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Abstract According to data smooth theory, the best trade-off fractional order of 7.9, which the symmetric
fractional B-spline wavelets can achieve between its smoothness and approximation texture, is deduced. A new
thresholding formula which has self-adaptability with the order of the fractional spline wavelet, is derived, through
improving the wavelet denosing model based on biva-Shrink neighboring coefficients relevance. Fractional spline
wavelet transform is a new powerful tool for removing noise and irrelevant information from denoised images.
Experimental result testifies the obtained theoretic result. Comparied with traditional denoising algorithms, it can
achieve higher subjective and objective image qualities, especially for texture images. When the Barbara image with
variance is no more than 10, the peak signal-to-noise ratio of the denoised image can reach 34.9842 and its geometric
textures are well-protected after denoising by this algorithm.

Key words image processing; fractional B-spline wavelet; image denoising; function smoothness; fractional order
of approximation; Bayesian estimation

18 F 55 B — A AT S R TR /NSy T LA 7

1905 W 2 1 6B 0 LB v B3 44
T 240 T BB PR SRR 30 A 1R
T 195 265 0 10 o 5 2 0 96 7% 69 9 M
Ko V1 P 195 VR B3 o LT Bl A 3 4 £

KWim B
HEETE:
EE B

SUmE I

2008-04-30; W B f&fim HHI: 2008-07-15

E-mail: shiruqu@nwpu. edu. cn

AR ARG P L 22 5 HE A BT L A e L RS M
HCKE pR B AR, I ARS8 TR B R . 1992 4F
Mallat™" £ 1 7 a7 5 P A I ) 2108, AT AT I
JIN U 7R A AR 1 7 3k MR 5 1995 4F Donoho 4

%% B AR 2 B 4 H T H (60134010) FBEPE 4 ol B3 T H (2008k07-14) ¥ B Bt
BRKA (1976 —) , B W5 AR, N EE RR AL B 5 1 A 5E . E-mail: dqzhang2005@ yahoo. com. cn
AL (1963 —) 2 FUBZ 1 A U, 32 2 DA =5 45 4 3 R0 B 23 0 45 T A 5



908 B %

o 1 29 %

T AR N e B MR E MR Z B L
VEHB & 7E H TAE 0 JE Al b, 38 28 18 ol 1 {8k £2 &5 11
st b R A e S B [ AT L N R TR AT T R Y
TR 5 /N AT MR 00 o AR AE AL, R e Y B R
A0 PR INAE B P 265 48 1Y . LA R I 22 /N
ZoWEh H 25 B . Candes Ml Donoho # ) T i& &
Fom HA 7 1) M AT SRR AE B9 B R AR e ok SO
F18) Jry F8 A 1 72 A R D8 8 46 g T AE 25 M B K
5T ARLF I RURE

O3 BORE /N B A B B RE T 43 BORE 4/
W OAT R an ) o B S B BRI 2 B8O 2% /N AT
DIAR {4 220 ) (R {% 20 32, 1999 4E Michael Unser 5
Thierry Blu-""™ 95 2 H 72040 B #E 5/ Nk I 44
TR RSB A R AE TR RS T
BT BRI B A 4 1 3 B BORE A%V A0 i AN E A
3. SCHRLIS] 4 s 1 — R 43 80 B #E S0 R
HEAT V- "R AR B PR A L BUAR EUR T o AR
WEAE — PRI FE— 20 R EATZ B EAFTE X
Slo SCERLLA TP K iy J2 M 43 50 B FE 45 2 04T K144
Fil G Ry IR, [ AR SCER A R AR DGR T BORE SR/
W AR 1) J M 7 AT SR AR /D DL L i SR 3 2 VR AR G2/
25 M 7 T AN 43 T840 7 R4 BUORE % Rk eR B E
PE o ARSCT SRR 73 B B RE A% oR B0 1 8 1 BB A oK
AEEBUR N X NN LT R P

2 XRRAE BREAS KB BRES
a I RFRR A% B AR Sy g B ok

Ba (x) = Bl V/me gz, 8

ot g (o Fl B (o) 4352 o B PR A3 8K B BE S A

a R 38 B A 2% B (o) = AL 2=

B
I'(a+ 1)

