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Analyzing the Axial Intensity of Plane Waves Diffracted Nonparaxially
by a Small Circular Aperture”
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Abstract A simply and analytical formula of the axial light intensity distribution behind a circular

aperture is derived by using the Helmhotz-Kirchhoff integral theorem and the Kirchhoff' s

boundary conditions. It is studied the nonparaxial on-axis intensity distribution throughout the

whole space behind a circular aperture. An accurate formula to calculate the Fresnel number of

circular aperture is presented and the validity of usual Fresnel number formula is reexamined. By

using the analytical formula and diffraction integral formula, some numerical simulation

comparisons are done, and it is shown that the results of the two methods are completely

coincident.
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0 Introduction

Diffraction of circular aperture 1is an
elementary diffraction phenomenon. When the
diffraction distance is smaller than the diameter of
aperture or when the radius is small to certain
range, the diffraction beam no longer is the paraxial
one and the paraxial approximation is invalid. For
these cases a rigorous nonparaxial theory is
necessary. The finite-difference time-domain
method is employed to simulate the nonparaxial
field distribution of circular aperturel’!. But this
method is very complex and quite time consuming.
Retently,Zhou et al***! studied the axial intensity
distribution of small circular aperture by using the
angular of spectrum of plane waves under the
condition of nonparaxial approximation. Wang et
al“l  used the

irivestigate the design of circular pupil filters.

vector diffraction theory to
However,the expressions in the Ref. [2~4] above
are in an integrated form but not in an analytical
one. The diffraction integration,especially for large
diffraction distance, is quite time consuming, Ref,
[5] use a complex Gaussian expansion for a hard-
edge aperture function and the stationary phase
method to the propagation of elliptical Gaussian
beams diffracted by a circular aperture. In this
analytical formula for the

paper, a simply

nonparaxial axial intensity distribution throughout
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the whole space behind a circular aperture is
obtained and a new formula to calculate the Fresnel
number of circular aperture is presented, which are
based on the Helmhotz-Kirchhoff integral and
Kirchhoff’s boundary conditions.

1 Analytical expression for axial
intensity distribution

It is known that one form of the Helmhotz-
Kirchhoff integral theorem is expressed as-*!

U, = 1 H%U i[exp (ikl)} .

T Axz| 'an l
exp (ikl) 3Ul}
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where U, represents the complex amplitude

emerging from the diffracting aperture = ,U, at the
observation plane, and [ is the distance from an
arbitrary point in the diffracting aperture to an
arbitrary point in the observation plane as
illustrated in Fig., 1. When the aperture is
illuminated normally by the monochromic planar
wave, under the Kirchhoff's boundary conditions,

the complex amplitude in the observation plane can
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Fig.1 Geometric relationship between the diffracting

aperture and the observation space
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be written as

_A exp (ikl) 1
T ot ()T ey
cos (n,l)rdr, do (2
where A is the illuminated amplitude, (7, ) is the

Uz(?"z ;Z)

circular aperture function, and the cosine function
is the incline factor. Setting », =0 in Eq. (2), the
incline factor will be cos(n,!)=2z/l,then the axial

diffracting complex amplitude is given by

R
U, ()= 11({{9&9__[(1}812 ik— % 'lirldﬁdez
Aielg—z(ﬂ‘)‘[ ,Q_%, i (3)

The change of integral variable (from r, to 1)

also affects the limits of integration; hence

U, () =iAke | %l(@dz—Az | 3‘%‘—@& @)

where ¢ = 1 + R*/%%.

results of two integrals

By inserting the following
[7]

., bexp (1kl) _exp (1kl) m! |*

‘kf 1 ,,.Zo(lkz)’" )
bexp (ikl) _exp (1kl) b
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into Eq. (4), and after simply calculating, it can
obtained

U (z):A{exp (ikz ya)
2
Ja

Thus the axial intensity distribution throughout

—exp (ikz) (7

the whole space behind a circular aperture can be
written as

atl 2
I[{(z)=1|U,(2) |Z=IO{ 77_«/—;
cos [kz(«/g‘l)]% (8)

where I, =

|A|* is the irradiance incident upon the

aperture. No any approximations are made in the

above calculations; hence the simple expression of .

Eq. (8) is valid for all values of 2>>A. When 2=0,1

=1, ,as expected.

