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With the framework of exterior product, we investigate the relationship between composite multiscale entropy (CMSE) and
refractive index and absorption coefficient by reanalyzing six concentrations of bovine serum albumin aqueous solutions
from the published work. Two bivectors are constructed by CMSE and its square by the refractive index and absorption
coefficient under vectorization. The desirable linear behaviors can be captured, not only between the defined two bivectors
in normalized magnitudes, but also between the normalized magnitude of bivectors pertinent to CMSE and the magnitude of
a single vector on the refractive index or absorption coefficient, with the processing of optimum selection. Besides that, the
relationship between the coefficients of two bivectors is also considered. The results reveal that plenty of sound linear
behaviors can be found and also suggest the scale of 15, 16 and frequency of 0.2, 0.21 THz are prominent for those linear
behaviors. This work provides a new insight into the correlation between terahertz (THz) time and frequency domain
information.
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1. Introduction

Terahertz (THz) spectroscopy has made great progress in
numerous fields owing to its attractive and exclusive attrib-
utes[1–5]. The coherent detection of THz radiation enables the
amplitude and phase of temporal signal to be precisely measured
in order to conveniently obtain the refractive index and absorp-
tion coefficient dependent on frequency. The optical properties
of the measured sample are integrated into the THz waveform in
the coupling between THz temporal signal and sample, which
can be roughly observed by the shape alteration for the sample
signal relative to the reference one. This also changes the com-
plexity of the reference waveform, which leads to the introduc-
tion of composite multiscale entropy (CMSE)[6,7], sample
entropies at different scales, tomeasure the THz temporal signal.
In the case of similar samples with weak variation of signals
complexities where it is hard to detect the disparities using
CMSE, the variational mode decomposition (VMD) technique
is taken into account to decompose the signal into several mode
functions with different frequency components because THz
signal can be seen as a synthesis composed of sub-signals with

different frequency components[8,9]. So, the selected mode
functions dependent on the intervals of frequency components
can be described by CMSE. From our previous work[9],
sample entropy at scale 16 extracted from the selected mode
function showed strong pertinence to the refractive index or
absorption coefficient at different frequencies as expected, which
reveals that the characteristic of sample entropy describing THz
mode functions is relevant to optical properties. Nevertheless,
the in-depth association needs to be investigated because
more valuable information could be captured by a combination
of refractive index with absorption coefficients, and the purely
numerical information from the refractive index or absorp-
tion coefficient sometimes may not fully exhibit the further
relationship with sample entropy. Besides that, it is sensible to
describe the complexity of signal at multiple scales, thereby
considering the sample entropies integration of several
scales.
Geometry algebra (GA)[10], as a general and concise computa-

tional framework that defines geometric product operation,
has been extensively applied to solving the problems in a
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mass of domains including signal and image processing[11,12],
electrodynamics[13], quantum mechanics[14], relativity[15,16],
etc. In the field of THz spectroscopy, the vectorized transfer
function of the transmission mode and related properties were
given in the GA framework[17]. The method of projective
split[18] or conformal split[17,19] was used for substance identifi-
cation. Additionally, it is also feasible to discriminate samples by
measuring the magnitude of the selected vector rejection to the
corresponding plane formed by two transfer functions with dif-
ferent sample thickness[20]. Besides that, there are other works
on feature extraction or representation by using GA, some of
which adopted the strategy of considering high-order structures
and interrelations among the features[21–23].
The exterior product, an indispensable component of the geo-

metric product, is involved in some applications. Li et al.[24]

