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Ince–Gaussian (IG) beams, as eigenfunctions of the paraxial wave equation in elliptical coordinates, are attracting increas-
ing interest owing to their propagation-invariant and full-field properties. Optical amplification via parametric interactions
can further expand their application areas, yet it is rarely studied. In this work, we report on a high-fidelity parametric
amplifier for IG beams. The nonlinear transformation of the spatial spectra of the signal and associated influences on
the beam profiles of the amplified signal, under different pump structures, were theoretically and experimentally inves-
tigated. By using a perfect flattop beam as the pump, we show that the transverse structure of IG signals is well maintained,
and the distortion induced by radial-mode degeneration is overcome during amplification. This proof-of-principle demon-
stration paves the way for a mode-independent and distortion-free amplifier of arbitrary structured light and has great
significance in relevant areas, such as quantum optics, tunable infrared-laser generation, and image amplification.
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1. Introduction

Soon after Franken et al. observed second-harmonic genera-
tion[1], Kingston et al. proposed an optical parametric oscillator
in 1962[2,3], and then Wang and Racetle first, to the best of our
knowledge, observed parametric gain of the laser in NH4H2PO4

(ADP) crystals in 1965[4]. Subsequent research and further
development of optical parametric amplification (OPA) have
received significant attention due to its ability to amplify weak
signals with high and ultra-broadband gain, meanwhile, gener-
ating the difference frequency light (i.e., idler beam). This tech-
nique has been applied in various areas such as strong-field
physics, tunable infrared-laser generation, and noiseless image
amplification[5–9]. The emergence of structured light repre-
sented by beams carrying orbital angular momentum (OAM)
renewed broad research interest[10–14]. Beyond the OAM,
structured light, in principle, can be extended to all degrees
of freedom and dimensions, which has revived many areas
ranging from classical to quantum light and fundamental phys-
ics to advanced photonic techniques[15–19]. Structured light
can typically be generated by low-peak-power devices such
as liquid-crystal spatial light modulators (SLMs)[20], digital
micromirror devices[21–23], q-plates[24], and other spin-orbit
approaches[25–27]. The need for structured light demonstrations
at higher powers for industrial applications has remained an
open challenge[10]. OPA is an alternative method to obtain

high-power structured light. The OPA of OAM-carrying beams
and the transformation of OAM were studied both theoretically
and experimentally[28–30]. Polarization-insensitive OPA of radi-
ally polarized femtosecond pulses was also successfully achieved
with high gain[31].
More recently, the nonlinear interaction of the full-field

modes with the azimuthal and radial structure has attractedmuch
interest. The nonlinear transformation of full-field Laguerre–
Gaussian (LG) modes was realized in the OPA and parametric
up-conversion[30,32]. Ince–Gaussian (IG) beams have a natural
full-field transverse structure with well-defined Gouy phases
and can be regarded as superpositions of LG modes. Moreover,
IG beams exhibit propagation-invariant or diffraction-free prop-
erties, and helical IGmodes carryOAM,whichmakes them appli-
cable in optical communication, quantum key distribution, and
particle manipulation. In some applications, the amplification
of IG beams is required for long-distance propagation and non-
linear interaction. However, there have been few reports on this
topic; in the current stage, it is still a challenge for high-fidelity
amplification of IG beams and nonlinear transformation during
amplification.
In this work, we report the high-fidelity parametric amplifi-

cation of IG beams for the first time, to the best of our
knowledge. Through theoretical simulations and experimental
verification, we show that IG beams can be amplified without
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changing their transverse structure by using a perfect flattop
beam as the pump. In contrast, the transverse structure of the
beam was changed when a common Gaussian beam was used
as the pump. Furthermore, we measured output signal energy
and gain factor for different IG modes under the flattop pump
condition and confirmed mode-independent OPA in principle.

