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Frequency Up- and Down-conversions in Two-mode Cavity
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Abstract: A scheme was proposed to construct bilinear and quadratic Hamiltonians for frequency
up- and down-conversions in cavity quantum electrodynamics (QED). Generally, in nonlinear
optics, the interaction that the energe swaps between different optic modes without atomic
transition is named frequency conversion. The proposed scheme was based on the interactions of a
single four-level atom simultaneously with two classical driving fields and a two-mode cavity
field, which is in the domain of four-wave mixing . By initially preparing the atom in a suitable
state, each pump light was resonant with its transition, and two quantum modes were large tune
to the other two transition, respectively, In the strong laser regime, the atomic degrees of
freedom could be decoupled from the cavity degrees of freedom and the frequency conversion
could be realized for the cavity modes. Due to the different initial states and interactions between
optic fields and atom, frequency up- and down-conversions arose, respectively. After the
preparation of squeezed operation respect to Frequency down-conversion, a discussion on the
feasibility of experiment was given and the theoretical value was obtained. The advantage of this
proposal is to realize the transition using two cascade photons, which is dipole-forbidden in a
cascade structure atom, with high efficiency. The proposal will be useful for optical quantum

control and fundamental tests of quantum theory.
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0 Introduction

Parametric frequency conversion is

traditionally for traveling fields in nonlinear optics
and recently has been extended to cavity fields in

quantum  optics. It has many important

applications in investigating fundamental quantum

phenomena. Many efforts have been devoted to
[1-11

’and two-photon
[12]

generate the squeezed states

[4-11]

states , to test sub-Poissonian statistics and

Bell' s inequalitiest'™, to improve the signal-to-

noise ratio in optical communication’'*'™ and to
[16-17]

measure the gravitational waves Apart from

these applications, the frequency conversion

mechanism has also been used for single-photon
Boson

interference to demonstrate

18] The frequency up-conversion has

commutation
connection to a beam splitter in quantum optics,
which generates an active rotation of two cavity

modes, while a parametric down-conversion can be

doi:10. 3788/gzxb20114008. 1161
directly used to generate a two-mode squeezed

state®™ which is a very important quantum

entangled state. The two-mode squeezed state can

be generated from a laser-driven V-type three-level

[6]

atom inside a cavity'’' and from a single atom with

respect to a low-Q cavity'?, Meanwhile, it is

widely used in quantum cryptography-¥?%,
quantum dense coding™", quantum
teleportation?,  and large-scale = quantum
computing %,

Several recent studies have been devoted to
mapping the frequency conversion mechanism into
a two-mode cavity” 11 All these protocols need
to drive a dipole-forbidden transition with a
classical field via two-photon processes or other
mechanisms, however, the couplings in these
mechanisms are usually very weak. Here in this
paper, we present a scheme to realize the
frequency conversion mechanism with a diamond

atomic configuration in cavity QED without the
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dipole-forbidden
transition and the efficiency is comparable with
that of Ref. [57]. based on the

interactions of a

requirement of driving the
In our scheme,

single four-level atom
simultaneously with two classical driving fields and
a two-mode cavity, the bilinear and quadratic

Hamiltonians for frequency up-and down-

conversions could be realized.

1 Generation of frequency up-conversion

Now we introduce the model. We deposit a
four-level atom driven by two classical fields in a
two-mode cavity. As shown in Fig. 1, the atomic
states are labeled by |e), | r), | g> and | s),
The field drives the

transition |e)—|r) (| s> — | r)) with the Rabi

respectively. classical

frequency ; (£,) resonantly. The transition | g)
—|e>(|g)—>15)) is driven by the cavity mode with
the coupling constant g, (g;) and detuning A, (A;) ,
Thus, in the interaction picture, the
H,+ H,, where
)

respectively.