measured the disparities between THz time domain spectros-
copy (TDS) transmission signals by defining the similarity func-
tion of exterior products for THz transfer functions. Owing to a
simpler operation compared to GA, the exterior product has
similar capabilities of acquiring the property of high-order cor-
relation among the original variables, which can be described by
a simple example as follows. Assuming P andQ are two different
vectors containing four elements for each, the result of the
exterior product can be easily obtained, as shown in Eq. (1). The
correlated combinations within all possible elements are consid-
ered in the exterior product. So, the exterior product can catch
more information and can link with different vectors to show
the corresponding geometric meaning subject to different
graded subspaces[25]. The novel properties could be found by
associating the optical parameters with the exterior product.
Additionally, the exterior product and inner product are two dif-
ferent operations. Equation (2) computes the inner product
between P and Q. It can be seen that in Eq. (1) the interactions
between P and Q are more complex than those in Eq. (2).
Compared with the exterior product, the scalar result of the
inner product can only be achieved by the elements with the
same orthogonal basis. Therefore, the inner product has no
capability in yielding the interactive results on different dimen-
sional variables.
In this study, we investigate the characteristic of exterior

product constructed by the vectorized refractive index and
absorption coefficient as a function of frequency and the further
relationship between CMSE and absorption coefficient, with the
refractive index resorting to the exterior product by reusing the
experiment data in the previous work[9]. Compared to our pre-
vious work, this study places emphasis on investigating the rela-
tionship with the consideration of correlation information on
different frequencies or different scales by using the exterior
product operation, which is an extension of univariate analysis
in previous investigations. Moreover, this work provides an
insight into more correlation information between the refractive
index and absorption coefficients at different frequencies as well
as between CMSE and its square on different scales. It should be
note that the parameter, the square of CMSE, was constructed to
compute the related exterior product:

P = a1e1 � a2e2 � a3e3 � a4e4,

Q = b1e1 � b2e2 � b3e3 � b4e4,

P ∧ Q = �a1b2 − a2b1�e1 ∧ e2 � �a1b3 − a3b1�e1 ∧ e3

� �a1b4 − a4b1�e1 ∧ e4

� �a2b3 − a3b2�e2 ∧ e3 � �a2b4 − a4b2�e2 ∧ e4

� �a3b4 − a4b3�e3 ∧ e4, (1)

P · Q = a1b1 � a2b2 � a3b3 � a4b4: �2�

2. Method

It is acknowledged that cross product between vectors is
restricted to operate in three dimensions in linear algebra[26].
However, exterior product is a wise candidate on extension to
higher dimensions. Exterior product is not only used together
with the inner product making up the geometric product that
provides a strong mathematical tool in physics and information
engineering, but also serves as product operation in exterior
algebra[27] that is widely applied in quantum theory[28]. The
exterior product between the refractive index vector and absorp-
tion coefficient vector, and themagnitude of normalized exterior
product can be separately expressed as

A = n ∧ α =
Xk−1
i=1

Xk
j>i

�niαj − njαi�ei ∧ ej, (3)

A0 =
jn ∧ αj
jnjjαj =

��������������������������������������������������P
k−1
i=1

P
k
j>i�niαj − njαi�2P

k
i=1 �ni�2

P
k
j=1 �αj�2

vuut , �4�

where the two orthonormal basis vectors ei, ej (i, j = 1, 2, : : : , k)
satisfy ei ∧ ej = −ej ∧ ei (i ≠ j), ei ∧ ei = 0, and the quantity A0

represents the normalized area spanned by n and α from geom-
etry. In Eq. (3), quantity A is named as bivector (or two-blade
denoting a two-dimensional subspace)[21], which extends the
concept of vectors. The coefficients of A present a new manner
in the combination of refractive index with absorption coeffi-
cients. The geometric feature of the bivector regarding THz opti-
cal parameters could provide a novel perspective for
measurement of THz property. In addition, the operation in
Eq. (3) leads to dimension increase compared with the original
vectors. So, it is necessary to select the dimension of vectors pre-
vious to using Eq. (3).

