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Abstract

The quantum theory of the two-photon mazer, previously limited to the degenerate

case, is extended to the non-degenerate situation, The analytical expression for the atomic

emission probability is obtained and the corresponding behavior is investigated. The results show

that the emission probability behaviors in the non-degenerate two-photon mazer differ from those

in the degenerate two-photon mazer, since two cavity modes are allowed in the mazer so that there

are two freedoms changing the potentials that the atoms experience as they transit the cavity.
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0 Introduction

A quantum-mechanical treatment of the
center-of-mass (c. m.) motion is required in the
limitation of ultracold atoms since the kinetic
energy of c. m. motion may be comparable to the
atom-field interaction energy. This treatment is
shown to result in a completely new kind of
induced emission in a cavity. In this way, Scully et
al' have introduced a new concept called mazer
( microwave amplification via z-motion-induced
emission of radiation) and have done a series of
researchest® . The dressed state analysis shows that
the cavity field can act like a quantum-mechanical
potential for an ultracold incident atom. The nature
of the potentials depends on the mode profile of the
cavity field as well as on the atom-field coupling
strength., Thus, the atom, besides changing its
either reflected or
transmitted through the cavity. Works in Refst!*?!

electronic states, can be
are limited to the one-photon interaction between
one-mode cavity field and two-level atoms. It is
well known that the two-photon process is also an
important process in the interaction between atoms
fields. Many
nonclassical effects, for example, the squeezed

and quantum electromagnetic
states of light,involve the two-photon processes.
The two-photon micromaser has been studied
experimentally and theoretically®), Zhang et alt*
extended the concept of mazer to the two-photon
process in an effective two-level-atom system and
introduced the concept of two-photon mazer.
However, it is limited to the degeneration case,i.
e s w = 2w, here w is the atomic transition
frequency and w; is the frequency of the cavity
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field. In paper, the restriction and the quantum
theory for the non-degenerate two-photon mazer
was established.

1 Analysis of non-degenerate two-
photon process

A two-state atom is considered (the upper
state | a) and the lower state | b)) to move along
the z direction on the way to a cavity of length 1,
The atom is coupled resonantly to two modes of
the quantized cavity field , satisfying the relation w=e +
w; »yhere w; and w, denote the frequencies of the two
cavity-modes,respectively, The atomic c. m. motion
is described quantum- mechanically and the atom-
field Hamiltonian operator reads in the dipole and
rotating-wave approximation

H— ?: +Ho—|—7{gu(z)(o'a1a +slaia,) Q)

where M is the atomic mass, p, the atomic
momentum operator for the c. m. motion, u(z) the
mode function of the cavity field,and

2
H0=;-h_wia:ai+—h_a)0f0' 2
with o' = |a) (6| (6=|8) (a]) the atomic raising

(lowering) operator, g the atom-field coupling
and a! (a;) the photon
(annihilation) operators.

constant creation

In an interaction picture, the Hamiltonian
operator is

p2
H,= . +V(z) (3

where V(z)— #gul2)(salal +o alag) It is found
V4., =Ve ., (2D |$5 .
:t"h‘gu(z)[(nl-i-l)(nz—Fl)]ml‘ﬁn,.nz (4)
where the eigenvalues are V7, (D =Fu() (T k, )7/
2M with ko n, = = Kphn ny 1K= (2Mg/ #)"* and ny v, =
[(nl +1)(n,+1)1"*, The eigenstates are
|2 n, >=ﬁ(|a,n1 1) [bym +1,m, +1))(5)

Naturally, this kind of problem can be treated as a
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scattering process, It is considered where an atom
is in the upper state | a) and with a c. m.
momentum % & is incident upon a cavity field in the
number state | n;,n;),1. e. , 7, photons in mode 1
and n, photons in mode 2, The atom-field system
before the scattering process is characterized by the
state
[ (2,0))=0(—z2)e* |“mm )=

#(—z>e*(l¢;,"2>+|¢;,%>> 6

where the Heaviside's unit step function § merely
indicates on which side of the cavity the atom can
be found. The state of the system after the
interaction evolves in
|xp(z,:>>=%§e“%2"{[Ra,",,"2 (B)e*g(—2)+

Tapn,m, (B)*20(z—0D ]l asny s, +

[Rsn, +1,m,+1 (B) €™ #0(—2)+ T4 41, 41 () *

e* P9z~ D]lbym+1,n,+1))} )
where T and R are determined by the suitable
combination of the reflection amplitudes p;,,, and
the transmission amplitudes z; ., as follows

1 -
Rin, m, (k)="2—[p,.+1,n2 +0n, 1, &

1 _
Tamyory B =5 Ly 10, ] (9

which are the probability amplitudes that the atom
is reflected or transmitted with the atom-field state
remaining in the initial state |a,n; ,n,) and

1 _
Rbutl‘f-l.nz‘f-l (k)=“2_[p:;,u2 _p"l'"z:l (10)

1 -
Tb,n1+l,n2+l (k)—:“z_[r;:,nz _Tnl,nz:l (11)

which are the probability amplitudes that the atom
is reflected or transmitted when the atom-field
state makes a transition from the initial state |a,
n,m;) to the state |b,n, +1,n,+1). Note that all
the physical characteristics regarding the
interaction of ultracold atoms with a high quality
cavity can be calculated in terms of the above
formalism that is suitable for arbitrary mode
function u(z).

