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When two synchronized laser beams illuminate the inner surface of bulk lithium niobate crystals with magnesium doping
(5%/mol MgO:LiNbO3) under the condition of total reflection, semi-degenerate four-wave mixing (FWM) is generated. On this
basis, a more sophisticated frequency conversion process on the interface of nonlinear crystal has been researched. The
generation mechanism of FWM is associated with the fundamental waves reflected on the inner surface of the nonlinear
crystal. Analysis of the phase-matching mechanism confirms that the FWM is radiated by the third-order nonlinear polarized
waves, which are stimulated by the third-order nonlinear susceptibility coefficient of the nonlinear crystal. Theoretically cal-
culated and experimentally measured corresponding data have been presented in this article. These results are expected to
provide new inspiration for further experimental and theoretical research on frequency conversion in nonlinear crystals.
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1. Introduction

Researchers pay more and more attention to the investigation of
low-dimensional nonlinear processes, such as material physical
interface, artificial polarized crystal domain walls[1], and bond-
ing or coating interface of different nonlinear materials[2]. The
existence of discrete particles in the interface of nonlinear
material[3] has significant impact on the nonlinear frequency
conversion. Many second-order nonlinear frequency conver-
sion effects at the interface of nonlinear crystals have been stud-
ied extensively. What is more, ultra-short pulses of light can also
be observed through the stimulation of sum frequency generated
on the domain walls of periodically polarized crystals[4–6].
Nonlinear Cherenkov cascading difference frequency[7], third
harmonics, and other higher harmonics[8,9] generated in the
superlattice structure have also been the extensive subject of
numerous investigations.
Due to the perfectly phase-matching mechanism, the conver-

sion efficiency of the second harmonic generated on the inner
surface of the crystal is relatively high[10–12]. The efficiency of
nonlinear Cherenkov doubling frequency and sum frequency
conversion generated on the crystal surface have also been

enhanced[11–21]. Although second-order nonlinear processes
on surfaces and interfaces have been extensively studied, third-
order nonlinear processes are rarely studied. The phase-
matched nonlinear Cherenkov difference frequency emitted
on the crystal interface also can generate effective terahertz
waves[22,23]. So, the study of third-order nonlinear effects on
crystal surfaces and interfaces has extensive application value.
Four-wave mixing (FWM) is a nonlinear optical phenomenon
caused by the interaction of four coherent waves through
third-order nonlinear susceptibility coefficients of the nonlinear
crystal. Conventionally, the third-order nonlinear susceptibility
is relatively small, so efficient FWMprocesses require long inter-
action length. Since efficient optical frequency conversion
requires coherent accumulation of the nonlinear harmonics
wave of a single atom, appropriate phase matching between
the fundamental and harmonic waves must be satisfied. In
the FWM process, phase-matching mechanisms are determined
according to the propagation direction of fundamental waves
and experimental conditions.
In this article, we experimentally demonstrate an innovative

FWM process generated on the boundary of bulk lithium nio-
bate crystals with magnesium doping for the first time, to the
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best of our knowledge. The reflected light of the fundamental
wave on the boundary also participates in the generation of this
FWM. The random scattering light of the fundamental wave also
participates in the generation of the ring FWM in this experi-
ment. The FWM is widely used in the areas of medical science,
including optical processing[24], nonlinear imaging, real-time
holography, phase conjugate optics, and entangled photon pair
production[25–30]. The optical characteristics of the more com-
plicated laser frequency conversion process in surface nonlinear
crystal[31–33] need to be deeply studied.

2. Experiment

Figure 1(a) illustrates the experimental arrangement. The exper-
imental layout is shown in Fig. 1(a). In our experiment, the
pump beam is produced by a Ti:sapphire femtosecond laser
source with the pulse duration of 75 fs and central wavelength
of 800 nm. The probe beam with the wavelength of 1300 nm is
also provided by the optical parametric amplifier. We use a
pump wave centered at 800 nm and a signal wave centered at
1300 nm (both extraordinarily polarized) to illuminate the sur-
face of the crystal as a fundamental frequency wave. The crystal
is a z-cut 5%/mol MgO:LiNbO3 of the size 3mm × 10mm ×
2mm (X × Y × Z). All of surfaces are polished. When two
synchronized laser beams horizontally or obliquely illuminate
the boundary of the crystal at the angle of α with respect to
the x axis, a series of colorful laser beams appear on the back
plate, as shown in Figs. 1(b) and 1(c), respectively.
The centric two SHG spots, which are marked spot 0 [as

