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Abstract: A novel scheme for remote preparation of an arbitrary three-qubit state using four-qubit

cluster state and Bell state is proposed. The three-particle state can be perfectly prepared if the

sender (Alice) performs the orthogonal complete measurement on her particles and the receiver

(Bob) introduces an appropriate unitary transformation on his particles. For the two cases of

. . . . !
remote state preparation, two different projective measurement bases are constructed at sender's

side and the corresponding success probabilities are calculated. The probability of success

regarding this preparation scheme is calculated in both general and some particular cases. It is

that in general such remote state preparation can be realized with a probability of 1/8. But in

several special cases, the probability of success can be improved to 1/4, 1/2 or even 1.
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0 Introduction

In the

information theory, entanglement plays a key role

process of developing quantum

in most quantum information process. Quantum
entanglement is a valuable resource for the

implementation of quantum computation and

quantum communication protocols, like quantum

(] quantum key distribution ™,

[5]

teleportation

quantum secure direct communication’, dense

Le-71 quantum computation, remote state

[8-15]

coding
preparation and so on. If a sender (Alice)
wants to transmit an unknown quantum state to a
receiver (Bob), they may use teleportation. In
remote state preparation (RSP), Alice is assumed
to know fully the transmitted state to be prepared
by Bob, while in the teleportation neither Alice nor
Bob has knowledge of the transmitted state.
RSP™ has been extended by many authors to
various cases in recent years. In the theoretical
aspect, Devetak and Berger have proposed a low
entanglement RSP protocol using more classical
bits but less entanglement bits. Berry and Sanders
have proved that it is possible to remotely prepare

ensembles of mixed states using communication
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equal to the Holevo information for this ensemble.
The authors of refs have studied the oblivious RSP
protocols in which no information about the state
to be prepared can be retrieved from the classical
message. Ye ef. al. have focused on faithful RSP
using finite classical bits and a shared non-
maximally entangled state. Kurucz ez. al. have
discussed exact deterministic RSP with minimal
classical communication in quantum systems of
continuous variables corresponding to infinite
dimensional Hilbert space. On the experimental
side, over the past several years the
implementation of RSP has been reported with
liquid-state nuclear magnetic resonance technology

and optical systems.

1 RSP of an arbitrary three-qubit state

Suppose that a sender Alice wants to help a
remote receiver Bob prepare an arbitrary three-
qubit state described as

| > =aoe® [000) +a;e” [001) +a,e” [010) +

ase% |011) +a, e’ 100> +as e’ | 101) +

age% |110) +ae% [111) @D)
where the real coefficients a;,—=>0(i=0,1,:-,7) and

@,6[092751 (j2091,"'

,7) with the normalization
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condition > a; =1. Here, the state ‘X> is known
i=0

partially to Alice. The receiver does not have any
knowledge about the original state [y) at all. In
this situation, Alice can help Bob to reconstruct
the original state.

The sender and the receiver initially share a
four-qubit cluster state and a Bell state as the

quantum channel, which can be written as
2= 1CH® g™ =+ 10000+ 0011) +

1

(100> +
% |

[1100> — [ 111154 5,4,5, &

114, (2)

where particles (A,,A,,A;) are in the possession

of Alice, while particles (B, ,B;.B;) belong to the
Bob.

In order to help Bob re-establish the original
state in his location, Alice is required to perform a
three-particle joint projective measurement on her
own particles based on the knowledge of the
original state they have. Alice must make a
measurement on her three particles (A, ,A,.,A;).
The projective measurement basis chosen by Alice
is a set of mutually orthogonal basis vectors { \gol Y
\gpz>,\gp3>,|go4>,\gp5>, \g06>, |go7>, |908>}. We find
that this basis can be related to the computation
basis {000),]001>,[010>,]011)>,|100),]101),
|110),]111)} by the following relations

| 901 N X x X Z; x,

‘¢2> X X X3 X3 X5

l*> X, Tay Ta, @ Zs

lo' )| | s Ty Tax Txe A

| 905 > Xy — s xXs — X7 —Xo
6

‘ (2 > Xs Xy - X7 X -
7

lg") XX X Tas T
8

l¢®> x; Txs T x, T

X6 X, e %000
X v e 001
—xy —axs| e %2 [010)
x5 —x, | |e % [011)
X X e %100 4
— X e %101
o —axi| e % [110)
X —a, ) le7 %111