3. Results and Discussion

The bandwidth for absorption coefficients and refractive indices
of six concentrations of bovine serum albumin (BSA) solutions
in Ref. [9] is from 0.1 to 0.5 THz with the resolution of 0.01 THz.
FromEq. (3), taking 5000 μg/mL as an example, themean profile
ofA can be seen in Fig. 1. It should be noted that the vertical axis
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represents the coefficients in Eq. (3), and the horizontal axis is
the exterior product of basis vectors for all the possible pairs
(i.e., basis bivectors), in which the numbers represent ei ∧ ej
(i = 1, 2, : : : , k, j = i� 1) in order. The profile of the first several
basis bivectors is very similar to that of absorption coefficient,
and the vector of the absorption coefficient is seemingly associ-
ated with A. It is accessible that the last several indices represent
high frequency components interactions between the refractive
index and absorption coefficient, and the profile corresponding
to low frequency parts diminishes with the increasing index of
the basis bivector. Additionally, for further insight into A0, we
investigated the relationship between A0 and jnj as well as
between A0 and jαj. It can be seen from Fig. 2 that both of
the R-squared reach above 0.9 and the R-squared of linear fitting
between A0 and jαj is higher than those of A0 and jnj.
In order to further explore the relationship between CMSE

and the refractive index or absorption coefficient in the frame-
work of exterior product, similar to the bivector n ∧ α, the
bivector on CMSE is defined as B = CMSE ∧ CMSE2, which
is composed of CMSE and its square. The quantity B0, normal-
ized magnitude of bivector B, is given as follows:

B0 =
jCMSE ∧ CMSE2j
jCMSEjjCMSE2j : �5�

In compliance with the method of our previous work, VMD
was performed for that relationship investigation. In terms of
the previous search results[9], CMSE of the second mode func-
tion at α = 200 and 210 was considered to select the sample
entropies of scales with small error bars, and the case of α =
200 and 210 shared the highly similar behaviors in the profile
of CMSE due to their nearly identical behaviors in respective
mode functions. The error bars of the normalized magnitude
of B are much larger in spite of the linear trend in the optimum
solution. The reason could be speculated that some larger error
bars exist in the sample entropies of corresponding scales,
including some potentially inevitable noise. As the error bar is

heavily dependent on standard deviation, the distribution on
standard deviation of CMSE over 20 scales was conducted, as
shown in Fig. 3. It seems that the possible sample entropies of
more than scale nine could be selected to establish the relation-
ship. In addition, the bandwidth approximate from 0.2 to
0.5 THz is adopted, owing to the frequency spectra of the
selectedmode functions at α = 200 and 210[9]. By trial and error,
the scales from 15 to 20 in B0 were selected to obtain an expected
linear dependence on the normalized magnitude A0 from 0.2 to
0.38 THz [Figs. 4(a) and 4(b)]. More details on the parameter
selections can be seen in Supplementary Material. Note that
due to the similar behaviors at α = 200 and 210, one of them
was considered (α = 210) in the following discussion. Besides
that, the linear fitting between B0 and jnj as well as B0 and
jαj can be obtained, which is exhibited in Fig. 5. It is evident that
the linear behavior between B0 and jnj is much stronger than
that between B0 and jαj or A0. It also can be compared that, dif-
ferent from the linear behavior of A0, there is much more linear
dependence of B0 on jnj and less on jαj. Nevertheless, the linear
dependence of B0 on jαj can still be accepted. As a whole, the
results indicate that the constructed bivectors on CMSE and

Fig. 1. Mean profile of A for 5000 μg/mL BSA aqueous solutions with 83% con-
fidence interval.

Fig. 2. Linear fitting between A0 and modulus of the (a) absorption coefficient
and (b) refractive index.
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optical parameters are feasible to elucidate the highly linear cor-
relation between their respective subspaces. Besides that, the lin-
ear relationships between B0 and jnj, jαj also demonstrate that

