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Entanglement Properties of Photon-added Two-mode Entangled
Coherent States and Their Preparations via Cavity
Quantum Electrodynamics
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(College of Physics and Electric Information . Anhui Normal University , Wuhu, Anhui 241000, China)

Abstract: Entanglment properties of photon-added two-mode entangled coherent states are
analyzed and analytical expression of the concurrence entanglement is obtained. The results show
that the concurrence of the photon-added entangled coherent states is very sensitive to the
superposition phase. Schemes for preparation of photon-added coherent states and photon-added
two-mode entangled coherent states are also proposed. The preparation procession of the photon-
added coherent states is that the photon-added coherent states are firstly tansformed into a
superposition state of coherent state and vacuum state (the superposition coefficient is associated
with amplitude of the coherent state ), then by applying the interaction of atom inside high-Q
cavity with a classical light, finally added coherent states of cavity field is prepared. Preparation

of photon-added two-mode entangled coherent states of cavity fields is based on interaction of the

flying atom with two cavity fields.
Key words:
quantum electrodynamics

CLCN. 0431 Document Code: A

0 Introduction

In the past years, much attention have been
paid to properties and generations of nonclassical
states of light fields or atoms owing to their
potential practical applications such as precision
spectroscopy and quantum computationt. Rather
recently, a class of so called excited (or photon-
added) quantum states have been investigated

(271 Many authors studied the various

extensively
nonclassical properties of these quantum states
such as amplitude squeezing and antibunch effects.
For example, the author of Ref. [ 6] investigated
amplitude squeezing of the excited even and odd
coherent states. They found that squeezing of the
field in such states are stronger than those of single
excited coherent states. The author of Ref. [ 7]
studied antibunch properties of the photon-added
even and odd coherent states. The author of Ref.
L8]

Poissonian statistics of excited or photon-added

analyzed amplitude squeezing and sub-

entangled coherent states. The various schemes

have been proposed for realization of these

Photon-added coherent states; Photon-added entangled coherent states; Cavity
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quantum states. However, these schemes are
realized by interaction of quntum light field with
atoms inside cavity based on perturbation
methods'®®'. Rather recently, the authors of Ref.
[5] have proposed a new method to prepare
photon-added entangled coherent states by using
BBO crystal and single photon detectors.

In this

unperturbation method to prepare photon-added

paper, Wwe propose a new

entangled coherent states which is based on cavity

quantum electrodynamics.

1 Entanglement properties of photon-
added entangled coherent states

Using the properties of the inverse
annihilation operator,

a =G+ V| n+1) (la)

aa '=I.a 'a=1—10){0] (1b)

(la), (1b) and

we can obtain the

Applying the formulae
definition of coherent state,
photon-added coherent states in the following form

of
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a ia>:i%(\ia>—e*‘ﬂ‘“2 10)) 2)

It is noted that the photon-added coherent
state is a special superposition of coherent state
and vacuum state. The superposition coeficient is
related to amplitude of the coherent state.

The photon-added two-mode entangled states

is defined as
1 _ o .

|¢>:/ia1 Yay ' (lady [a), Fe? [ —adi [ —ad) (3)
N,

where N, =2 [(1— e e’ )+ (672‘“‘2 — e’ )2/
|a|' (a740) is a normalized constant, Applying Eq.
(2), we can obtain another form of the photon-

added two-mode odd and even entangled states

1
‘@7«/1\7&2
e 1210y, et [(| —ady —e 172 ]0),) -

“l210),) p
entangled

[y —e 210y ) (|ad, —

( | _ll>2 - e
The photon-added

important in the understanding of properties of

states are

some special light fields. Here it is interesting to
discuss entanglement properties of this type of
states, specially effect of the superposition phase
of photon-added entangled coherent states on the
entanglement properties. We define the normalized

orthogonal basic vectorst”

| +>=cos %\ A ) —e*?sin %\ v (5a)
| —>=e"¥2%gin %\ A Y +cos %\ v (5b)
With

[ Ay=Ca)—e "2 0)) /N (5¢)
vy =[(—a)—e 2[00 +e I (o) —

e 2 100)]/ VM (5d)
cos Y= cos ($/2) . (5e)

«/cosz(¢/2)+ez‘“‘ —1
[ 2lal®

sin y= = 1 (5D

«/COSZ(¢/2)+62“"2 —1
N=l—¢ ", M=(—c "HA—e ") (Gg
The photon-added entangled state (to see Eq.
(4)) is then represented in the form
lo)=Ci |+ [+, +C [ =)= (6a)
With
C. Z%[cos (3/2)+
A—e 2" )A—isin <¢>/2>+c052<¢/2>e*2‘a""]
cos’ (¢/2) ¢ —1
_ Neb#?

o VN,

(6b)

C [cos (¢/2)—isin ($/2) -

(1—e 2 sin? (¢/2)) ]
Cosz(5{>/2)-|—ez‘”‘z —1
study the

(l_e*\a\z)_

(6¢)

