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Abstraot.

A gimple method for dealing with the‘ﬂtr.ung signal in free electron laser with helical magnetie
field was deduced based upon the energy model of FEL. The. process how the saturation happens and
the mechanism how the original energy dispersion affects the saturation were discnssed. This method
can also be used with the harmonic wave radiation in FEL, |
Koy words: the energy model of FEL: strong signal treatment.

§ 1. Introduce

The strong signal theory of free electron laser has been already set up™, the
analyses of which relied upon bthe coupling of Maxwell equations to the relativistio
collisionless Boltzmann equations. According to this theory, the longitudinal part of
the Boltzmann distribution funotion, A(p, 2, £), was expresse& as the harmonio
expansion in consideration of the space bunch effect of the relativistio electron
beam, substituting this expansion into Boltzmann equation resulted in a set of
generalized Bloch equations, from which some important results, such as the
mechanism of the saturation eto., were obtained. Unfortunately, although this
theory was verified to be quite sucoessful, the way used was so complicated that its
application was somewhat limited. Not long ago, we deduced a simple method for
ealoulating the energy transfer rate of FEL with helical magnetio field under
conditions of small gignal where the amplitude of the radiation field could be asumed
approximately as a constani™, However, when a strong signal is injected into the
laser cell, the variation in the amplitude of the radiation field is no longer negliable,
thus this mefhod is no longer vaild. For this reason, we develop a new method in
this paper to deal with the strong signal throng of FEL, based upon our former
caleulations™, The outline of this method is desoribed as follows:

(1) The variation in the amplitude of the radiation field is related to that in
the relativistio electron energy by means of energy conservation.
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(2) The transverse and the longitudinal velocities of the relativistic electron
can all be expressed as the functions of the energy transfer rate 87/7,, thus this is
the only variable present in our basic equation.

(8) When it is injected into the laser cell, the strong signal will bring about
the energy to transfer from the electron beam to the radiation field, which will in
turn make the signal be stronger. The amplified radiation field will continue to.
interact with the electron bheam and consequently furtherenergy transference will
happen. This process will lagt until the equilibrium is attained, i.e. the saturation
happens.

The advantage of adopting this new method is that the caloulations become much
eagier when the veotor equations, i.e. the dynamioc equations of the relativistio
electron are replaced by the scalar equation, i.e. the energy transfer rate equation.
Also the physical meaning is clear. This method can also he used to deal with the.
harmonic wave radiation in free electron laser.

§ 2. The Energy Model Of Strong Signal For FEL

In this section, we’ll set up the energy balance model for FEL with the helical
magnelio field under ocondibions of strong signal where bhe effeot caused by the
variation in the amplitude or the radiation field on the interaction between the
relativistio electron beam and the radiation field must be taken into oonsiderations.
This is realized with the help of the energy conservation condition. The analysis.
presented here is based upon the single particle model.

(1) The motion equations of the relativistic electron

We suppose that the wiggler B, and the radiation field E, and B, can he.
expressed respectively as follows:

B,=B,{¢,co8fp+é,8ing,}. D)
where B, is the amplitude of the wiggler, £,=K yz+¢,, Ky=2mx/Ay, Ay is the wiggler
period and ¢, is the inifial phase of the electron under discussicn when it enters the
wiggler. Also

E, =B, {6, co8,—é,8in s}, (2.1)
,=%{6,sm§,+é‘,oosg,}. (2.2)

where &, =Kz —wi+¢y, w,=0K, is the angular frequency of the radiation field, ¢,

is the corresponding initial phage, and E, and }g are the amplitudes of the electrio
and magnetio veotors of the radiaiion field respectively where H, is the fanction of -

axial coordinate L.

The energy equation and the dynamie equation of the single relativistic electron.
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are a8 follows:

d
&7 koE, @
jt Yo - -J_{E +vx (B,4B,)}. ()
X and Y components cf Eq. (4) are expressed respectively as:
d * [ Ef w ., -
4 vo-—10B (1 gyoosg+16lBe iaing, )
d .- E : .
2 vy =LolE (1 gysing,— 1210 ;onse,, 6)
Integrating both sides of Eq. (5) results in:
T.‘.'B_ ;L‘fr Slﬂ.g —B—I—-Ei— G-DB§ Iﬁll Isinér dEr . (7)
r !‘

where the integration constant ig negleoted gince it won't affeot the final results
essentially.
Similarly we get:

7y = ﬁiﬂ cos &, — l"-’fB siné, J—fcosf,dE,- ®)
Substituﬁing Eqs. (7) and (8) into Eq. (3) gives:
7% Y= |§JGE’ {7z cos &, — Yy sin &,}