Hamiltonian is H,; =

_________ 0

&

wligl
) \ 4

lg

Fig.1 The interaction model for the frequency up-conversion: a

four-level atom interacts with two cavity-modes
(coupling constants g, and g, . detunings A, and A;)
and two classical fields (Rabi frequencies 2, and (2,)
H,=0,|e){r|+0Q, | {s|+H.c. @b)
H =gale){gle®' +g,b|s){(gle ®'+H.c. (2)
where a” (a) and 61 (b) are creation (annihilation)
operators of cavity modes a and b, respectively.
We express the H,'s dressed states as |A,),
|A;> and | A,) with the corresponding eignvalues

0, 02,
1
‘Ao>:*

—, respectively

(Q] ‘S>_Qz ‘€>)

\A1>*

7 Q(Ql\e>+(27\s>)+|r>] (3)

\Aﬁi/, Q(.Q] e+, [s))—|r)]
with |Ay)>, |A,) and |A,). the Hamiltonians H,
and H, can be expressed as
H,=Q(ADA [ — A A D 4

H =g+ %<\A1>+\A2>>+92\A0>]

<;,\e‘4’+gbg LAy +AN— on}

(gle ®'+H.c. (5)
where Q* = Q} + Q5. We can

Hamiltonian H, in the interaction pictures with

rewrite the

respect to H,, then we have

H, glaEL/% im|A1>+eiﬂ‘Az>)+Qz‘Ao>i|’

(ale b+ [ﬁ ¢ A e AN —0, |A0>} :

(gle ™'+H,c. (6)
In the strong laser regime, Q+Al>>gi('zg' L0+
280 g1 g20 y S

Ay, > 0 s Ay > 0 s Ay > 0 Using the time

averaging method mentioned in Ref. [26] and
neglecting the effect of rapidly oscillating, we
transform the Hamiltonian (6) to the effective
Hamiltonian
Hy =C (aa” |ADA | —aTalg)(g|)+

C,(bb" |ADYCA | —bT bl g) g+

C,(aTalg){g| —aat |A)(A, )+

Cio(b™blg)(g|—bb" | Ay (A, D+

C;Caa” |ADY (A | —a alg)(gl)+

Cs(b™b|g)(g| —bb" | Ay (A, )+

C7a/)+(‘A1><Al‘*‘g><g|)em+

Csa'b(|A) (A, | — | g){ghe ™ +H.c. (7

where

(‘ = Lm) 1 ( gZQZ 2 1 X
T za 0tAl T gl ata)y
*:(gliﬂly 1 . C = 820 ., 1 .
2ol e—AT Y gl otA)
~ 81 & 2, _ 8412 gz
=R et

:glﬂlgzgz (2(2+A17 2) X

N/?Q«/?Q 2(Q+A1)(Q_A2)’

:glﬂlgzﬂz 20—A, +A)
F1:A1+Az.

We set the atom in the ground state, and then
we can neglect the dynamic evolution of the atom,
thus only the Hamiltonian of the cavity remains

Hy=vatatyb b—(yabT e +H.c.) (8)
where v, =C, —C, —C;, v,=C, +C; —C,, y=
C; +Cs. With the rotation of the free terms, we
obtain

Hyi=6&Wab™ +& @) a” 9
where & (t) = —ye T %771

frequency up-conversion process can be expected,

From equation (9) the

which generates an active rotation of the two cavity

modes.
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2 Generation of frequency down-conversion

Now we give a similar method to implement

the parametric down-conversion (PDC) process.
The appropriate Hamiltonian is

Hyi=¢eWab+ew) a™b" (10)

The interaction model is shown in Fig. 2.

Comparing with Fig. 1, now the classical field 2

(the cavity mode 1) couples the atomic transition

while  the

transitions are the same with that in Fig. 1.

other two
Thus

led—lg) (|sye|r)),

the Hamiltonian reads

lg)

Fig. 2 The interaction model for the frequency
down-conversion

H,=Q |le)(r|+Q.|e)(g|+H.c. an

Hy =gias|r) (s[e' +g,0]s)(gle ™'+
H.c. (12)
We express H, s dressed states as | B, ).,
‘Bl>9 ‘B2>
0, 2,

and the corresponding eignvalues are

—, respectively

‘B()>:%(\Ql \g>*(22 ‘T>)
1-1
‘Bl>:f[5(01‘7’>+02|g>)+|(’/>] (13)

\Bz>i/t[ﬂ

then the Hamiltonians H, and H, can be expressed

W Im+0.lg)—le]

as

Ho:Q(\B1><B \
Hy =g 5| 2@ [Bo+e ® IB) 1B | -

—|B,><B; ) (14)

