonlinearity is
inefficiencies, and provides a reliable method to
unambiguously discriminate among the four

pairs. The
fidelity of this

teleportation scheme both reach theoretically 1. 0.

polarization-entangled photon

successful  probability and
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