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Fast Shape-From-Shading Algorithm for 3D Reconstruction of
Hybrid Surfaces Under Perspective Projection
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School of Optoelectronic Engineering, Xi' an Technological University, Xi'an, Shaanxi 710021, China

Abstract To address the problems associated with excessive time consumption and large errors in irradiance
equation solutions using existing shape-from-shading (SFS) algorithms for three-dimensional (3D) reconstruction of
hybrid surfaces under perspective projection, a fast SFS algorithm based on the Newton-Raphson method is
proposed. First, the Blinn-Phong model is adopted to characterize the hybrid reflection property of object surfaces.
Then, an image partial differential irradiance equation that corresponds to the 3D shape information of the surfaces
is established by considering the pinhole camera perspective projection model. Second, the irradiance equation is
transformed into a functional equation in the height gradient of object surfaces, which is iteratively solved using the
Newton-Raphson method. Then, the solution is converted into a Hamilton-Jacobi partial differential irradiance
equation whose Hamiltonian function can be obtained through Legendre transformation. Finally, a scheme to
approximate the Hamiltonian function based on optimal control theory and iterative fast marching strategy is applied
to obtain the viscosity solution of the Hamilton-Jacobi equation, which represents the heights of hybrid reflection
surfaces. Experimental results demonstrate that the mean absolute error and root mean square error of the heights
of the object surface decrease and the run time of the proposed algorithm is greatly reduced compared with the
existing SFS algorithm for 3D reconstruction of hybrid surfaces based on the upwind scheme.
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irradiance equation

OCIS codes 150.1135; 150.6910; 150.0155; 120.5240

Wi HE: 2020-12-21; 1B HHA: 2021-01-18; KA BHI. 2021-01-26
HEWMB . HEAKRBAIEL (61102144) (B PE 4G HL K 5 A% B R B 55 5256 % JF L 4 (2016 SZS]-60-1) V5 % 71 5
BE R T 5 52360 25 35 H (201805061ZD12CG45) (75 42 Tl KKK £ 4: (XGPY200216)

" E-mail: booler@126. com

1215003-1



FE 415 F12H8/2021 F£6 B/FEHR

1 5 H

MABH B WK 28R (SFS) J2: 3 5 LA 3 FlDOYG B 2
AR A R R 3D IS g —
SES J7 1 By HE A J 3 A B — 2 i A A, DA
Pl A5 % 1Y s 728 Ak i & 38 3 it o 24 SR 4% 1 D 2 43
AR A W) A TR B B2 37 T ek ARy O =X e
FEG R R S, KT SFS HIkW AL AR
5T NG e =R A o 7 v O e W 4
ARG ARG S EET AR S
SR PR AE U | Bk o T AR A 4 sk
(CE NIy N4

SFS ks KN LR ik hirif 22 AR
2R A Bk, R A SES 29k R IE fa 1k Y
RGBS U5 A7 T JE BRI Ab | £ 1R B A 7
TE S 4% 52 15 8L | ) 1k 3% T 1Y B S R M IR DA B AR
8 ) xR SRR E BRI T SFS Tk &
ZeME HW G R TR RMWERGR2E, XER A%
R B 4 Ak 2 T O SIE PR AR A9 8 S S R T, R BE
A5 18 B S A TR R A R e A
AR ALEE B3 Wy A 3% 1w 0 i) (b i SRR LB R T
B ERRET AR, BT, T e R
A2 B XR A R M SFS Jrik I T WF5E.
Ahmed "M RE ST T Ward BORYYR (IR A
F M SFS B4 56 B8 B J7 #2 L JF FI ] Lax-Friedrichs
sweeping 3k AT T SR . Tozza Z5- HESE T 3
F Phong # B #8115 48 B 7 B, i semi-
Lagrangian 535 13 2] 7Yk sk g5 K. SR8m0 LR Iy ik
L BRI B B T AT O IR A R L T S PR
BB TEM R . NI, Vogel 51 7E 1% L
5 T X 5T Phong £ 8Y 1R & &  SFS 77 ik it
FTAF5E . 5 B Lax-Friedrichs 2 9% 8% upwind #% = #F
A7 TR, AR 2 38 2of X SCHR[ 14-15 JiEFT R A
MIWF ST 4 T — Sk ) Ward BEAL, &5 T i
B TG R B I E TR T fixed
point MR MRS, 48] TP E&#BOR . &
1M s 1T Ward Al Phong Jz S5 158 R 19 & % P L 45 5l
BB T . Lax-Friedrichs B fixed-point 3 {H
Bk AR ME R B BN TR, R BOFE
it e v e SO

