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Broadband super-resolution imaging is important in the optical field. To achieve super-resolution imaging, various lenses
from a superlens to a solid immersion lens have been designed and fabricated in recent years. However, the imaging is
unsatisfactory due to low work efficiency and narrow band. In this work, we propose a solid immersion square Maxwell’s
fish-eye lens, which realizes broadband (7–16 GHz) achromatic super-resolution imaging with full width at half-maximum
around 0.2λ based on transformation optics at microwave frequencies. In addition, a super-resolution information trans-
mission channel is also designed to realize long-distance multi-source super-resolution information transmission based on
the super-resolution lens. With the development of 3D printing technology, the solid immersion Maxwell’s fish-eye lens is
expected to be fabricated in the high-frequency band.
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1. Introduction

Microscopy is a significant tool for research on life science and
natural science. The resolution of the conventional lens system is
constrained above one half-wavelength, due to the diffraction
limit that evanescent waves carrying small amounts of informa-
tion of an object decay in the far field. Many efforts have been
made to overcome the diffraction limit; one important step is the
proposed perfect lens in 2000[1]. The perfect lens can achieve
perfect imaging by negative refractive materials to restore ampli-
tude of all evanescent waves and phase of all propagating waves
at the imaging plane. Following this idea, a series
of superlenses[2–4] were designed from the microwave to optical
band[5,6]. Later, the hyperlens as a far-field magnified super-
resolution lens was proposed by hyperbolic dispersionmaterials,
which can transform evanescent waves into far-field propagat-
ing waves. Utilizing alternative metal and dielectric materials, a
one-dimensional hyperlens[7] and a two-dimensional hyper-
lens[8] have been designed and fabricated. However, for the
superlens and hyperlens, it is difficult to push forward to appli-
cations, and relative experimental works were rarely reported in
recent years due to the challenge of fabrication and the large loss
from plasmonic resonance mechanisms and impedance mis-
matching between the object and lens.

On the other hand, utilizing total internal reflection (TIR)
happening at the interface to excite evanescent waves, solid
immersion lenses (SILs)[9,10] were suggested to overcome the
diffraction limit for super-resolution imaging. They have been
studied widely through the application of high refractive-index
(RI) solid material and specific geometric optical design[11–13].
With the development of materials sciences, different types of
SILs were designed and fabricated from conventional structures
to novel metamaterials structures[14–16]. However, a major
drawback of SILs is their narrow band imaging capability due
to aberration.
Recently, absolute instruments with a gradient RI (GRIN)

profile[17–24] have been developed rapidly for their excellent
capability to control the propagation of electromagnetic
waves[25–30] and especially geometrical perfect imaging.
Among these absolute instruments, Maxwell’s fish-eye lens
(MFEL)[31] has attracted a great amount of attention due to
its properties of geometrical perfect imaging optics and large
numerical aperture (NA). Many applications, based on the
MFELs, were designed and fabricated from the microwave fre-
quency to optical frequency[32]. Significantly, combining the
solid immersionmechanismwith geometrical perfect imaging of
MFEL, a solid immersion MFEL as a near-field super-resolution
lens[33,34] has been designed and fabricated for super-resolution
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imaging at microwave frequencies. However, due to imaging
along the lens’s curved surface, there is imaging distortion,
which limits the structure shape of the imaging object for further
applications.
In this work, we utilize power tool transformation optics

(TO)[35–38] to design a solid immersion squareMFEL, which real-
izes super-resolution imaging and overcomes the disadvantage of
the solid immersion circularMFEL. This paves the way for further
applications of solid immersion MFEL. Utilizing Schwartz–
Christoffel (SC) mapping[39], the solid immersion circular MFEL
is transformed into a solid immersion square MFEL to achieve a
wide-band (7–16 GHz) high-resolution imaging effect with
FWHM around 0.2λ as well as NA of one. With the commercial
software COMSOL Multiphysics, we numerically calculate the
functionalities of the lens and prove the excellent imaging ability
of high resolution and wide band for the proposed solid immer-
sion square MFEL.