1 ety ey —
mZ(* 1) ( ] )(I ])+ %ﬂ ,87(1) -

=0

o [ X R 23 Kl B A 2% 1 e B A 4 Ol

. _ | sin(w/2) |
o )

P AAE A T BORAE
XEFR AT HC B AE SR A A
D 3o =—1 H AR %t

@ () — 1 «
B ) = /D @+ D2 "

= |sinc(w/2) |7, (2)

1 _ Jt1
2sin(na/2)(a+ 1) Z =D

JjEZ
a+1 A
( _ )\f—]\a, (3)
J
2) 4 o = 2n B N E)
2n _ <_1>Ih] 2n _2n ___ (_1)”+] _ Jt1 .
U (D)= o At = o=y ;( D
Zn+1 T )
( : )‘17_J“”1g‘1‘_]‘v D
J
Y f e wyt
. A 2t(at+2)—1/2
| f—p, | < Eblat e -

I DS za, (5)
B P Rk £ AEREE N a 14050 B AR S A5 (]
EREE . hEE R E B o AR R 5 B
FEAARA o+ 1 /BB IE T RE T .
Schoenberg H /55| A B A%, K B (5 K
—1YOB K —FlE Xl

K
Kooy 1 (K
o =gz ()

J
(x+K/2— K1, (6)
B5 B (o) HAAH A48 5L it AR
N K
B () = 5‘“:‘/“2/” ‘ = sinc"(w/2). (D)

AT B (o) B IR B A S Bes ], g (o) 1Y
RSO — K/2.K/2 ] XU WX R 40 B FE 2 A
HATE SR K B B AR BA R 3E. Ui A4S

K. {[x]}« +C,
1+ ‘l,‘a+2

(K, >0f1C, >0 (8
AR B (o) R BRI R B2 o >— 1A,
pu(x) € L', o >—1/2 HF.p% (x) € L*.

’

e ()| <

3 PRV AN E T R

P B ST T B X W R 0 B =AER
D o) HBEE B 0(x) = 0(— )5 2) JH—P, B
| oo de =1 53) M 00 W2 160 | <
L XFFRA L B FESS IE I 2 LR ok, EZFH
LR A v U] B R T X LA B S R B 0
{149 - T P R R e T A

(1) y(o) s BA P B8 558k, v
s ﬁg = A i noI, E %:IP(_V) =

f [D’y ()] dxr 5



44 (PN

X PR 3 BORE S/ B S PR R 25 R T 5 909

(2) ¥ y() @\ T £, W) H G 2 a]
EITWEN E & .E(y) = J:[ym — f() Pdx .

Ab PR E R 215 B 80 1 a0 g5 S [6) i R AT RE
RIEIE RGBS S f(o) . 4 808 5 500 B AR
z“é)@bJDﬁfme*de — (i) (). B () BT
WA 0() X f(o) MFEmaR, B vy =
0Cx) * F() .

I, (H :J: |ID"f(2)|?dx =

[D’y(x) )Pdx =

1

27
ij lw| %7 | 0Cw) |7 | 7w |?dews (10)
27) —oo

j o] | (@) | dos 9

B2
IERIR

| ol 16 7] F@ [7de A

JRSE S AR | 0Cw) | < 15T HL | 0Cw) | /N 3 P fig

B =| [y = foTde =

Zlfnfi[é(w)—l)jzﬁ(w)dw, (12)

| 0Cw) | BT 1,38 T HERE BRI . T LA 0Co) 78 3 2
R BT 9 e 0 S R R B
T IREIT R R RO 4 B (o) 1
SV R R RN R o R TTIZ Bk E N B
J () :a{pi1r}2{1p(y)+pE(y)}, (13)
Hor pCo = 0) 9 [ 2802 06 W PE A T 18 3
METERE RN REFHAGS (o Mg
Fw) = 1 FEAR AR 45 505 W 0 1, 058 i
HEM E Cy)
L7 0 ae !
Ip(y) = ;JO w”? B () | dw, (14)