B0 is strongly related to the refractive index and absorption coef-
ficient even in the single vector modulus.
Additionally, the correlation on the coefficients of bivectors

betweenA and B should be further studied because they, respec-
tively, reveal the interrelations between the two correspondingly
constituted vectors. The bivector coefficient profiles of A from
0.2 to 0.38 THz andB from scales 15 to 20 are shown in Figs. 6(a)
and 6(b), which separately depict the interactions between the
refractive index and absorption coefficient and between
CMSE and CMSE2 with the increasing index of the basis bivec-
tor. The behavior in Fig. 6(a) is similar to that in Fig. 1, and some
different disparities exist on the coefficients of B among these
concentrations of samples including index 1 to 9. The linear fit-
ting between them was performed by the exhaustive search that
implemented linear fittings for all possible coefficients of A
(from 0.2 to 0.38 THz) and B (from 15 to 20). Some represen-
tative cases were chosen to be exhibited in Figs. 7(a) to 7(e),
which indicates some specific coefficients of bivectors can suc-
cessfully describe the linear fitting for some subspaces betweenA
and B. Furthermore, according to the combinations of basis
bivectors ei ∧ ej, Figs. 8(a) and 8(b) show the weight distribution

Fig. 3. Distribution on standard deviation of CMSE over 20 scales at α = 210.

Fig. 4. Linear fitting between B0 at (a) α = 200 and (b) α = 210 from scales 15 to
20 and A0 from 0.2 to 0.38 THz.

Fig. 5. Linear fitting between B0 from scales 15 to 20 and modulus of
(a) absorption coefficient and (b) refractive index from 0.2 to 0.38 THz.
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of the representative frequency pairs and scale pairs in determi-
nation linear fitting. The index of the basis bivector was trans-
formed into the upper triangular matrix that is shown as Eq. (6)
in order to get a better interpretability. The subscripts 1, 2, : : : , j
above correspond to the frequencies 0.2, 0.21, 0.22, : : : ,
0.38 THz in turn for Fig. 8(a) and the scales 15, 16, : : : , 20 in
turn for Fig. 8(b). The intensity of the color bar denotes the pro-
portions of highly linear behaviors (R2 > 90%). It should be
noted that the parts in R2 < 90% are shown with zeros. It can
be seen that the first two lines are noticeable, which demon-
strates that the scales 15, 16 and frequencies 0.2, 0.21 THz cou-
pling with the remaining scales or some frequencies can acquire
muchmore sound linear behaviors, thereby implying the impor-
tance of the scales 15, 16 and frequencies 0.2, 0.21 THz:

2
666666664

W12,W13,W14, : : : ,W1j−3,W1j−2,W1j−1,W1j

W23,W24,W25, : : : ,W2j−2,W2j−1,W2j

W34,W35,W36, : : : ,W3j−1,W3j

: : :

Wj−2j−1,Wj−2j

Wj−1j

3
777777775
: �6�

4. Conclusions

In this work, by reanalyzing the data of previous work, we fur-
ther study the relationship between CMSE and refractive index
or absorption coefficient under the framework of exterior prod-
uct, which presents a novel insight into the relationship between
THz time and frequency domain information. The quantity
bivectors CMSE ∧ CMSE2 and n ∧ α were established by vec-
torizing the corresponding parameters, and their linear behav-
iors in normalized magnitude and bivector coefficients were
given with optimization processing, which provides their corre-
lation on the second graded information (subspaces) and further
validates the results of previous work as well. It is feasible to
introduce the exterior product to characterize the properties
of CMSE, refractive index, and absorption coefficient. Besides
that, the coefficients of bivectors have large potential in

Fig. 6. Profile of the coefficients of (a) A from 0.2 to 0.38 THz and (b) B from
scales 15 to 20.

Fig. 8. Weight distribution on coefficients of bivector (a) A and (b) B in R2 >
90%.

Fig. 7. Linear fitting between coefficients of A and B, respectively, constructed
by basis bivectors at (a) 0.20, 0.34 THz and scales 16, 20, (b) 0.20, 0.33 THz and
scales 16, 20, (c) 0.20, 0.32 THz and scales 16, 20, (d) 0.20, 0.35 THz and scales 16,
20, and (e) 0.20, 0.32 THz and scales 16, 19.
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sifting important variables depending on the performance
of corresponding constructed vectors. The magnitude and
coefficients of bivectors established in this work may also
fertilize the methodology in substance identification of THz
spectroscopy.
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