2. Square MFEL for High Resolution

Let us recall an MFEL with a GRIN distribution that can realize
perfect imaging. Assuming an MFEL located in virtual space
(w space), its RI distribution can be expressed as follows[40]:

nw =
2n0

1�
�
rw
R

�
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where rw is the distance from the center of the lens. R is the
radius of the lens, 2n0 denotes the RI at the center of MFEL,
and n0 represents the ambient RI. Figure 1(c) shows the RI dis-
tribution of MFEL, where the lens radius is one (the unit is arbi-
trary), and n0 is set to one. TheMFEL can realize aberration-free
imaging from point to point in the lens[22], as shown in Fig. 1(c).
It also can achieve super-resolution imaging in wave optics via
introducing a solid immersion mechanism[34]. Although super-
resolution imaging can be achieved through solid immersion
MFEL, its application scope is limited due to the curved boun-
dary of the lens, leading to distortion of the imaging. To over-
come imaging distortion due to the curved boundary of MFEL
and extend the application prospects, the curved edge of the
MFEL is considered to be changed into a straight edge according

to the theory of conformal mapping. In this way, the image and
object points are on the plane, which can better maintain and
transmit the original shape. Such design of a solid immersion
square MFEL is obtained based on the solid immersion circular
MFEL by utilizing SC mapping[39] as follows:
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where sn�φjm� represents the Jacobian elliptic function with the
modulus of the ellipse m, and Γ is the gamma function.
According to Eq. (2), we choose a transformation from the

upper half-plane (coordinates q) to the square in physical space
(coordinates z). Another conformal mapping, which is from
the unit disk (coordinates w) to the upper half-plane (coordi-
nates q), can be implemented based on Eq. (3). Consequently,
an SC transformation from the unit disk to the square can be
accomplished by taking the two equations together, which is
the conformal mapping from a circular MFEL onto the square
MFEL. The transformation relationship can be easily seen in
Figs. 1(a) and 1(b), where the orthogonal mesh in the constant
radial and azimuthal coordinates (r − θ directions) within a unit
disk in Fig. 1(a) is transformed into the orthogonal mesh inside
the square in Fig. 1(b) by the SCmapping. Thus, the transformed
RI distribution in physical space can be obtained as follows:

nz = nw

����
dw
dz

����: (4)

Here, the RI distribution of the square MEFL is calculated by
Eq. (4) based on a circular MFEL with n0 = 1 and n0 = 2.4, as
shown in Figs. 1(d) and 1(e). It can be seen that the square
MFEL achieves aberration-free imaging. According to the
theory of TO, it can be inferred that the solid immersion square
MFEL can also achieve super-resolution imaging, which is sim-
ilar to the solid immersion circular MFEL.
To analyze the influence of the TIR mechanism for super-

resolution effects in the solid immersion square MFEL, the

Fig. 1. (a) Coordination mapping in virtual space (w coordinate). (b) Coordination mapping in physical space (z coordinate). (c) The RI distribution of MFEL in virtual
space (w coordinate) and ray trajectories from a point light source. (d), (e) The RI distribution of the square MFEL according to SC mapping in physical space
(z coordinate) based on MFEL with n0 = 1 and n0 = 2.4, respectively, and the corresponding ray trajectories from a point light source.
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value n0 is artificially changed from 1 to 3.1 at an interval of 0.7
to explore the relationship between the value of n0 and the im-
aging effect of the squareMFEL, as shown in Figs. 2(a)–2(d). The
focusing effect of the square MFEL with n0 of 1, 1.7, 2.4, and 3.1
at the frequency of 15 GHz is simulated by method of full-wave
numerical simulation, respectively. A point source [or a line cur-
rent source for transverse electric (TE) polarization of light] is
placed at x = −100 mm and y = 0 mm (the center of the square
MFEL is at the origin) as an extinction source. In the figure, there
is a sub-wavelength light spot at the corresponding point of
the square MFEL. The white dotted line represents the observa-
tion position of the imaging point (x = 101 mm, y = −100 to
100 mm), which is not at the boundary of the square MFEL
but in the air near the boundary of the lens, and the NA of
the square MFEL satisfies NA = n sin θ = nair sin 90° = 1. The
red curve is the normalized electric field intensity of the imaging
point, and the corresponding FWHM is calculated. It can be
observed from Figs. 2(a)–2(d) that with the increase of the value
of parameter n0, the TIR phenomenon at the interface between
the square MFEL and the air is gradually enhanced. Therefore,
the evanescent wave is excited by the TIR mechanism at the
interface of the lens/air, and the values of the corresponding
FWHM at the imaging point gradually decrease from 0.34λ
to 0.16λ, which is much less than the diffraction limit 0.51λ.
This manifests that the solid immersion square MFEL also has
excellent super-resolution imaging capabilities and can achieve
the same effect as the solid immersion circular MFEL. The rel-
ative electric field patterns are shown in Figs. 2(e)–2(h), which
also well explain the good imaging performance of the square
MFEL due to the almost completely axisymmetric field distribu-
tion. Consequently, through the above analysis, it is noted that

with the increase of n0, the super-resolution imaging effect of the
square MFEL is gradually improved by the TIR mechanism.
Next, we will discuss the frequency response of the super-res-