E(y) = %JA (3% () — D Pdo. (15

AR Y o BT, AR K E T AR LK
(14) XFA5) XA A3) X EHAEN TR o
iR TG ()72 RIS B ) L B

~ oo “
J@ = min | W |f @] ot

pro (3 (@) — 1T dw» (16)

B (2) AN (16) 3, i 3% 22 pR BB A8 2514 . 7%

2at1

oo
2a41J W27 | sin % dew +
0
—+co 201
Zﬁlpj w 1-2 iin w dw _
0
oo Cowe
pj o |sin Y| do—0. A7
0

B ) SCRR 3 WSSO b 3 A SO B L X o 43 0l G
JEp<aHa > 10,7 K = AT U EBIC
STUA p = ol (|2 | FRM L 2 FHEE .Y
p = 1IN B A Tk ki A R 1 o ~
7.9. BP0 E0 B RS B B0 7. 9B, B ok 4RO
T HE ) FE TR ) Ak B e

4 I3E BRSNS LS

2 5 U 190 O R 0 P/
(2 W P ) B (0 T 0 T B 4
P (5 W 0 3 2 R 7 S A
S8 MR 313 A SR P 24 B 55 4 A O
BOREAR . %I FI 5250 B REA /N IR B0 44
A S T — A BEE o0 3 3/ R R o B O
E /B R A TR 5 18 T AR B R AN
HHIAIJ2 7 HAH G

EEPY SL T YN ES TP TGN T
ORI B 0 KO R LR T EL 5500 B A 1
S £ IREE 7 L HE A% 55 0 CPDE) S 1R
M SLRGHR 5 3 PDF % 26 % 40 5 984 i FL
SLEEWR B e, TR Al I B R
T BRI R Shrink BIART T, —8X (o /o),
b g = I/ ). RSB REA NS ok &5
MRF 1 Lena 22WRITF L 227 4/ i R RO “JE A4 10 9L
G 1R, R T I R ESE
o A A B BRI B 0

Pl 1 IEH Shrink B{{E 1Y Lena El{5 %M 45
Fig. 1 Denoised Lena image by normal

Shrink threshholding



910 B %

i1 29 %

g3

& % X AS Gy W4 (BivaShrink) 25 W ) 25 1y
B O VR I SRR R T A 48 RUBE ) AR BRORH O
P38 2o i RS B A A T R 2SR AT X /N &R E Al
THE . BRI B CE < AH 48 R BE W R ] i o)
N= Gy vmy) [l DA 73 A5 049 B 23 455 B2 R BORT /N 5 38 8K
] F=Cfy s fo) RN A1 25 55 88 ek 8000 331l o

! it
Py(N) = 2Twicxp( 2 )’

Py (F) = Z%exp(— Lﬁw) (19)
of

oy

o R A B A R R R B R A T Y 45 R

30, 1
f]:ylif" =7 (20
or Y2/ Y1

Hrp Y=y, ) HEWR[E T &,
W 7 5 22 Ak T ek /0N 25 W E ) HL H B R0
AT ARG
~ Median( | £, ])
T 06475

HTCOXFWEEBFEAGHE, LA T —1
PRAY B s o ]
0, ifly|<T,
S = y. others
XF o Ja A TR NI R B AT A . B T,
SR TE AR A A RUBE 36 B A7 6 L Y R TR 48 B

W4 X455 9X9) N#EfTITE, T, :Bﬁ""’,,ﬁfiﬂﬁ

(18)

2D

(22)

o
RS
1
= /2° - , 23
p= VX min (G0 2P
7(:‘.])ve]
max {f3(i.j)}
(i.])e'W’lJ
max { f3(i.j) ) A min {f7Civg) ) SR 4 XA R

A AR TE 10 W /0N BB AR O B R B N e /IME
FE R V2 B B RSN R R
WML T 0 K B R SR I B o o B O BE A B 508 )2 i
WO A% TR AR BON R R AE AN 7 22 5L 3 1 fa A
fbo B 28R T HCHORIEH M Lena ER 5 —
JZ O # vR A 2R KRR B ) W 7 T 22 B OGS PR 3 KR B RE
AR BT R o AN WG I

FET 0B B RSN E MR i B AT 2 g LAR
JUAS EEP IR

(1) X it i 5 W R P Al T B B8 7.9 A9 6 B
¥ Battle-Lemarié /NJE 34T N )2 /NI 43 ff . 43 80
Battle-Lemarie /N2 i 73040 B AR SR IESCALAS 29 .