shown in Fig. 1(c)], are overlapped in space. They are the
non-collinear phase-mismatched SHG, which are generated
by the sum frequency polarization waves. They are stimulated
by the incident and reflected waves of two fundamental waves
at 1300 nm and 800 nm, respectively. Spot 1 in Fig. 1(c) repre-
sents two collinear phase-mismatched SHG beams, which are
overlapped in space. They are generated by the reflected wave

of the two fundamental waves with wavelengths of 800 nm
and 1300 nm, respectively. The red spot marked 3 in Fig. 1(c)
is the nonlinear Cherenkov radiation of the fundamental wave
of 1300 nm. The spots marked 4 and 5 in Fig. 1(c) are the trans-
mitted light of points 1 and 2, respectively. Spots 4 and 5 are
symmetrical with points 1 and 2 about point 0, respectively.
The specific phase-matching mechanisms about spots 0, 1,
and 3 are explained in our previous article on interface second
harmonic phenomenon[11,12]. Our present research focuses on
the generation mechanism of the yellow spot marked 2 in
Fig. 1(c). We observe that the intensity of the FWM achieves
the highest at a special incident angle.
The position of the yellow spot marked 2 in Fig. 1(c) is

between spot 3 and spot 1. When the nonlinear crystal is rotated
to increase the angle between the incident light and the boun-
dary of the crystal, the angle of the emitted yellow spot 2
increases. Since the spectrum of the incident femtosecond laser
is broadband, the center wavelength of spot 2 changes from
617.9 nm to 545.8 nm with different incident angles from 10°
to 16°, respectively. Spot 2 is extraordinarily polarized through
experimental verification.

3. Theoretical Discussion

There are three possibilities for the formation of the yellow
spot marked 2 in Fig. 1(c). The potential phase-matching
geometries are demonstrated in Fig. 2(a), respectively. Their
phase-matching wave vector equations are demonstrated in
Eqs. (1)–(3), respectively. Equation (1) demonstrates that the
800 nm fundamental wave generates 400 nm second harmonics,
then the generated 400 nm harmonics wave cascades with the
1300 nm fundamental wave to generate difference frequency
578 nm light. Equation (2) demonstrates that two fundamental
waves at 1300 nm and 800 nm generate difference frequency of
2080 nm, and then the difference frequency of 2080 nm cascades
with the fundamental wave at 800 nm to generate the sum
frequency wave at 578 nm. Both methods are cascaded second-
order nonlinear optical parametric processes. The third

Fig. 1. (a) Experimental setup. (b) and (c) The FWM changing process of
the experimental phenomenon when rotating the nonlinear crystal on the
experiment stage.

Fig. 2. (a) Three-dimensional phase-matching geometry of the FWM, differ-
ence frequency, and sum frequency assisted by the scattered light. (b) The
perfect phase-matching geometry of FWM in the horizontal plane.
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possibility is through FWM. Under this condition, the funda-
mental wave at 800 nm and 1300 nm generates the 578 nmwave
directly, as shown in Eq. (3):

ℏω800 nm � ℏω800 nm = ℏω400 nm,

ℏω400 nm − ℏω1300 nm = ℏω578 nm, (1)

ℏω800 nm − ℏω1300 nm = ℏω2080 nm,

ℏω2080 nm � ℏω800 nm = ℏω578 nm, (2)

ℏω800 nm � ℏω800 nm − ℏω1300 nm = ℏω578 nm: �3�

In order to clarify the generation mechanism of the 578 nm
wave, making a concrete analysis is needed. By calculating the
e-polarized refraction index of the interactive light with wave-
lengths of 1300 nm, 578 nm, and 400 nm, we find that their
wave vectors do not satisfy the condition of the cascaded second-
order nonlinear optical parametric processes, because the wave
vector of the 400 nm wave is larger than the sum of the 578 nm
and 1300 nm waves. That means the inequality jℏ~k400 nmj >
jℏ~k1300 nmj � jℏ~k578 nmj is always satisfied. So, the triangle
phase-matching condition cannot be satisfied. Thus, the pos-
sibility of cascaded difference frequency is excluded. For the
third-order nonlinear optical parametric process, the inequality

jℏ~k800 nmj � jℏ~k800 nmj � jℏ~k1300 nmj > jℏ~k578 nmj is always satis-
fied. So, the third-order nonlinear optical parametric process is
the reason for generation of the yellow spot at 578 nm.
Because the fundamental waves have different frequency

components, when the fundamental frequency light with a spe-
cial wavelength illuminates the crystal interface at the
corresponding incident angle, the maximum conversion effi-
ciency of FWM appears. For the incident angle corresponding
to certain fundamental frequency waves, the wave vector rela-
tionship of the phase-mismatched configuration can be
expressed as