For simplicity, it is restricted to the mesa
mode function and study the emission probability
properties of the system. When an initially excited
two-state atom is incidently upon the cavity
containing (n; , n;) photons in the two modes(1,
2) ,respectively, the probability that the atom goes
to the state | ) and emits a photon in mode 1
together with a photon in mode 2 simultaneously is

Pcmiuion(nl ang) = IRb,n1+1,n2+1 (k) IZ +

ITb,n1+l,n2+l *® | 12)
In the meantime , for the mesa- function form, « (z) =
1 for 0<<2<{! and u(z) =0 elsewhere, the reflection

* Pemission (111 5727)

amplitudes P"imz and the transmission amplitudes
Ta ., can be calculated analytically

. *
. =i(k"“"2— E ysin (BE . DeE, (13)
p"l'"z 2 k k:t ny oy T"l'"z
"]'"2
i koom
Tay n, =L COS (k,.i‘,,.zl)—%( ’kz-*-kik ) .
ey
sin (k.. D] (14

with k., = (& F ki . )" It is seen that Pegen

(n1,n;) depends on the photon number n; and n,,

2]

the atomic center-of-mass momentum % and the
cavity length I, When the system is in the thermal-
atom regime, i. e, , the atomic Kkinetic energy is
larger than the atom-field coupling energy k/ky .,
>>1,it can be seen that Eq. (11) has the form of
the Rabi oscillation because in this case

2

k"l'? D] 15)
2k

then Eq. (12) reduces t0 Pegigsion (71 5> 12 ) =
sin? [ (k% .., /2k*)1]. It is a natural consequence as
the incident thermal atom can transmit through the

O 1n, 2205 Ty Aoexp [iR(1F

potential region nearly freely. When the system is
<1,
some reasonable approximations can be made on
Egs. (13) and (14) so that it is gotten that

_ 1/2+1/4sin 2k, ., D

(14, /28D si0 (o oy D]
The above discussions are in the case that the

in the ultracold-atom regime, i. e. , &/k

7y 0y

(16)

cavity field is initially in a Fock state |n;,n;), the
case can also be considered where the cavity modes
are initially in coherent state |a) and |>. When an
excited atom is incident upon the two cavity modes
in which the first is initially in a coherent state |a)
and the other is in a Fock state | n;),the emission
probability will be

Pemissi0n= Zop(nl )Pemission(nl ynz) (17)
'l‘=

where p (n,) is a Poisson distribution of photon
numbers for a coherent state |«) and determined
by p(m)=exp (—m)(n)™ /m; ! in which n, is the
mean number of photons. If the two cavity modes
are initially in the coherent state |a) and |,
respectively,the emission probability will be
Pivion = 2 2 p (1) p(12) Poission (71 175 (18)
Next sorrie ;ictures are drawn according to
Egs. (12) ~ (18) in order to understand the
emission probability behaviors in the different atom
regimes. Fig. 1(a) is for the thermal-atom regime
with £/k=0, the first cavity mode is initially in a
coherent state with n, = 8 and the second cavity
mode is initially in vacuum state, Clearly the
features of the collapse-revivals in the non-
degenerate two-photon process can be seen, which
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is different from the degenerate case!. Fig. 1 (b)
is for the ultracold-atom regime with k/k=0. 01
(solid) and k/k=0.1 (dotted),both the two cavity
modes are initially in vacuum state, and some
resonant peaks can be seen. The smaller the kinetic
energy of the incident atoms, the narrower the
resonant peaks. When the cavity length is adjusted
to ©l[ (m +1(ny, +1)]"* =mn with m an integer,
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the resonant peaks appear. Fig. 1(c) and (d) are
for the ultracold-atom regime with 2/k=0.1,in (c)
the first cavity mode is initially in a coherent state
m, =8 and the second is initially in vacuum state,
while in (d) the cavity modes are in the coherent
states n; =8 and n, =4, respectively. It is seen that
the collapses-revivals don’ t take place in the
ultracold-atom regime.
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Emission probability Peision (a) the first mode is initially in the coherent state n;, =8 and the second in vacuum state

with 2/k=103 (b) the two modes are initially in vacuum state with 2/k=0. 1(dotted) and £/k=0, 01(solid); (c¢) the
first mode is initially in the coherent state n, =8 and the second in vacuum state with £/¢=0. 1; (d) the two modes are

initially in the coherent state n; =8 and n, =4, respectively, with 2/¢=0. 1

2 Conclusion

In conclusion, the quantum theory was
established for the non-degenerate two-photon
mazer and the properties of the emission
probability was studied. It should be emphasized
that the emission probability behaviors in the non-
degenerate two-photon mazer differ from those in
the degenerate two-photon mazer,after all,the two
cavity modes were allowed in the mazer so that
there were two freedoms changing the potentials
that the atoms experienced as they transitted the
cavity.
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