=(LL) Bfe. s (et +(LL) Be qoosgz,—smg 1y, @)
where

I,Ejsin ¢ dB,, I,= J cosé, B, (10)

Let 88,=8B.,—B: and 87=7,—7. Considering that B, «B,~1, we can derive the
expression for 88, from the definition for the relativisiic energy parameler 7:

36 (2L). (11)
then

dz &7
-T—cﬁ,, edB,=u— ?‘o ?’o)

. (12)
o7
Yo
where u and 2z, are the original axial velocity and coordinate of the relativistio

C
— + — — -
2 =2go+ut 7 J di

eleotron under discussion. Thus we have expressed the motion state of the relativistic
electron as the function of its energy variation §7. In the following paragraph we'll

n in the amplitude of the electrie vector of

a n—v““v e UL SR

dednee the relation between the variatio

A A A rel “H-IVJJ. [ Ry TR AL VAR L i i -l.

the radiation field and that of the electron energy.
(2) The expressicn for the amplitude of the radiation field
Let the energy densities of the radiation field and the relativistio elestron bean



778 - X % % 0%

be denoted as W, and W, respectively, then W, and W, may be written as follows:
W, =sgol?, W0=P‘smcﬂ§- (13)
where p, i the maoroscopio density of the relativistio electron beam. The tobal

energy density W then is: W W AT 19)
=¥r L

Supposing there exists no other energy loss except the energy exchange between the
eleotron beam and the radiation field, thus according to the energy conservation law

we get. _
® AW =0 d(E2) + peme? 45 =0. (15)

integrating Eq. (15) gives,
_ gL :M’_owwf(_ﬁz)
E:; El‘u - o (? 70) &o '}’0 ’
- peYome® ( 37 )}
yoL —E,.,{i-f- B 7o)l (16)
where E,, is the original amplitude of the eleotric vector of the radiation field,and y
and 8y denote the average energy and average energy variation of the relafivistio
electron respeotively.
Considering that the original energy density of the relativistio electron beam is
much less than that of the radiation field under conditions of strong signal, we get
the following approximate expression for K,

~ pYome® (87 } :
E,-,—-J Er.{l + m"( TO ) I} (17)
LB‘IE:
Er=Ef.+6ErJ (18)
then
. W .
SF, :a(?@— , (19)
where
= P’TUWB
o= T (20)

Eq. (17) describes how the radiation field intensity is affected by the variation
in the eleotron beam energy. In the following we'll discuss the reverse process in the
interaction between the relativistic eleotron and the radiation field, i.e. how the
feedback of the radiation field works, as well,

(3) The basic equation
In this paragraph we’ll deduce the basic equation 10 describe the energy transfer

process of free electron laser with the holical magnetio field under conditions of strong
gignal.

T . .1 A r’ ™ { Y annravimatalo wa hatwa.
it o | 5\ il i, \©), WwPPLVALNIGUOLY WU Loy,
d /87 le|] \? B, 87
rr B)H—— 7 ) -R-:(E,.+a'—o'){508(dco#+¢g)
le| \? Byww / &Y 04
- Yome ) Kw,},g \.Er. +a Tﬂ)ﬂin(dﬁ.)t"“{ﬁayj‘ %o dé
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(%’mﬂ ) Er,+ 7’0 )

X { cos(&,, + ag,)J' sin(&,,+8&,) « (%%—)
—sin(§,,+8¢,) J@(fr.“*‘aff)“(-%‘? } (21)

where,
do=K ju—w(1—B,), B, ;*‘z“f—;
Po=(Kp+K,)to+ Pt ¢y, w=0(K,+K,);
f"- = _wf(l—' )83.)#+¢'f;

88, = — 2 (27 | (22)
Q

EZ RS
‘We have seen that thavaria.bleha;- ig presen tinthe both sides of Eq. (2), but the
0

‘physical meanings represented by it are quite different: On the left of the equation
it denotes the energy transfer rate of the relativistio eleoctron, however on the right,
it denotes, according to Egs. (12) and (19), the effeots npon the energy transfer rate
-of the electron beam caused by the space charge bunching of the elesctron beam, and
the variation in the intensity of the radiation field. In this sense, we say that Eq.
(21) describes correctly the energy transfer process and the influence due to the
feedback of the radiation field upon this process in the interaction between the
relativistio electrons and the radiation field.
Negleoting the non-resonant terms in Eq. (21) we get:

) Bl B
{oos(AmH o)+ Sin (oo + ¢)‘,)J—~— dt} (23)