The set of basis vectors [¢”" ) {m& (1,2,
8)} form complete and orthogonal bases in eight-
Under

these two sets of bases, the whole quantum system

dimensional Hilbert space, respectively.

consisting of the channel can be rewritten as

|Q>=L< [000000Y+1000011)+001100) +
242

[001111)+[110000)+[110011) —[111100) —
[ TTLLT1) g, =

1
242
a e 1001) +a,e” |010) +az e |011) +

a, €% |100) +ase% |101) —aze’% | 110) —

ar e’ [ 1110 g 55, + 1@ Y a a0, (—are™ [000) +
aoce” [001) —aze?” |010) +a,e’ [011) +

ase® |100) —a,e% |101) +a,e% | 110) —

as e | 11105 5 5 oo [ aaa Care® [000) —
age” |001) +ase” 010> +a, e |011) —

a;e” |100) —a, e’ [101) —a,e% | 110) +

Cl (Pl >A1A2A3 (a,e™ | 000) +

aoeig7|111>)3132331) (4)
After the measurements, Alice transmits
some classical information about measurement

outcomes to the receiver Bob. Bob then needs to
reconstruct the original state on his particles (B,
B,, B;) conditioned on the classical information
from Alice. According to Eq. (4), if the result of

Alice’s projective measurement is l¢' )+ Bob knows

that he has a chance to realize the RSP by
implementing a suitable unitary operation U on his
three particles. In this case, it is easy to verify
that Bob can always re-establish the original state
with the same probability when any one of the
of Alice’ s

measurement occurs. As an example, we consider

eight possible outcomes projective
the case that Alice’s projective measurement result
is | ¢'); the state of particles (By, B,, B;), as
shown by Eq. (4) will collapse into
(a,€e% 000> +a; e |001)+a,e® |010) +
a;e% |011) +a, e’ [100) +ase% |101) —
age’ [110) —aze’ [111))p 5,5, (5)
After that if Alice communicates to Bob of her
via classical

measurement outcome

Bob will be able to apply the

actual a

channel, then,
following unitary tra- nsformation on his particles

(B, ,B,.B;). The resulting

100000 0 0
01 0000 0 0
001000 0 0
000100 0 0
Usn =10 0 0001 0 o o]|®
000001 0 0
000000 —1 0
000000 0 —1

state of Bob's particles will be the original state
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‘X>' However, when the measurement other 1/4 in this case.
outcomes, the remote state preparation cannot be o 1 o0 o0 0 0 0 o0
successful. -1 0 0 0 0 O 0 O
. 0 0 0 1 0 0 0 0
2 Improvement of the success probability o 0 -1 00 o 0 o0
) Uk pp = (8
However, when Alice's measurement outcome Pilia by o o0 o0 0 0 —1 0 o0
is [¢*) s+, or [¢°), the remote state preparation o 0 o0 o1 o0 0 0
cannot be successful. From the previous analyses, o o0 o o0 0 0 0 —1
we can find that Bob can get the original state with o o0 o 0 0 0o 1 o0
the total probability of successful RSP is 1/8. But Case2: di=di=d=d=d=at=di=d}
for some special values of the coefficients in Eq. As in the first case, we can show that the

(1) or in Eq. (4), the probability of successful
RSP can be improved. We examine the special case
as follows
Casel: ai=dl,di=dl,ai=dat,di=d’
In this case, if Alice’s measurement outcome
is |¢*), the remote state preparation can also be
successful, because the state of particles (B;, B, .,
B;), as shown by Eq. (4), will collapse into
(—a;e% [000) +a,e” |001) —ase” [010) +
a,e% |011) +ase” [100) —a,e% | 101) +
a;ewb‘\110>*asei"7\111>)313233 7
Therefore, Bob will be able to apply the following
unitary transformation U%IB,_)B3 on his particles (B,
B,,B;). The resulting state of Bob's particles will
be the original state \X>. Thus, Bob can get the
original state with a higher success probability of

remote state preparation can be successfully. In
this case,it is also not difficult for Bob to prepare
the three-particle state | y) by performing the
the
the

remote state preparation can be implemented, and

suitable unitary operation determined by

. !
outcome of Alice s measurement. Hence,

so the probability of success in this particular case
will be 100%.