olution effect in the square MFEL. A square MFEL with n0 = 2.4
is selected for analyzing the broadband imaging performance of
the solid immersion square MFEL at different frequencies from
7 GHz to 16 GHz. A point source is placed at x = −100 mm and
y = 0 mm to excite the cylindrical TE wave. The imaging effects
of the solid immersion square MEFLs at different frequencies
are observed at x = 101 mm and y = −100 to 100 mm (located
at the air background), so the NA of the square MFEL is one.
Figures 3(a)–3(d) illustrate the electric field intensity jE2j and
the corresponding FWHM of the solid immersion square
MFELs at frequencies of 7 GHz, 10 GHz, 13 GHz, and 16 GHz,
respectively. It can be seen that the corresponding FWHMs at
frequencies of 7 GHz, 10 GHz, 13 GHz, and 16 GHz are all less
than 0.25λ, which is far below the diffraction limit. From the fig-
ures, it is noted that part of super-resolution imaging is located
at the air background, and a slight resonance emerges in the lens
compressing the resolution. At the same time, Figs. 3(e)–3(h)
show the corresponding electric field distribution patterns.
From the above analysis, it is found that the solid immersion
square MFEL can achieve super-resolution imaging at most
frequencies. However, the super-resolution imaging is invalid
at other specific frequencies due to the destruction from stable
whispering gallery mode (WGM)[34], which is a resonancemode
due to continuous TIR of the impedance mismatching at the
interface of lens/air.
To circumvent the disadvantage of WGMs, which are easily

generated due to the four corners, we optimize the design and
improve the resolution of solid immersion MFEL, and propose

Fig. 2. Imaging performance of the square MFEL with different n0. (a)–(d) The related electric field intensity distribution and the corresponding FWHM of the
square MFEL at 15 GHz with n0 of 1, 1.7, 2.4, and 3.1, respectively. (e)–(h) The relative electric field Ez distributions, respectively.
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a new quasi-square MFEL transformed from the circular MFEL
by the method of SC mapping, as shown in Fig. 4(d). The quasi-
square MFEL avoids the disadvantage caused by the right angle

of a square MFEL, mainly through bending the four angles from
straight to curved. Next, we will numerically calculate the imag-
ing performance of the quasi-square MFEL and square MFEL

Fig. 3. Broadband imaging effect of solid immersion square MFEL at different frequencies. (a)–(d) The electric field intensity and the corresponding FWHM of the
solid immersion square MFEL at frequencies of 7 GHz, 10 GHz, 13 GHz, and 16 GHz, respectively. (e)–(h) The corresponding real part of electric field distribution,
respectively.

Fig. 4. (a)–(f) Electric field intensity distribution and the corresponding FWHM of the solid immersion square MFEL (the first row) and solid immersion
quasi-square MFEL (the second row) at frequencies of 8 GHz, 10 GHz, and 12 GHz, respectively.
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with n0 = 2.4, where a point source is placed at x = −100 mm
and y = 0 mm as an exciting source. Figures 4(d)–4(f) show
the electric field intensity and the corresponding FWHM of the
solid immersion quasi-square MFEL at frequencies of 8 GHz,
10 GHz, and 12 GHz, respectively. To better illustrate the
optimized imaging effect, the electric field intensity and the cor-
responding FWHM of the solid immersion square MFEL at
frequencies of 8 GHz, 10 GHz, and 12 GHz are also shown
in Figs. 4(a)–4(c). By comparing their electric field intensity
distribution, it can be found that the solid immersion quasi-
square MFEL significantly avoids distribution of the WGM res-
onance, and only symmetrical focusing imaging is formed.
Consequently, the solid immersion quasi-square MFEL sur-
mounts the disadvantage and achieves better resolution than the
solid immersion square MFEL. It is proved that the quasi-square
MFELs are further optimized in the super-resolution effect.
However, the broadband effect of the quasi-square MFELs is
not as good as that of the square MFEL, and it is more difficult
to achieve when considering the experiments. Therefore, the
square MFEL is mainly discussed here.
Furthermore, to better illustrate the super-resolution effect of

solid immersion MFELs, the imaging performances of a solid
immersion square MFEL with n0 = 2.4 and a conventional
square MFEL with n0 = 1 are compared with two exciting point
sources placed with a distance of spacing λ=3 at the frequencies
of 8 GHz, 9 GHz, 11 GHz, and 12 GHz, respectively, as shown in
Fig. 5. The relative distribution curve of electric field intensity in
air is calculated, and the imaging quality of square MFELs for
two different n0 is analyzed. Figures 5(e)–5(h) reveal that the
conventional square MFELs with n0 = 1 fail to resolve the
two points with spacing less than half wavelength, and only