Eq. (23) is the basio equation in this paper.
(4) The solution of the basic equation
When' it is injected into the laser oell, the strong signal will act with the
relativistio electron beam. This interaction will cause the energy to transfer from
the electrons to the radiation field under some specific conditions. Having gained the
energy from the electrons, the signal will become stronger and continue o interact
with the electron be&m which will in turn induce further energy transference, and
further amplification of the radiation field. Such a proocess will last unsil saturation
happens. In this sense we express the amplitude of the radiation field ¥, and the
relativistio energy parameter 7 of the elestron with the following expansions
Te spectively: ' '
B,=E,+8E,=E,+3E,+8H,+-,

_ (24)
7#7’0‘-87?—'7’9— (371+81’g+‘:] .
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Thus, as mentioned above, the process of the energy transference caused by the
interaotion between the radiation field and the relativistio electiron beam ocan be

specified with the following relations:

371 (071,
B>y 8En=a{ 3, )

aEh 672 TR a-EI'I za( 67?’2 );
0 Q

6‘}’n.{d 8'}’»@1
3Bk, 8B, o —5L). (25)

where the sign “—” represents the inducement.

The presences of the average values of the various order energy transfer rates
just denote such a well known faot: Having entered the laser cell, some of the
relativistio eleotrons will be decelerated, i.e. to lose energy, and others will be
accelerated, i.e. to obfain energy when acting with the helical magnetioc field and
the radiation field. Whether they lose or obtain energy is determined by their
original phages, thus the average over the original phase distribution range must be
taken in order to estimate the effect of the relativistic eleotron beam as a whole.

According to Egqs. (23), (24) and (25), we get a sel of coupled equations
desoribing various orders of energy transfer rates, with different intensities of the
radiation field.

(a) Let
B,=E,, 87=237,, and 3E,, mu( 6,}:1 ) (26)
d 3—}’1 'B} Eﬁ.B
di (70) ('Yo-m.o &, - o0s(dwttdo)
“('}’J;?iw) Er,Boo sm(dmi+¢ojjayi dt. (27)

374

0
over the range 0~2sx:

(=50, e, S

The average value for —= ocan be obtained by averaging the solution of Eq.(27)

A.B 1 .
= 131{1—-009&0#——-2-&.:331114:95}. (28)
where
E{ 'B’ \2 E. B, BnE_}_‘_._-O-{- (90
4, \Yme/ K, ' ~* B s

Thus we get the following expression for §H,:

N adiB
aE,,=a(5,;;i):“&f{1 o0 dat— - Aot sin ot} (30)
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(b) Let
3 87 37s
88, =3E,, -~ and SE,,za( 7 ); (31)
_!i_ ..6_3’_& = = AiﬁEﬁ
¢ ) 25 cos(dat+ o)
— BBEn_ i (st + o) f 5% g. (32)
Er- 70
Let
872 =3872+87;++++, where §7accdH,, 87ioc(3E,)? -, (33)
In this way, Eq. (32) is dissociated into a series of subequations:
d (87 \_ _ ADE,
(2 ) 2B oos(et+ )
- jj {1-mm$~ ot gin Amt}coa(dmt+¢o) (34)
Yy _ _ ByE, 67‘5 -
'.:z?( % ) Z2%0 sin (dut+ o)
— fja {1—-005&03— deot gin Acot}
XSin(.dwf--i-cﬁo}J‘ Ve d#, (nel). (36)
‘where
2 2
4,=200 B0, (36)
Integrating the both sides of Eq. (34) gives:
5% _ Ay . .
o T {sin (dwt+ o) —sin ¢ho}
+ %ﬁﬁ-{sﬁn (24wi+¢o) — sin ¢ho}
A o5 o gl 008(2dat+ o) — Sl sin o, (37)
And
<3’}’£> _ 1 2 371 (38)

7o

Substituting Eq. (87) into Eq. (3b), and meanwhlle letting (n)—>" we derive

375

0

373 __uAsBs{ _ _u
< £ >‘. 21— cos dot 16 2 At sin dost

(M) 008 Aot + —or

the expression for < > ag follow:
o

a
128 (dmﬂ)

+ 7@—( Awt)®sin dwb+——=(dewt)*

192
49
(1-

~ 555 008 24wt) + —0_ g deot sin 2ok

8
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- l (dost)? cos 24wt — 192 O (Awt)®sin 24est
; 39
i (dot) msﬂ.dmt} (39)
And
8B, =302\ ~a(d% | 10
- %kn “<%> 'ro>. (40)

By using the same method, we are able to keep on solving Eq. (23) Y0 an arbi-
trary order when it is required. However,in this paper the solutions which have been
obtained are suﬂ'iment already for the followmg dlscussmns.

§3. Discussion

In this sec-tioh, we’ll specify how the saturation happens in FEL under condifion
of the strong signal and discuss how the original energy dispersion of the relativistio
eleotron beam affects this saturation as well.