<S‘eﬂ1’—’—gla' 5|§> j(e*iﬂ <B1 ‘+eiﬂ <B2 ‘)_'_

. Q) B
QZ<BO\]ew+gzg,+%£E<eﬂ|Bl>+e @B,y —

%LQ[/%(G ap |+

@ (B, ) —0, (B, | }e i1 (15)

o) \BO>:|<5\em2’+ggb

where * = (! + 5.

respect to the H,, and in the strong laser regime

g1 202 g0
.Q M(Z A? >> Q 7A1 >> .Q

In the interaction picture

O—A0> and A, >
g0

0 the effective Hamiltonian™" without the

high frequency terms is
H.=C,(aat |B))(B,|—aals){s|)+
Co (b b BB, | —bb" |s)(s|)+
Cy(atals){s|—aat |B,)(B, )+
C,(bb™ |s)<s|—b"b|B,)<{B,|)+
CoCaa™ | Bo)(By| —aTals){s|)+
Cio(b b By)(By|—bb" |s){s])+
Crab(|B){(B,|—|s){s])e™'+
Croab(|s)(s|— | By (B, |)eTe! —
Ci;ab(|B))<(By | — |s){(s|)e™'+H.c. (16)

Where
v A, _
C=C) (A) P Cn= (Q> (A»
C g1 20,201t A T A
11—

100 (Q+AH@Q+A) ]
2101 g:0: (20— A, —Ay)

Co =g Ao a—an ¢

Cp= g10182(27(A1+A9);
200 AA,

I=A —A,.

We prepare the initial state of the system in
level | s), then only the dynamics of the cavity
fields remains

Hoa=Ma a+txbb"+alabe™+H.c.) (17
where A= —C;, +C;; +Ci5, A, =—C, +C;, — G,

—C,+C,—Cy.

Furthermore, via a picture transformation we
obtain the final Hamiltonian

Hyi=6&Wab+ &) a b (18)
where & (1) = e 2T 74" s the effective coupling
constant. The result is what we expect. When we
make a = b, the one-mode squeezing operator is
obtained

Hy=6& @Wa*+6&() " a'? 19
which can squeeze an arbitrary state previously

prepared in the cavity .

3 Discussion

In comparison with Ref. [5], we implement
frequency conversions with a four-level atom and
the advantage of our scheme is that we can get rid
of the block from the dipole-forbidden atomic
transition, so the microwave cavity is not
necessary.

Now we give a brief discussion on
experimental feasibility of the proposed scheme
within cavity QED. The requirements of the
scheme are: 1) negligible cavity attenuation during

the whole preparation process; 2) no atomic

spontaneous decay during the atom-cavity
interaction.
For the generation of frequency down-
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conversion, the initial state of the atom is |s). For
the sake of simplicity, we can set |s) as a Rydberg
state which has the lifetime as long as 0. 01 s/2™,
The lifetime of a high-Q cavity, such as the
superconducting cavity with low temperature, can
reach the order of 0. 01 s7,
than typical atom-cavity interaction time of the
order of 107 s, to fulfill the
requirements of the scheme, we choose |g,| =
g, | =7X10° s, [ | = |0, | =7X10" s" and
|A = ]A,| =7 X 10° s '. Then the effective
interaction strength is about |& | =3.5X 10" s
which is the same order as that in Ref. [5] and is
larger than that in Ref. [ 8.

degenerate PDC process (w, =w,) s we obtain the

which is much longer

In order

—1

Considering the

squeezing factor k=2 |& | t~7 with the atom-field
interaction time about r ~ 2 X 10 * s, so the
variance in the squeezed quadrature is e */4~2X
107, smaller than that in Ref. [8].

In summary., we have proposed a scheme to
construct bilinear and quadratic Hamiltonians for
frequency up- and down-conversions in cavity
quantum electrodynamics (QED), which is based
on the interactions of a single four-level atom
simultaneously with two classical driving fields and
a two-mode cavity. We decouple the atomic
degrees of freedom from the cavity degrees of
freedom and realize the frequency conversion for
the cavity modes by initially preparing the atom in
a suitable state.
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