BEXT 1 3R 1) 8, S il e i LAY N IR A R W
() 3D JE 50 o f n) R, AR SCHE T — B L T A -
P A% 35 B9 Pk SFS 895, R A Blinn-Phong #2
RYSRAEY) 1K 2 10 IR G S5 R 45 A BRIR ALY

BEAL I WL A% 5 BB, N A R R T A R
F18 i 5 53 e R RE Oy AR 5 R AR i -r o AR vk ik AR
T B 5 A A R O S A Oy e o - T LG
P 73 J7 A& JF A 2 e 5 ek B0 4 DB 2 a8
F P4 il J5L B Ak AR fast marching 5 W 4045 I 4%
i AT LG 7 R 0 M A 7E A e AR R Y [
bR T e S
2 BB TR A 2 Y G IR

Ji

AR T S B R 0 A 2 T O AR AR A 8 S S
S, T B A 1 B A SO A B R A IR A
i, 4T Blinn-Phong K2 4HBEAL A R4 A P
AEANGE T B 2 B2, R A Blinn-Phong £ 8 % fiF
Yy 0 AR G B R TR AT B A R A R
TN

I(u,v) =kycos 0; +k (cos &, (D

KT Cu o) HERTE Cu s o) RO IKBEAE s by k. 51
Sl Ay Wy AR S T T s S T S S R A Y A L L
A kg T ST BEHT N TEE « >050, 710 B LA C
ZAE 1 iR 50 R Gy o) 20X R 1 ) 1R T 1
H P (a,y ) RBE TR N (u,o) 508 T6 BRI E
B L(u, o) ZRIMIMUIE H (o) Z A,
K19, H(u,v) N L Cu,sv) FEAZR YL RAZ G 2R
V(u,o) AT,

B 1 R b T R A LA 56 &
Fig. 1 Reflection geometry relationship of

the local surface

RAFRM S Py o) SEIEH (o) B
NS F AT LA B 2 7 1 BT LA 0 4 52 B B R 4
R, B2 H,0-xyz HEBGHLRRER B S o T
BALEFE ol = S5 SEARPL R R — B0 «
WLy Bl AT AR AR BR B Y o Bl o Tl R AR
bR R ITE R AR A T == — f &b 3R PR 3k

1215003-2



FE 415 F12H8/2021 F£6 B/FEHR

i B |O
| L
i " projection center

hybrid surface image plane

2 FHLE MR

Fig. 2 Pinhole perspective projection

RSN EE]
L(u.v)=V(u,v)=H(u,v)=>0=0,, 2
TREGRBE RO NER
I(u,v) =k, cos 0, + k,cos0,, (3)
WA & 2 BT 7R BT L% AL A% 5% 1 BUIG  38 L A
—x_—f (4)
v z
LA RME LA P(a,y,2) R

|=

T 5

[N, 75 21
S

)

;(u 7'U>

J

Plx,y,2)= (usv, — s (usv) € O,

(5)
K P S5 o-xy PR 2 (u,0)>0:0 N
GBI 3R 2 A R X I
A (5, v IR B PR

N(uvv):

Jz dz - dz dz\ 7T
(fa,f%,z(u,v)JruaJrv%) . (6)
5P OROGUE BRI G ER Ty 1] 1] &
L(u,v):%(—u,—v,fﬂo (7)

mF o0 HNCu,v)5 L (u,v)Z I,
&z

cos 0, =

Qusv)z(u,v)

(8)
AF:.Q (usv) = f/Vu"+v*"+f* >0, & Z=
In[= Cu o) ], FAEHHE (8) AR A (3) X, n] 75 21 3% fH
B TR A 2R TH 0BG R I T7 # L By
Qlu,v) Q (usv)
! U(u9U9VZ) +k\ Ua<u7'U9VZ) ’
€D)

I(u,v) =k,

Ulu,v,VZ) =
J(f‘%>z+<f‘%>z+<u%+vz§+l>z =0,

AP VZ YRR .