2 Numerical simulation and

comparison
According to the result in Ref. 3, the axial
complex amplitude is
U,(2)=kR[ ], (kaR)exp (it I—a 2)da (9)
0

where J, is the first-order Bessel function. The
axial intensity reads as

I()=| kR[], (kaR)exp Gk vI— 2)da|
0
Fig. 2 shows a log-log plot of the normalized axial

(I/I,) throughout the

whole space behind a circular aperture, N is the

(10)

intensity distributions

Fresnel number. It is assumed that a circular
aperture of R =10 pm is illuminated by a unit
amplitude normally incident plane wave of A =
0. 6328 um. The log-log plot is illustrated with the
axial position expressed in terms of aperture
radius. From the Fig. 2,1t is found that the dashed
obtained by

coincides exactly with the solid curve found by

curve formula

using analytical
using the numerical diffraction integral calculation.
But it should be pointed out that the numerical
calculation efficiency using the analytical formula is
over 1000 times that using the numerical integral
calculation directly.
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Fig. 2 Axial intensity distribution behind a circular
aperture
The oscillations in Fig. 2 that are due to the
interference between the edge-diffracted wave and
the direct illumination,and its modulation increases
throughout  the field,

approaching a maximum peak value of four times

near asymptotically
the incident irradiance. After reaching the far field

or the Fraunhofer region, the axial intensity

decreases steadily.

3 Fresnel number of circular aperture

The Fresnel number is an important parameter
for the de%ign and analysis of laser cavities and
resonatorst®. To obtain the relationship between

the axial position of maximum or minimum
intensity and the Fresnel number, one should
obtain the roots of the equation

AI(2)/3z=0 (1D
However, in many cases of interest an exact
cannot be obtained by this
method. From Eq. (8) it is noted that the

oscillation of the axial intensity is mainly caused

analytical result

from the cosine factor. Starting with this cosine
factor and after some calculations, obtain a simply
analytical relationship between the axial position of
maximum or minimum intensity and the Fresnel
from a circular

number N, at any distances



12 8 Zhang Yaoju,et al. Analyzing the Axial Intensity of Plane Waves Diffracted Nonparaxially
by a Small Circular Aperture 1919

aperture, giving
2
=i & B ] (12)

At large distance from a circular aperture,i. e. ,
throughout the entire Fraunhofer region, the
Fresnel number is smaller less than unity. Moving
closer to the aperture, passing from the Fraunhofer
region into the Fresnel region, the axial intensity
increases and reached a maximum at a Fresnel
number of exactly unity. A further reduction in 2
results in the aperture to consist of more than one
Fresnel zone, and destructive interference diminish
the axial intensity, It reaches a minimum at the
axial position which corresponds to precisely two
Fresnel zones. The oscillatory characteristic in Fig.
2 is thus completely consistent with a qualitative
discussion of  constructive ( destructive )
interference of an odd (even) number of Fresnel
zones. Fig. 2 illustrates only a portion of the above
irradiance distribution with a few discrete Fresnel
numbers indicated by N.

We note that when 2R>>N),Eq. (12) reduces
to

z=R%/Nx (13)
which is the well-known result in the paraxial
approximationt®®J,

Fig. 3 plots the axial positions as a function of
the Fresnel number for a circular aperture of R=
54, where the solid curve is the exact result by
using Eq. (11), the dashed curve is the case by
using Eq. (12),and the dotted curve is the case by
using Eq. (13). It is seen that the dashed curve is
basically coincident with the solid one and the
dotted one produces, especially for large Fresnel
number,an obvious departure from the solid one.
Therefore, Eq. (12) is valid for any axial distance
from the circular aperture.
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Fig. 3 Axial position as a function of the Fresnel
number for R=5)

4 Conclusions

This paper derived a simple and accurate

formula to study axial intensity distribution of
circular aperture by using the Helmhotz-Kirchhoff
integral theorem and the Kirchhoff’ s boundary
conditions. Since no limit of paraxial condition, it
study the
propagation of plane wave passing through a

becomes possible to nonparaxial
circular aperture by the use of the analytical
formula. In addition, an accurate formula to
calculate the Fresnel number of circular aperture
illuminated by plane wave and compare it with the
usual formula of Fresnel number was obtained. It is
found that the usual formula of Fresnel number is
invalid for small aperture or in the near field
region, _

It needs to be indicated that the presented
analytical results are based on the Kirchhoff s
boundary conditions. Recall that the Kirchhoff’ s
boundary conditions are valid only for z>>2. If one
considers a factor 10 to qualify as much greater,the
calculated values for the intensity might be suspect
for axial position less that 6. 328 yum(1=0. 6328 ym).
On the other hand,if a factor of 5 qualifies as being
much greater,then only those calculated values for
axial position less than 3. 164 pm are suspect'™;
however, the value of unity at the extreme axial
position of zero is of course correct. Hence the
range of suspect values is small,
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