. k
Gopews

300 ~
250 -
200 ~
“« 150
100

50 -

[T RS S L |

0
-04 06 16 26 36 46 56
o

P 2 WS I 7 25 AR AL E
Fig. 2 Tendency of noise variance with the order a
(2) W5 — 2/ R Eeh HH e 00 2 200 B
fi it M A BT % e ARXN o =
Median( | £ |)
0.6475

) RIEBANIHRIBNERE T 2% 0, (k=1,
2o N AR o, = 15 Dot G).
(4 4% T R B3 i J2 /N R T 22 ok
o = A/of,k — 0.
(5) WE BMEIFE R D WE (9X9) . i Fait
TR Y R B

v 1
P= vz min {fi(i.j)}
1 (i.,ﬂewf:’/
max {f}2»+1(la])}
<i.]>ewfj"
(6) HFELAE RN R A B To=p
oy
XPER kNI REL £ AR AL
0, if|yw|<T,
f/\:J 1 ‘y," ! (k::l""aN).
ka. others

5 SIS IR Kb

T IR R R AN TR 23 BB B 2% /N i Y
B FWRRE Ty s A SOk HY ER A B R A 6 i B
#E Bl 1% { Lena, Barbara, bridge, monkey, man,
bone marrow } /1y 1 [ (5 5 5 L % H I A TS 22
S=201 & Y {8 = J0r 10 M A5 A O T B R BT R . SE
B e X R AT 3 R X AR A E B R A /NI ()
% Battle-Lemarié¢ /N 40 i . B )2 5 30 &R 809 (8
RN R . A T T g 0 B
b PG OF A7 25 M, DL R K O R R OE M 4R
b U A {5 1% Lb (CPSNR) Xof b4 1 5 L 3 A7 4 ik
BE B A 2% oK B B 5 o AN BT 1S K, PSNIR {1 22




44 (PN

X PR 3 BORE S/ B S PR R 25 R T 5 911

LG BLanEl 3 i w .

B I3 H g U (R R LA i R PT IL  R A HE
7. 9B I BUE B 28 0k 2 R S 0 R BE A R 1 T i
3 PR ARL A A 3 U AR T 3 0 R T S A
P4 FE S, M H S BUE R T 7.9 I, 5T 0 Bkt
A/ 4 2 B PR R P T RE T A8 B TR BRIR
A, IS5 2 I IS M S A A A M

A R 5 X & A T 25 0= 20 W R BMA R
MR 1) Lena #1 Barbara E% {8 F /N Ik 4 &) i
B {75 (GWT) B A% - 15 B% e R 4 5 19 20 J2 3K 1
L (SWT) FUARSCI7 i 19 Mg . S5 vh /N
42 Jey 19 (B 3 2 BRI 24 A T © db8 7 NI A STy
BB B o = 7.9, /NS RIZ B N
3. K 1.2 R BCE g5 R R R Oy 2 ke S
() P8 10 % LU I {5 M EL PSNR CHL (Y . dB) %

(b) Gaussian-noise
image

LG {EL {75 M b PSNR J2 S il [&1 45 % 0L i 1) —
PR R AR LB . 0] P AR R L BE R TR B

(c) denoised
image by GWT

HAF
28
A e e T
xe®ege00000 0000000000000 OOONOOTS
o)
26 4 P PERR DU ER YR PR IR R R IR RRR Y
as) 25 [
828
) 000 000
% 24 ?20 M .Iéeng
K -* - Barbara
A 23 » -0-11§4ﬂd N
22 % - o - Monkey
oy -5 Man
21 L - = - Bone marrow
000000000000000000000000OOO
20 Lt | ! L ]
0 5 10 15 20