3 AR B AR R OR AR IR R R
J7 %
WAR BB T Hr IR A R SFS BHG 4R
PR 7 2 () K& — D — B dE et I s o 5 12, 24458
TS HEE o 7 1 B D7 BESR A S0 IRAE . o T Aok
i B 43 TR O R (9 =AY SR ik ) R 2 R 4R
P75 AR EREIE (O X PR T UCu.v. V2O Y
it RIS AT U Cusvs VZ) 3E— 2531 5015 3 48 I8
iR R PERR
XFT SES K48 BB 5 #2 (9 X, o] LR AR 2
EXFT=Q(u>v)/Ulusv,VZ)>0 W71, %I
CIEES
F(T)=k. T+ kT —I(u,v)=0, (11)
F(DM—BFEF (TN
F'(T)=ak T +ky >0, 12)
BRFCORAGRPEM, HEvnE T° =1,
T A b R A& b LR AT
PLAERR 313 QDX p i T,
F(T"Y

Tk:Tkﬂ*mo (13)
A, mf LA
U(u,v,vz>:Q(;;”)a (14)

B QO XA Qo) 3, BE— 20 B PR 15 2157 4 5]
B R T R

2 ) ) -

du dvu

Qlu,v) =0, (15)

WK, (15) I — A 5 -k TT bE 2 2 Y i

W fe . — et o0 B R R 7 #2 (15) 5K

A X B, Gt EEREE XT
FR fitt

4 e R - AL e G o0 e T EE O AR
R

BVZ G R g, ] LLAS B0 % - T H O AR
(15) XA e 25 11 R %%, BN

1215003-3



HRiIEX

FE 415 F12H8/2021 F£6 B/FEHR

H(Uavvg) :—Q(u’v) +

TVl g P +[Cusv) e g +1717 . (16)
L FE D 18025 T 8 T 16 30
UEGHPIZE:
Hu,v,g)=—Q(u,v) +
sup {(— L. (u,v.a)— f(u,v,a) g},

a€ B, 0.1

an

it':F‘;l(.(u,v,a)Z—TkQ(u,v)m_
TR (usv)v(u.v) catQusv);f.(u,v,a)=
—T'R" (u,v) XD (usv)R(u,v)a;B,(0,1) HE X
ER® ERBANIET ., R Cuso) v Cuso) D (usv)
537 1 2

R(u,v) =
(u/«/u2+v2 'v/«/u2+'vz) ' Ly 0
Ju v
— v/ Jut v ou/ Jub o )
1 0 ) ,
1 ( ),u“+7)z=0
0 1
(18)
v(u,v):( (w + o)/ +o 4 f )),
0
(19
ﬁ
D(u,v):< w oS O)o (20)
0 f

IR AQADA T H (wsvsg) RUT ik

H(u,v,g) ~—Q(u,v) + sup

a€B,0,1)

{(— 1l (usvsa)+min[— f,(usvsa),0]g] +

max[— f,(usv,a):0]g, +min[— f,(usv,a):0]gs + max[— f,(usvsa)0]g,} » 21

X Cusvsa) N folusv,a)BFE m(m=1,2)
NIt g, g, 3B g B om AT EERYRT I S
2551, WK E IR AP A R, v s H
o LA D 3R AR B A O s AT IR, BAR R
PR Z W ICHRL 2,23 ],

S ZV=Z Cus ok A FE B IR R 1) BRCRE
o O AT I, AT AR B Z MR AR U S

Zt=7""—AtH (usv,g8), 22

A A B 3G, W T ROE S R AR
(9, Sk T bR AR R B e S, TR Gk AR fast
marching % 0 ) FRE LT, 20t LA AT
AT LIRS i 38 I Z 09 6 VR A L Ot 35 E A AR 2
exp(Z) BRIV IR & S S5 2 T AR g JEE AL

N

o 3£ L

R T VARG BT B A ) R R L 5 B Sk
(1132 45 #E Vase F1 Mozart I3 248 #1532 bR
(@)

[l 3 Vase Fll Mozart [ B35/ ¥ .