one focal point is presented from the electric field intensity curve
(red curve) at the frequencies of 8 GHz, 9 GHz, 11 GHz, and
12 GHz, respectively. In other words, two image points cannot
be distinguished, indicating that the resolution of conventional
square MFELs with n0 = 1 is not enough. Oppositely, the square
MFELs with n0 = 2.4 can resolve two image points at frequencies
of 8 GHz, 9 GHz, 11 GHz, and 12 GHz, respectively, as shown in
Figs. 5(a)–5(d). The relative electric field intensity curve at the
imaging plane also reveals that the solid immersion square
MFEL with n0 = 2.4 has a super-resolution imaging ability in
the near field to resolve two identical point sources with a
λ=3 spacing. Although the WGM effect is stronger and the elec-
tric field intensity curve at the imaging position shows obvious
resonance fluctuation, it slightly affects the resolution imaging
effect of the solid immersion square MFEL at the frequency of
11 GHz, as shown in Fig. 5(c). Similarly, Figs. 5(a), 5(b), and
5(d) show the electric field distribution at the corresponding
frequencies of 9 GHz, 11 GHz, and 12 GHz, respectively.
From the figures, it shows that solid immersion square MFELs
with n0 = 2.4 have a very good ability of super-resolution
imaging by capturing large wave-number evanescent wave
components at the imaging plane to improve the resolution.
Consequently, the solid immersion square MFELs with n0 =
2.4 overcome the diffraction limit to achieve super-resolution.
Finally, we discuss further application of the solid immersion

square MFEL. The solid immersion square MFEL is cascaded to
form a super-resolution information transmission channel for
potential optical communication, as shown in Fig. 6. Three iden-
tical solid immersion square MFELs with n0 = 2.4 are arranged
into a row to build up a transmission channel with an air gap
of 0.6 mm between solid immersion square MFELs. A pair of

Fig. 5. (a)–(d) Imaging performance of solid immersion square MFELs with n0 = 2.4 at the frequencies of 8 GHz, 9 GHz, 11 GHz, and 12 GHz, respectively.
(e)–(g) Imaging performance of conventional square MFELs with n0 = 1 at the frequencies of 8 GHz, 9 GHz, 11 GHz, and 12 GHz, respectively.
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point sources is placed at x = −100 mm with a spacing of λ=3 to
excite TE waves at the frequency of 12 GHz. The red curve
describes the electric field intensity at different imaging planes
with y = −100 to 100 mm. The size of the air gap in the trans-
mission channel composed of solid immersion square MFELs is
determined by referring to the numerically calculated results, as
shown in Fig. S1 of Supplementary Material. When only one
point source is placed in front of the super-resolution informa-
tion transmission channel, through the observation of the imag-
ing performance of three solid immersion square MFELs, it can
be easily found that the information transmission effect and
super-resolution performance of the designed super-resolution
information transmission channel are relatively good when the
air gap spacing is 0.6 mm, as shown in Fig. S1 of Supplementary
Material. Generally, when the image point is far away from the
source point, the resolution effect will become worse. However,
according to the electric field intensity distribution in Fig. 6, it
can be seen that even if the distance between the imaging point
and source point is increased, the solid immersion square
MFELs can still overcome the diffraction limit within a certain
range and maintain a good ability of super-resolution imaging.
The evanescent wave component with large wave number can be
collected at the imaging plane to improve the resolution. Based
on the solid immersion square MFEL’s super-resolution effect,
we design the channel for super-resolution imaging information
transmission with larger capacity, which has a good prospect of
optical communication applications.
Although some techniques such as spatial drilling[41–43] and

gray-scale electron-beam lithography (EBL) techniques[44] can
be used to fabricate GRIN lenses, it is currently difficult to find
materials with RI of 4.5 in the visible or infrared (IR) region to
achieve the designed solid immersion square MFEL. With the
development of the 3D gradient glass technology[45,46], there
is still a great possibility to achieve it.

3. Conclusion

In summary, the solid immersion circular MFEL is transformed
into a solid immersion square MFEL using SC mapping. The
solid immersion square MFEL maintains the super-resolution

imaging characteristics of the original circular MFEL and, at
the same time, can overcome the disadvantage of a curved sur-
face, which may pave the way for further applications such as
real-time imaging, in vivo imaging, and photolithography.
Through simulated calculations, the designed square MFEL
can achieve super-resolution imaging at most frequencies.
Moreover, the cascading solid immersion square MFELs can
effectively transmit super-resolution information and have a
good prospect of optical communication applications. With the
development of 3D printing technology[45,46], the solid immer-
sion MFEL is expected to be fabricated in the high-frequency
band, such as terahertz (THz), IR, or even visible frequencies.
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