a

Bl 3 o B[R Bl i A kel 45 2 g 5 2L
Fig. 3 Denoised image results (PSNR) of the test image as

the fractional order o grows

(d) denosied
image by SWT

(e) denoised imaﬁe by
present algorithm

B 4 R[E TSR RE Babara B4

Fig. 4 Subjective qualities of denoised Barbara image by different methods

(b) Gaussian-noise
image

(c) denoised image
by GWT g

A =
(e) denoised ima]gle by
m

(d) denoised image
by SWT present algorit

K5 A7 ik £ WG YRR Lena B4

Fig. 5 Subjective qualities of denoised Lena image by different methods

MR 1 KR 2 I ROE A R T LA e
18 o 2 LT O 46 s 06 (L {5 148 EL D7 Ik, > W 7 Ty 22
INTF 20 I AR SCTFEEAL T /N 4 SR B (EL AN 3 2 B
(B . HR . BEAE WG 5 22 Y ARS8 R JNAR I o3 )2
BOBE A Xt T 8 B AR AN R BA SR S
FEVE ANBEXS (55 AR AT R AT AR G o oy (R ol T
— U JE IR SO R B A0 AR 5 B R T BR
AR 5 Hh W TE R 0 HORE A5 /N I R (I 35 s e LAAE R 37
G LTS B T7 T 75 98 H A AR 3 Y DL 3 IXAE ] 4(e)

ME SO LUE . WEEE 4 FE S dh il JLFP
U7 1 W B R, R XE R BRI AR SO i
5 /N A TRy B RN 43 2 B 2 R T A L R R
TRV PR RS 22 40 B0 B R A9 A S T RE L RS AR
R LM SOR RN S EE . BT 2 480
D2 v T A — 4 /N I K BRSO
3 NI 5 o) e TE o TG 1 3 JL AT S0 B 4 32 B
IR X MKl 4 Ce) Hr i Barbara {4 25 M 25 5 a) D)
Al



912 e % ES i1 29 &
1 Lena &5 M &R 230 AN 7] 75 2k 25 Wt 5 19 B4R % WL S it TAE,
Table 1 Objective qualities of denoised LLena image
by different methods s %2 x o
N(.)lse .N()lsed GWT SWT Pres'enl 1 Mallat S, Hwnag W L. Singularity detection and peocessing with
variance image 1 algorithm wavelets[ J]. IEEE Trans. on Information Theory, 1992, 38
5 34.1905  28.1961  28.2705  31.7058 (2):617~643
2 Donoho D L. Denoising by soft thresholding[J]. IEEE Trans.
10 28.1791 25.8997 27.9332 29. 7200 on Information Theory,1995,41(3) :613~627
3 Shi Z, Cherkassky V. Image denoising wusing wavelet
15 24. 6671 24.7960 27. 4845 28.0861 thresholding and model selection [ CJ. Int. Conf. Image
20 22.2769  24.0452  26.8470  26.5315 Processing ,2000, (3) ;262265 ‘ 4
4 Zong Siguang, Wang Jiang > an. Multi-scale mathematical
30 18. 8823 23.8601 23.1858 25.6719 morphology fusion filtering and the evaluation of the filtered

image[J]. Acta Optica Sinica +2005,25(9) :1176~1180
TR B Z RETE ST T MG G U8 B AR B vl sk B o
% 2 Barbara 4 M &% 2 1 A 6] g7 B 22 W U5 1 &% U0 RS i i FEMIT]. b % %4k ,2005,25(9) :1176~1180

Cao Wanpeng. Che Rensheng, Ye Dong. Tllumination

o

Table 2 Objective qualities of denoised Barbara image . L .
] a g independent wavelet scale mutiplication edge detection method

by different methods [J]. Acta Optica Sinica ,2007,27(10) :1751~1757
Noise  Noised o swp  Present WG U R B G 1 2 R A 3 4
variance  image 2 algorithm J:0)]. R 4R,2007,27(10)  1751~1757
6 Sudha S, Suresh G R, Sukanesh R. Wavelet based image
5 34.1671 29.1892 30. 5064 34.9842 denoising using adaptive thresholding [ J ].  Intz.  Conf.