MR ERMGHETT T 3D JE S g, W) X B A Y 45
RE5IEF upwind #53X Vogel 5575 5 & 19 45 R it
171 AL
5.1 Vase 1 Mozart B & H) 3D RHREE

k[ 11 ] Vase il Mozart B E 3= E K 3
JEos s A WAL R R L B 3(a) Hh Vase FTE] 3
(b) H Mozart (1% 3 i ~F- [ 3] £ 52 vh o0 1Y B 85 34 3%
BN 250, AERLSE I AR A S H0E R R
KBYFERE £ =25, 6 U TR ERAL Y 8L o,
RAERMGRFHEAE I HASHEBEN: Db, =
0.9,k,=0.1,a=5;2)k;=0.9,k,=0.1,0a=15;3)
ki=0.7,k,=0.3,a=1534) k;=0.5,k,=0.5,a=
15,

Bl 4Ca) ~ (D AIE 5Ca) ~ ()4 51k 4 A0 &
T A Vase Fl Mozart JK B K&, BB # R R
128X128; [ 4(e) ~ (h) } R Vogel F* 4y

X Vase EME[E 4(a) ~(d) ]34T 3D JESR E #
(b)

(a) Vase;(b) Mozart

Fig. 3 Ground truth of Vase and Mozart. (a) Vase; (b) Mozart
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Fig. 4 Vase images and their 3D shape reconstruction results. (a)—(d) Generated images by 4 configurations; (e)—(h)

reconstructed results by Vogel algorithm; (i)—(l) reconstructed errors by Vogel algorithm; (m)—(p) reconstructed

results by proposed algorithm; (q)—(t) reconstructed errors by proposed algorithm
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Fig. 5 Mozart images and their 3D shape reconstruction results. (a)—(d) Generated images by 4 configurations; (e)—(h)
reconstructed results by Vogel algorithm; (i)—(l) reconstructed errors by Vogel algorithm; (m)—(p) reconstructed

results by proposed algorithm; (q)—(t) reconstructed errors by proposed algorithm
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Table 1 Quantitative comparison of 3D shape reconstruction results of the Vase images

MAE /pixel RMSE /pixel Running time /s
Figure Vogel Proposed Vogel Proposed Vogel Proposed
algorithm algorithm algorithm algorithm algorithm algorithm
Fig. 4(a) 1.5791 0.5126 1. 6819 0.5912 0.31 0.10
Fig. 4(b) 1. 2402 0.5403 1. 3553 0.6495 0. 26 0. 10
Fig. 4(o) 1. 6159 0.5338 1. 8427 0. 6334 0. 35 0.10
Fig. 4(d) 2.2007 0.5269 2.5676 0.6184 0. 66 0.10
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# 2 Mozart B{% 3D S E LR E &= LK

Table 2 Quantitative comparison of 3D shape reconstruction results of the Mozart images

MAE /pixel RMSE /pixel Running time /s
Figure Vogel Proposed Vogel Proposed Vogel Proposed
algorithm algorithm algorithm algorithm algorithm algorithm
Fig. 5(a) 4.4093 1.9019 5. 1441 2. 3340 0.75 0.21
Fig. 5(b) 3. 8506 1.9545 4.4811 2.3791 0. 87 0.21
Fig. 5(o) 3.5287 1. 9389 4.1006 2.3701 0.51 0.21
Fig. 5(d) 3.7177 1. 9269 4.3398 2. 3670 0. 89 0.21
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Fig. 6 3D shape reconstruction results of a real image. (a) Real gray image; (b) reconstructed result obtained by

Vogel algorithm; (c) reconstructed result obtained by proposed algorithm
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