Δk =~k1 �~k1 −~k2 −~kFWM

=
���������������������������������������������������������������������������
4k21�α� � k22�α� − 4k1�α�k2�α� cos 2α

q
− kFWM�θ�, (4)

where ~k1, ~k2, and ~kFWM represent wave vectors of 800 nm,
1300 nm, and 578 nm, respectively, and the emission angle θ

of FWM satisfies the equation tan θ = tan α 2k1�α��k2�α�
2k1�α�−k2�α� .

Nonlinear polarized waves stimulated by three fundamental
waves can be expressed as

P�3�
NL�ωFWM� = ε0χ

�3�
s �−ωFWM

..

.
ω1,ω1, − ω2� ..

.
~E1
~E1
~E�

2 : (5)

The frequency spectra of incident fundamental light at
800 nm and 1300 nm are standard Gaussian distributions,
and their spectral bandwidths (FWHM) are 40 nm and 65 nm,
respectively. The electric field vector of the fundamental wave is
the x–z plane, and χ�3�s is the third-order nonlinear coefficient of

the crystal. The theoretically calculated results of the third-order
nonlinear coefficient of bulk lithium niobate crystals with mag-
nesium doping crystals are 4.96 × 10−13 esu in this experiment.
The waist diameter of the incident fundamental light is about
40 μm, and the internal incidence angle of the fundamental fre-
quency wave is about 5.5°. Figure 2(b) shows the perfect phase-
matching geometry of FWM [point 2 in Fig. 1(c)] in the hori-
zontal plane. The fundamental wave that participates in the
phase-matching of FWM is the reflected light at 1300 nm rather
than scattered light of 1300 nm. Since the intensity of reflected
light is much stronger than that of scattered light, the intensity of
FWM is greatly enhanced at an incident angle of the fundamen-
tal wave. The complete phase-matching relationship of this wave
vector is demonstrated as

k21300�α� � 4k2800�α� − 4k800�α�k1300�α� cos 2α = k2578�θ�,
k1300�α�
sin�θ − α� =

k578�θ�
sin 2α

: (6)

Equation (6) indicates that only when the incident angle
reaches a specific angle α, perfect phase matching of FWM is
generated. That means when synchronously collinear funda-
mental waves illuminate on the crystal interface with angle α,
the corresponding radiated angle θ of FWM is also determined.
At this time, the conversion efficiency of FWM reaches the
maximum:

(
2 n1�α�

λ1
sin α� n2�α�

λ2
sin α = nFWM�θ�

λFWM
sin θ

2 n1�α�
λ1

cos α − n2�α�
λ2

cos α = nFWM�θ�
λFWM

cos θ
, �7�

or the relationship of the wave vector with the angle demon-
strated in Eq. (6) can be expressed in the formation of wave-
length in Eq. (7), where the internal angle of the fundamental
wave with the boundary of the nonlinear crystal is α, and the
internal emitted angle of FWM is θ. λ1 and λ2 are the wave-
lengths of the two fundamental frequencies in the vacuum.
n1, n2, and nFWM are the refractive indices of extraordinary light
corresponding to the two fundamental waves and FWM in their
propagation direction, as demonstrated in Eq. (7). It can be seen
that their numerical value varies with corresponding angles,
respectively.
By solving these two equations, the relationship between

emission angles of FWM and the incidence angles of fundamen-
tal frequency waves on the surface of the crystal can be calcu-
lated. Equation (6) indicates that when the fundamental
frequency waves with specific wavelengths are incident to the
surface of the nonlinear crystal, perfect phase-matching FWM
is radiated only when incident angles reach corresponding data.
The conversion efficiency of FWM reaches the maximum at the
same time. Because the relationship between emergence angles
of FWM and incidental angles of the fundamental wave in
Eq. (6) is complicated, it is impossible to get a continuously
smooth curve. But, a series of separated spots can be
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theoretically calculated, as shown in Fig. 3(c). In this experiment,
the phase-matching angle of FWM has a wide line-width range.
Furthermore, the relationship among radiated angles of

FWM, light intensity of fundamental frequency waves, and
incident angles of fundamental frequency waves is shown in
Fig. 3(a). It is known that FWM has a spatial distribution of
about 0.3°. The relationship among the central wavelength
and light intensity of FWM, and incident angles of fundamental
frequency waves is shown in Fig. 3(b). The theoretically calcu-
lated and experimentally measured data of radiation angles and
central wavelength of FWM corresponding to different incident
angles of specific fundamental frequency waves are shown in
Tables 1 and 2, respectively. It should be noted that the exper-
imentally measured spectral width is about 3 nm, and the spec-
tral width of FWM is between 9 nm and 11 nm through
calculation in Fig. 3(b). This is because the calculated spectral
width includes the spectral width of FWM that is radiated at
all angles. Experimentally measured data only include the spec-
tral width at the position where FWM intensity is maximum.