Here, we give anther orthogonal complete
measure bases of Alice. It is a set of mutually
orthogonal basis vectors {[¢' ), ¢ )s ¢’ s | ¢
\905% \¢6>, \@7% |g08>}. We find the basis can be
related to the compu-tation basis{|000),|001),
|010Y,]011),]100), [101>,]110)>,|111)}by the

following relations

| Xy @ N
| gozl N —x X — X X — x5
¢’ —x ox x o X
‘901,> I S T & X To — X7
\ go;’, ) —x, X —x5 X7 X0
| 906, > —xs x4 X7 X X
L") —xs  a o Ta Ta
| 908, > —x, —xy —xs —Xy X3

e X7 e % [000)
—x7 X e %001
—x, Xs e % 1010)
x5 X e %011
X —xs | e % ]100) )
—x; —x, | |e % [101)
X —a; | e % ]110)
x X0 e %111

The set of basis vectors [ ¢") {n€ (1,2,++,8)}
form complete and orthogonal bases in eight-
Under

these two sets of bases, the whole quantum system

dimensional Hilbert space, respectively.
consisting of the channel can be rewritten as
1
22
[001111)+1]110000)+]110011)—|111100) —
11111 4 50,5, +ase® (101 —age? [110)—
a7€m7 | 111>)313233 + | 502, >AlA2A3 (7alei00 ‘OOO>+
aoe” |001) —ase” |010) +a,e |011) —

ase® |100) +a,e% |101) +a,e% | 110) —

age” |111>)B|3233+“'+|908,>,«,|A2A5 (—a;e% [000) —
age” |001) —ase” 010> —a, e’ |011) +

Q)= (1000000) +[000011) -+ 1001100) +

ase’ [100) +a, e’
a0€‘§7 |111>)1;1152153:|) (10)

2 2 2 2 2 2 2 __ 2 . .
If ai=ai=a;=a; =al =a:=ai=a’, in this case,

101) —a,e% [110) —

it is also not difficult for Bob to prepare the three-
particle state | y) by performing the suitable
unitary operation determined by the outcome of
the remote state
the
probability of success in this particular case will be

100%.

. !
AllCe S measurement. Henceo

preparation can be implemented, and so

3 Conclusion

In summary, we presented a scheme for

remote preparation of a three-particle state using



338 T ¥ 41 %
four-qubit cluster state and Bell state as the Physics Letters A, 2007, 369(5-6) : 377-379.
quantum channel. The three*particle state can be [3] ZHA Xin wei. Radial basic operators of three-dimensional
f 1 d if th d [ h isotropic harmonic osillator[J]. Acta Physica Sinaca . 2002,
per ect y prepare 1 the sender perrorms the 51(4). 723-726.
orthogonal Complete measurement and the receiver [4] CABELLO A. Quantum key distribution in the holevo limit

introduces appropriate unitary transformation. We
also calculated the probability of success of the
RSP scheme in general and some particular cases.
Although the probability of success for a general
state is only 1/8, it has been shown that for certain
states, the probability of success can be improved
to 1/4,
out that the probability of success may also depend

1/2 or even 1. Furthermore, we pointed
on the sender’s choice of measurement basis. If
some appropriate measurement is chosen, RSP can
be achieved with the maximum probability, but the
measurements of Alice should do to implement the

protocol is not that simple. The main difficulties

on its experimental realization lie in the
measurement. Actually, this is the bottleneck of
this  protocol.  The main difficulties on

experimental realization lie in the measurements
(3) and (9). Again, a clear and sincere statement
of this fact is no drawback to the manuscript, it is
just the truth. However, our study is only

We that the

proposed here will be experimentally realized in the

theoretical work. hope scheme

near future.
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