Com putational Intelligence and Multimedia Applications,2007,

10 28.1261 27.7304 30. 1338 31.7429 (3):296~300
15 24. 6653 26. 7901 29. 6494 29. 4532 7 Luisier F, Blu T, and Unser M. A new SURE approachto image
denoising interscale orthonormal wavelet thresholding[J]. IEEE
20 22.1687 26.2075 29. 0436 27. 3485 Trans on Image Processing ,2007,16(3) :593~606
8 Donoho D L. Orthonormal ridgelets and linear singularities[ ] ].
30 18. 8581 25.3099 27. 4424 24,2967 SIAM Journal on Mathematical Analysis,2000,31(5) ;1062 ~
1099
9 Strack J L, Candes E J, Donoho D L. The curvelet transform for

image denoising[ J]. IEEE Trans. on Image Processing ,2002,11

+ N (6):670~684
6 45 Te
- 10 Zhang Jingjing, Fang Yonghua. Novel denoising method for

*E}Eﬁjﬁilzﬁ{%fiie . T&.’?’F‘H‘% H:Il T7. 9%%&[ ij‘ remote sensing image based on contourlet transform[]J]. Acta

Optica Sinica ,2008,28(3) :462~466

PR BB A 2% AT LAIK 21 J B 1 P {RF B A B O AR gk &G 5 B4R, 3 T Contourlet 28 4 (1) 3% Jak &1 15 25 M8 0 5 0k
SR Ho o i 25 43 % Battle-Lemarié /N 2 505 (7. 565 3 4R .2008,28(3) ;461 ~466

11 Blu T, Unser M. The fractional spline wavelet transform:

I i 2 AL 1 S [ Al B 48 ; £ sk B
/fE‘ ) ﬁﬁgf({ﬂ: EI/J 2 u;'% )(5[% én % T IIE Eﬁ ° 2 H;'% )‘i% ‘:j definition and implementation[ C]. IEEE Int. Conf. Acoust.
’fg‘gﬁd\w{é% I‘ﬁj {E {‘ ﬂ;‘,!‘g %ﬂ ﬁ:}’% i,j?k rﬁ] {E 2 ﬂé,j’% )FB It . & Speech, Signal Processing . Istanbul, Turkey,2000,1:512~515

12 Panda R, Dash M. Fractional generalized splines and signal

Do

= 7. S 0 e A A2 [

%2 I];'%E E],J Fé—]/f%:iz {ﬁ ﬁz: e ﬂ] ’ g W mﬂi'fﬁ'fn ﬂ;'% H: ﬁ processing[J]. Signal Processing ,2006,86(9) :2340~2350
s i’fﬁ% F X ey s, {E;E}'zfl] ﬁﬁiﬁ%i@% 2 Fi—]’f% 45} 13 Tirosh S, Ville D V D. Unser M. Polyharmonic smoothing
oy ﬁ%ﬂﬂl%‘%%%ﬂ\ 145 5 E{ﬁ [E”% ﬂﬁg%ﬁ%’: @J i’j&j{%% splines for multi-dimensional signals 1/ || w || ?-like spectral C].
Z Z P o) ;

IEEE Int. Conf. Acoustics, Speech, and Signal Processing ,

JERYAE] . PRI o 8 B ORE S /NI e e R 25 1 2004, (3) :297~300

BA o2 i B By A 5 14 Hongyi Liu. Zhihui Wei. Image fusion based on fractional spline
ﬁﬁm/\ ﬁ e E]/J ;FIJFH m{a o A HE/H‘ Fé—],fgﬁlm :P wavelets and IHS transform[J]. Jowrnal of Nanjing University
iE”B: ( @I’f‘t@’ﬁiﬁd\ EI':J ]Z:jl’ﬁ) %ﬂ“iHE—TIZiE ” 'Z: ( ED&}E of Science and Technology ,2006,30(1) .81~84

[J]. &7 T X5 54R,2006,30(1):81~84

BB LR X2 T — PR E R