(1) For the sake of simplicity in the disoussions, we expand the triangle
fanotions, cos 4wt and sindwt, as Taylor series and keep the terms only up to (dwt)®.
This approximation is quite reasonable since dwi<« 1. Thus, according to Egs. (28)
(80), (39) and (40), we have:

aAi.B]_ (Aﬁ)ﬂ}{ }

S~ ot 15 (4@) (41)
ﬂAoBg 1 8

SH, =5t o (dait)°, (42)

The ratio of 8H,, and 3H,, is then given as follow:

1 Tyt 4 [T 4
3B ﬁwaai;f(ff e (d)* {15~ (dot)}. (13)
' Yome
Obviously, 3E,, is much less than 8F, as known from Eq. (48). This result
reflects the faot that the stronger the signal becomes, the less energy the radiation
field will obtain from the relativistio electron beam. In other words, there exists a
limit over the amplification rate of the radiation field, which is characteristic of the
saturatbion,
From Hq. (25) and the definitions for 88, and 8F, we know that the axial
velocity of the relativistio eleotron will decrease with the amplification of the

radiation field, when the velooity decreases to such a degree that the conditions for

the energy transference are no longer satisfied, the energy exchange between the
radiation field and the eleotron beam will stop, i.e. the saturation happens.

(2) In the above oaloulations, we assumed that the original energy of the
various eleotrons ig all the same, However, such an ideal condition is by no means
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realizable in the practice. Although is is undesired, the energy dispersion in
unavoidable, For this reason, we musl revise our former computation results in order
to take the effeot of the energy dispersion into consideration.

As is well known, the resonant parameter 4w is the main factor affecting the
energy transfer rate, Therefore we'll restrict our coﬁﬂidﬁr&ﬁion to the influence of the
deviation 'of “thig resonant parameter which ig ea,used by the original energy
dispergion. _

‘We suppose that the resonant parameter dw may be written as follow:

| do =ty + 36, (44)
where Adw,=[K ,u—o,(1— B)]s, where the subsoript § denotes the values sorrespond-
ing to that of the central energy distribution, and 8w is the deviation of 4w caused
by the original energy dispersion 87, of the relativistio electron beam. Aoccording to
the formula for the radiation wavelengths of an FEL, 8w can be expressed

approximately as follow:

00> =d(dw) =2 ?}?’*). |  B)
0. .

Substituting Eq. (44) into Eq. (30) and considering 8w« v, approximately we

LK
v o8, (b~ 24P 1- (5 ) +o( F2) -]

% {( 1— cos Aa:,i-—% doisin m,t)

+ 52L- St sin &o,ﬁ-—%(ﬁmﬁ)” cos mgt}. (46)

Supposing that the original energy distribution of the relativistic electron beam
is homogeneous where the maximum deviation of the original energy, (87:)mar=
|%  7s|msx, i9 denoted as dy,, we derive the revised expression for 3H,:

3, I S (dod) = |15 (doit)?] - (‘ﬂ":*) }
=8 K, —8HY,. (47)
where 8E., is the first order inorement of the amplitude of the radiation field when
nooriginal energy dispersion exists and 8H,, denotes the decline caused by this

dispersion. Letting 7 =8EY,/3K;, we have:

12(,0, a
M S gy AV (49

Similarly we get:

OB ) ?i.f:{léo (dodt)®— 128[ (‘i"’ ) J (d:) }

-5 H7,— 0HY,. (49)

(50)

And
3EI, . 2bwd’

M2 = 8E:-. ~ 4,},. (.dm,t)ﬁ (A’}’l)s
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‘What we can conclude from the above equations is listed as follows:

(a) The existenoce of the original energy dispersion of the relativisiioc eleciron
bsam has a deloterious effect upon the energy transfer rate of free electron laser
under conditions of strong signal. Since the decline in caused by the original energy

dispersion is direotly proportional to t=-£—, we believe that the longer the interaction

length is, the more serious this effeot will be.

(b) Sinoce n3<& 7, we think that this effect is more pronounced upon 8E,, than
upon S E,,. This means that the energy dispersion will induce saturation.

(o) There exists a limit over the original energy dispersion above, which the
radiation field will no longer be amplified.

Coneclusions

In this paper, we deduce a simple method for dealing with the strong signal in
FEL with helical magnetio field. By means of this we disouss how the energy
dispersion affects the saturation in FEL as well as how this saturation happens. The
advantage of adopting the energy model of FEL to deal with the strong signal lies
that it not only makes the oalculation quite simple but also makes the physical
meaning quite clear, It also oan be used to deal with the harmonio wave radiation in
FEL when the non-resonant terms in Eq. (21) are not neglected.
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