In order to dynamics  of
entanglement of the state described by Eq. (3), we
entanglement

employ the concurrence as a

measure. The concurrence is defined as
Clp)=max{0, VA —VA: =V =V} (D
where p=[¢) (¢| is density operator, A; (A =2, =
As=2,) are the eigenvalues of the operator p(g, &
o) p" (o, @ a,).
computed as
Clp=2[C.C | (8)

Fig. 1 shows the evolution of the concurrence

The concurrence is easily

with the parameter ¢ with different superposition
phase. When the superposition phase 0<{¢<<n/2,
the concurrence C (p) always increases up to
saturation value with the parameter « increasing.
But the maximun of C(p) will decreases when the
When the
superposition phase n/2<C¢<<m,C(p) increases up

superposition phase ¢ increases.
to the maximum and then decreases with the
parameter o increasing. This means that the
photon-added

concurrence of the entangled

coherent states is very sensitive to the
superposition phase. On the other hand, we also
see that the maximum concurrence (C(p) =1) of
the photon-added entangled coherent states will be
exsit only if ¢=0.
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Fig. 1 The evolution of the concurrence of the photon-added

entangled coherent states with the parameter «

2 Preparation of photon-added coherent
states

In previous work, we proposed a method to
prepare the photon-added coherent state based on
the trapped ions. Here we propose a scheme for
generation of the photon-added coherent state
based on the cavity fields. Let us consider a three-
level atom interacting with a single-mode cavity

field and driven by a classical field. The atomic
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states are denoted by | g)>, |e), and | 7). The
transition frequency between the states |e) and |i)
is highly detuned from the cavity frequency, and
thus the state |i) is not affected during the atom-

cavity interaction. The Hamiltonian (A=1) is
H:%a:+wla+a+g(d+a+cpa' )+
(g e ™ Fe g _e) €))

where 6" =|e){(gl|, o =|g)<el, s.=|e){e| —
lg><gl, |e)s | g|> being the excited and ground

T and a are the creation and

states of the atom, a
annihilation operators for the cavity mode, g is the
atom-cavity coupling strength, and Q and ¢ is the
Rabi frequency and phase of the classical field,
respectively. We assume that w, = w, ¢ = n/2.
Then the
interaction picture, is

H =gle "srates_a")+i(c: —o-) (10)

where & = w.

interaction Hamiltonian, in the

— wo 1s the detuning between the
atomic transition frequency and cavity frequency.
here we set § = 0. We
transformation H, = TH, T =e ™/ Hie™'", the

transformed interaction Hamiltonian is represented

make a unitary

as
H;:i%(a—cﬁ)o;+%(a+a+)a,+(26; (1D)

Making the rotating wave approximation, which is
equivalent to the transformation e % Hye %,
the transformed interaction Hamiltonian H; becomes
’ . 2 r Iy
H, =i %(a*az+ )a;"%(m e +

o_e )+ 0o. (12)
Assuming that 202)) g, we can neglect the

oscillating fast terms. Then H, reduces to
H{:i%(a—cﬁ)aﬂfﬂa: (13)

Proceeding to making the anti-transformation,
H,=T"H,T., we can obtain

HI:i%(a*a+)63,+Qay (14)
The evolution operator for interaction
Hamiltonian (8) is given by
UI (t) — efulll — e*lﬂla\‘ egl(u*a ‘ )o, /2 :%eimD (ﬂ) .
(=0 +3e ®D(—p1+a,) (15)

where D (i8) is the displacement operator,
D(z',(?)zcai“(“+“+)"2 » B=gt/2. Now we assume that
at initial time the cavity field is prepared in the
coherent state, the atom is in the ground state
|g>, i.e., the initial state of the system |¢(0))=
lg) | a>. In order to prepare the photon-added

coherent state, we first apply a beam of classical
laser to drive resonantly the atom with the
evolution operator U, = e ®., The state of the
system after interaction time #, can be represented
as follows
[ (80> =U, [¢(0))=[cos (D |g)—
isin (O |e)]liay, (16)
where 9 =¢t,. Next we can select the interaction
time ¢, of the atom with cavity field to satisfy a=
gt,/2 = B. After the interaction time 7, the
evolution of the state vector of the system is given
by Eq. (15)
[9(0) =Us () | gy (1)) =+ { [ (cos 9—
sin ) 0)+e @2 (cos 9+sin D | —2a) ]l g> —
il e (sin 9—cos 3 |0) +e 2 (cos 9+
sin ) | —2a)]|e)} aa7n
Next we make measurement on the electric

state of the atom. If detection result is the ground

state |g) of the atom, we then obtain
‘¢/>:%Sin 9+ m/4)e @[ | — 240 —
e™2 cot (9+=n/4)0)] (18)
Selecting the parameter ¢ to satisfy cot(9-+x/
) =¢e " and Qt, = 2mmz, m is large integer, we

can obtain the normalized state vector

, 1
>—7
¥ VN

It is easily seen that Eq. (13) is a photon-

(| —2a)—e <" [0)) (19)

added coherent state.

