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Steady-State Diffusion Equation of Light in Semi-Infinite Multilayer
Rectangular Biological Tissues
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Abstract The assumption that biological tissues are semi—infinite in the longitudinal direction and infinite in the
transverse direction is applied in traditional diffusion equations. Aiming at the biological tissues, e.g. forearms and
fingers, that are not infinite in the transverse direction, a diffusion model for random multi-layer rectangular
biological tissues is established. It is assumed that biological tissues are semi-infinite and multi-layered in the
longitudinal direction, and are rectangular in the transverse direction. Under the rectangular boundary conditions,
exact solution of the diffusion equation for light in semi-infinite multi-layer rectangular media in steady-state is
provided based on the diffusion equation of light propagating in biological media and by combining with the
extrapolated boundary conditions. The spatially resolved diffusion is calculated using the established model, and
corresponding Monte Carlo simulation is programmed to demonstrate correctness of the equation. The established
equation does not only solve the problem of rectangular media in the transverse direction, but also the problem of
media that are infinite in the transverse direction and semi-infinite in the longitudinal direction, even the problem
of tissues that are infinite in the transverse x or y axial direction and finite in the other axial direction.
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Fig.1 Geometric model of the rectangular biological tissue

JCIR T BN KA 6(x = x0)8(y = y,)8(z = z,) , FEVEBCAN B R, A5 BT I 3 N, U 22 J= 18 58 07 2 ] LS Oy

DA®D (r)—w, D, (r)==6(x —x,)8(y — y,)0(z — z,), 0<:z<L,, (1)
DAD () - ®,(r)=0, I, <z<L, 2<i<n. @)
K AME D T, R A BE R o, IAEM T @ + 2, 3K —a — 2, L BETR M 0, Bl
D(a+z,y,2)=0, P(~a-z,y,2)=0 , P(x,-b-2,,2)=0, P(x,-b~-2z,2)=0. (3)
TE L R A AL R R
D (x,y,=2,)=0, “4)

0317003-2



DI S R

%zl,izl,z,---,n—l, 5)
Diaél(xvvax)‘L =Di+la¢i+1(x,%lq)‘z=“ i=1,2,---,n—1 , (6)
0z ' 0z ‘
D, (x.y,2,)=0, ()
Ut 5, = 120, U R A3 AL 04 4 ST LI 19 SR 57 71
R JH 3 B 72 B R A (1 )f,é\ﬁﬁﬂ‘]ﬁ@ﬂﬂ
D(x,y,2)= 2, [, ®)
HRAE (3) 2 & o K H] T SO L JE T, ] LA 3]
1 (+0.5)m (n+0.5)m 1 (m+0.5mw (m+0.5)m
ﬁ(x)—;cos oy X, COS iz, x,fi(y)—gcos bz, ¥, COS btz Y, 9)
B (8)2U A (9) A ATA (1)3 AN (2) 2 753 2]
a’ NPV PV
?fl(z)—a fi(z)= Dlﬁ(z z,), 0<z<L,, (10)
f() a fi(5)=0,L,_ <z<L,, (11)

a2 oo .

Zeid e Sl LIRS 3]

sinha,(z, +z,)  D,a,l, cosha, (L, —z)+D,a,m, sinha,(L, —z)  sinha,(z, - 2)

H@)= D, 8 D, a1, cosh a,(L, +z,,)+D2a;m, sinha (L, +z,) D, o 0sz<z, (12)

o ot Toy+ Do s ey = =2 09
foo)= sinh gl(zb +2z,) LHH(D,a,l) « D, a,l. coshea, (L., —2)+D, ,a, ,m, sinhe, (L, —2) 7
a, () D, a,l. coshe,, (L, —-L)+D,.,a, ,m, sinhea, (L. —L)

2<i+l<n-1, (14)

f(2)= cos|:smh j‘)(; t2) H(Dﬁ(‘}j"];l“)} x expla, (L, ,~2)] , (15)

me=1, L=1, (16)

m, ,=D, a, cosha, (L_,-L, )+D, &,  sinhe, (L,_,-L, ), (17)

I, ,=D,a, sinhea, (L, ,-L )+D, & ,coshea, (L _,-L, ), (18)

m,=D,, &, l, sinhe, (L, -L)+D,, o, ,m, coshe, (L, —-L), (19)

l,=D,, a,,l., coshe, (L., -L)+D,,a, ,m, sinhe, (L. —-L), (20)

HD,a,l)=(D,a,l)Xx(D,a,l,)x - x(D.a,l) , (21)

h,=D,a,l cosha, (L +z)+D,a,m, sinh o,(L, +z,) , (22)

h,=D,al cosha, (L, -L,_)+D, o, m,sinha, (L -L,_), (23)

L(h)=h,Xh,X =+ Xh,. (24)

XRE 2 TG R R A T A 51 55 7 B2 RORS B A5 A ST o DA AS B4 PR RS R B E AT 58I, TR R
aD(p,z=0)

z

= fd_()|:l —Rm(e)xid)(p,z=0)+3l) cos 0:| X cosf , (25)
2w

K R A AEVR B S R AL, 0 A R 4 59 2R ], (25)00] DL dlc s oy
D (x,y,z=0)
0z
WERA YA A BT 30 1.4, 00 €,=0.118, €,=0.306, i [ (26)2 35825 [6] 43 BE 18 S b, IF IS RE-R 2 Bl L3 .

R(x,y)=C,®(x,y,2=0)+ C,D , (26)

0317003-3



DI S R

3 JRHIGE

S5 AR Sy T D 7 A 0 AL e A i e 3 O o, H R R e K RO T e T
S T SR A AL A R SR SR BB T AR T 0 R S T K
YT 9 B RIS T 938 30 7 180 6 T8 320 5 Ak 375 S 0SS ST ST e B /N T B A, O 43 1k %
W T BB AR R B LR TR BB S5 2 AT . AR BT A MBS BUR 4 S SR B BT, F HOK IR
UET 2 BB

SRR 12 32 A2 1S E A FRAE 18 AT I0AE o e i o (B I 1 51 K 0=50 mm,
B b=50 mm , L GLROIT TN 1.4, 18 I SR TR0 150 45 S5 52 A5 0 0 4% SR 1 R (2) 1% I vl B 7 A
R R RLE R R RIS AR

Kl 2@ kMNP EELTRENTHFTRIEMSE R, AW EASHKE RN : 0.=150mm",
i, =0.005 mm™", g=0.9, 1 ]2 4 AH XT 52 22 W E 3(a) T s -
. 10°
o - simulated 10 - simulated
g — calculated o 102 — calculated
E 10 % 10
9 10+ 8 10
T 10° o 10°
& 106 & 106
@ 107
1077 e— - - - - v g 108
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance /mm Distance /mm
10° - simulated 10°¢
10! — calculated 10-f - simulated
10-2 — calculated
100 9,09 % 102}
§1of4 B 107
= 107° % 104F
& 106 B o
107 ¥ (©) 9,=0.8 )
g L~ ; A T il i i ; : ; ;
10 0 5 10 15 20 25 30 10 0 5 10 15 20 25 30
Distance /mm Distance /mm

2 EGIREITH A R G S A R PR L. () LB (b) 3BT (0) 4240 s (d) 52 A i
Fig.2 Comparison of calculation results of the diffusion model and Monte Carlo simulation results. (a) One layer media;

(b) three layer media; (c¢) four layer media; (d) five layer media
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Fig.4 Spatially resolved reflectance results of the rectangular media with different side length
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