Due to the small divergence angle of the spectrometer, the exper-
imentally measured spectral width is smaller than the calcu-
lated width.
Because the fundamental frequency waves are extraordinarily

polarized light in the nonlinear conversion process, the nonlin-
ear bulk crystal is 5%/mol MgO:LiNbO3. The third-order non-
linear coefficient is 4.96 × 10−13 esu in this experiment. Light
intensities of fundamental frequency waves and FWMare exper-
imentally measured, as demonstrated in Figs. 3(a) and 3(b).
When the incidence angle of the fundamental frequency wave
is 13.4°, the emergency angle of FWM is 25.18°, and the light
intensities of fundamental frequency waves and FWM are
7960I0 and 2610I0, respectively. I0 is the relative standard unit
of intensity. The experimentally measured conversion efficiency
of FWM is 32%. The interactive length is about 0.13 mm.
Furthermore, theoretically calculated and experimentally mea-
sured emergence angles of FWM corresponding to different
incidence angles of fundamental waves are displayed in Fig. 3(c).
Theoretically calculated and experimentally measured central
wavelengths of FWM at different incidence angles of fundamen-
tal waves are shown in Fig. 3(d).
The experimentally measured and theoretically calculated

data agree with each other very well in Figs. 3(a)–3(d). In this
experiment, the spectrum of phase-matching FWM has a large
bandwidth. The central wavelength of FWM changes from
620 nm to 545 nm with corresponding incident angles of fun-
damental waves, as shown in Figs. 4(a) and 4(b).
The reason for the large bandwidth of FWM is that the

incident light is a femtosecond laser, so the fundamental fre-
quency spectrum has a broad bandwidth to stimulate the
FWM with a large bandwidth. When different incidence angles
of fundamental waves satisfy corresponding data of phase
matching for different frequency components in fundamental

Fig. 4. (a) Photographs of FWM signals with different incidence angles of
fundamental waves. (b) Spectra of FWM signals with different incidence
angles.

Fig. 3. (a) Light intensity of fundamental frequency wave varying with the
radiated angle of FWM and the incident angle of fundamental frequency wave.
(b) Light intensity of FWM varying with the central wavelength of FWM and the
incident angle of fundamental frequency wave. (c) Theoretically calculated
and experimentally measured emergence angles of FWM at different inci-
dence angles of fundamental waves. (d) Theoretically calculated and exper-
imentally measured central wavelengths of FWM at different incidence angles
of fundamental waves.

Table 1. Theoretically Calculated and Experimentally Measured Data of Emergence Angle of FWM Corresponding to Different Incidence Angles of Specific
Fundamental Frequency Waves.

Incidence angle of fundamental wave (°) 8 9 10 11 12 13 14 15 16

Experimentally measured emergence angle (°) 16.67 17.13 18.09 19.97 21.78 23.11 25.68 27.76 28.55

Theoretically calculated emergence angle (°) 16.97 18.66 20.31 21.94 23.52 25.09 26.64 28.22 29.79
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waves, specific radiated angles of FWM appear, as shown in
Figs. 4(a) and 4(b). This is the reason why the central wavelength
of the FWM changes with different incidence angles of funda-
mental waves. The FWM has certain spatial distributions, so
a small phase mismatch is allowed.

4. Conclusion

In summary, a newmethod to generate FWM stimulated by two
synchronized laser beams on the interface with 0–1 abrupt
change of a nonlinear optical susceptibility coefficient is demon-
strated, in addition to the waveguide and the domain wall struc-
ture. Experimentally measured data and theoretically calculated
data fit well with each other. Then, phase-matching geometry
of the FWM is analyzed. This novel experiment method may
have a broad range of applications, such as dark-field micros-
copy, frequency selective excitation of surface modes, surface
plasmon polaritons, guided waveguide modes, and surface pho-
non polaritons.
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