3 Preparation of
entangled state

photon-added

In the following we propose a new scheme for
photon-added

Let' s consider two distant

generation of  the two-mode
entanglement state.
identical high-Q light cavitiesl, 2. The three-level
flying atom can cross from cavity 1 to cavity 2, as
shown in Fig. 2. The atomic states are denoted by
lg>s | e)  here| g) and |e) are assumed to be
degenerated), and | ). The transition frequency
between the states | g, |e) and | :) is highly
detuned from the cavity field frequency, thus the

state | i ) is not affected during the atom - cavity
[ =
el 25

Fig. 2 Schematic diagram of generation of the photon-

added two-mode entanglement state
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interaction. The Hamiltonian describing the
interaction of the flying atom with cavity field 1(2)

is given by (#=1)

H=H,+H, (20a)
HO:wa} a‘f’wg |g><g\ "‘wg ‘e><e‘ +w/ ‘f><f‘
(20b)

H;® ={waie |f><g| T arn ‘f><€| +
H.c) (200)

where a,, is the annihilation operators for the
cavity mode, (5 is the atom 1 (2)-cavity effect
coupling constant. Under condition of the large
— wi» 2 02, the effective
interaction Hamiltonian can be obtained as

H%ér%) :7k1(2>a1‘(2>a1(2) ( |e><g\ + \g><e| +1 2D
where ki = [ Q12 | */81» » In the following we set

ki =k, = k. The evolution operator for Hi{ is

detuning, & = wy

represented as

U}<2>(Z):eakzuﬁz)al(,_))w,Jr]) (22)
with g, = |e) (g | + | g) (e|. After the flying atom
crosses from cavity 1 to cavity 2, the evolution
operator corresponding to such a process can be

represented as
UL (0 =Ut (DU} (1) = [ o2 24 0
A+6)+1—06.)] (23)

where we have assume that the interaction time of
the flying atom with cavity 1(2) is the same.

Now we assume that at initial time the flying
atom is in the ground state | g) and each of the two
cavity fields is prepared in the photon-added
coherent state. So the initial state for the system is

represented as
[0 =Cla)—e 2105 (Ja), —
e 100, (24)
Selecting kt==/2, we can obtain the state of the

system
90 =Us 19(0)) = {[(| —adi—e "2 |0),) -

(=, —e 2 10),) + (o> —e 2 |0))) »
(layo—e 200,01 g —[(la), —e <77«
100 Uads—e 2[00, — (| —a)y —e 77
100D (| —a),—e 2000 ]e)) (25)
Next we make measurement on the atom. If
detection result is the ground state | g) of the

atom, we then obtain the photon-added two-mode

even entanglement state
lgy =L —ady—e 2 [0)) (| —ad, —
e 210y, 4 lad —e 20y -
(la),—e 1 "210),)] (26)

If detection result is the excited state |e) of

the atom, we then obtain the photon-added two-

mode odd entanglement state
g =L —a)—e 2[00 ) (| —a),—
e 0 = @) —e o)) .
(Jay,—e "2 10),)] 27

4 Discussion

We now give a brief discussion on the
experiment realization'®!. For the Rydberg Rb
atoms with pricipal quantum numbers 50 and 51,
the radiative time is T, =2X107% s, and coupling
strength with cavity field is g=2x X 24 kHz. The
Rabi frequency of atoms acting with the classical
field Q=e=27 X120 kHz=5 g and the velocity of
atomsv=4 X 10* m/s can be selected. A cavity with
the quality factor Q= 1. 0 X 10* and with cavity
field frequency v = 50 GHz is experimentally
achievable (photon lifetime T, = 3. 0 X 10 " s).

The initial average photon number of the cavity

field n=14.4 (|a| =1.27) is set. We can evaluate
the required time for preparation of photon-added
coherent states, which is ¢; +2, = (1. 0 X 10 ¢ +
0.5X10 ")s=0.5X 10 ' s. It should be noticed

that this time can be much shorter if the initial

average photon number n is much smaller.
Therefore, the present scheme might be realizable.
On the other hand, for preparation of photon-
added coherent states, from Eq. (17) we see that if
detection result on the atom is the excitation state
ey, we can also obtain the photon-added coherent
state. Therefore, the success probability for this
scheme is 100%. For preparation of photon-added
two-mode entangled coherent states, from Eq.
(25) we see that the success probability is 100%.
In addition, the method presented here can be also
used to prepare the photon-added three-mode

entangled coherent states.

5 Conclusion

In conclusion, we have proposed the schemes
to prepare the photon-added coherent state and the
photon-added states. The

schemes are not only based on the unperturbation

entangled coherent

interaction of atom with cavity fields but also can

be realized experimentally.
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