2. Theoretical Analysis

IG beams are exact solutions of the paraxial wave equation in the
elliptical cylindrical coordinates. Such beams can be classified
according to their parity into even and odd modes, which can
be expressed as[33]

IGe
n,m�r,z; ε� =

Cw0

w�z�C
m
n �iξ,ε�Cm

n �η,ε�e−
r2

w2�z�e−iΦ�r,z�,

IGo
n,m�r,z; ε� =

Sw0

w�z� S
m
n �iξ,ε�Smn �η,ε�e−

r2

w2�z�e−iΦ�r,z�, (1)

where the superscripts e and o refer to the even modes and odd
modes, respectively; Cm

n �·� [Smn �·�] denotes even (odd) Ince poly-
nomials of order n and degreem, andC �S� is the associated nor-
malization constant. The indices �n,m� satisfy the conditions
0 ≤ m ≤ n for even functions and 1 ≤ m ≤ n for odd functions;
w�z� is the beam radius as a function of the propagation distance
z, and w�z = 0� = w0 denotes the Gaussian beam waist; Φ�r,z�
can be given by kz � kr2=2R�z� − �n� 1� arctan�z=zR�, with
R�z� the curvature radius of the wavefront, zR the Rayleigh
length, and �n� 1� arctan�z=zR� the Gouy phase accumulated
during the diffraction propagation. Furthermore, the ellipticity
parameter ε is a characteristic factor in the ellipse coordinate
system. The transitions from IG modes to LG and Hermite–
Gaussian (HG) modes occur as the elliptic coordinates tend to
the circular cylindrical and Cartesian coordinates, i.e., ε → 0 and
ε → ∞, respectively.
IG beams can also be represented as a conjugate superposition

of �n� 1� LG modes. For ε > 0, IGe�o�
n,m can be given by[33]

IGe�o�
n,m =

X
p

apLG
±l
p , p ∈ f0, 1; : : : ; �n − 1�=2g, (2)

where the complex coefficient ap denotes modal weights,
i.e., spatial spectra or wave functions in the momentum space.
l �p� is the azimuthal (radial) index of the LG modes, and every
LG mode has the same order n = 2p� jlj. This implies that the
IG modes have the full-field and propagation-invariant trans-
verse profiles.
The basic requirement for an ideal spatial-mode laser ampli-

fier should ensure that the transverse structure of the signal is
maintained, and the gain is independent of the signal modes.
Here, we used a single-pass OPA platform for demonstrating
high-fidelity and mode-independent amplification of IG modes.
An IG signal beam (ω1) and a pump beam (ω3) interact in the
nonlinear crystal to generate the amplified signal (ω1) and idler
beam (ω2 = ω3 − ω1), and phase matching requires a dispersion

relation k3�ω3� = k1�ω1� � k2�ω2�. For simplicity, we assume
that the OPA is operated in the small-signal amplification
regime (i.e., pump nondepletion), and, when the phase match-
ing is satisfied, the slowly varying complex amplitudes of the
interacting waves are coupled by[34]

dAs

dz
=
2iω2

1deff
k1c2

Ap�0�A�
i �z�, (3)

dAi

dz
=
2iω2

2deff
k2c2

Ap�0�A�
s �z�, (4)

whereAp�0� is the pumpwave amplitude at the input of the crys-
tal, As�i� denotes the signal (idler) wave amplitude, and deff is the
effective value of the nonlinear susceptibility tensor. The solu-
tion to Eqs. (3) and (4) that meets the boundary of Ai�0� = 0
is given by[34]

As�z� = As�0� cosh κz, (5)

Ai�z� = i

�
n1ω2

n2ω1

�
1=2 Ap

jApj
A�
s �0� sinh κz, (6)

where κ is the real coupling constant given by

κ =
2deffω1ω2

c2
���������
k1k2

p Ap�0�: (7)

Equations (5)–(7) can be used to calculate the transverse
profiles of the amplified signal and the idler wave.
Without loss of generality, IGe

4,0 and IGo
4,2 in elliptical co-

ordinates with ε = 2 are chosen as the signals. They can be
represented as superposition states of the LG modes of order
n = 2p� jlj = 4, i.e., LG spectra of the signals, according to
Eq. (2), which can be expressed as

IGe
4,0 = 0.115LG±4

0 � 0.617LG±2
1 � 1.10LG0

2,

IGo
4,2 = 0.290LG±4

0 � 0.957LG±2
1 : (8)

It can be seen from Eq. (8) that the IG beams are the full-field
spatial modes in polar coordinates and are non-separable with
respect to the azimuthal and radial indices. We first consider the
OPA pumped by a more commonly used Gaussian (TEM00)
beam. Figures 1(a) and 1(b) show the LG spectra of IGe

4,0 and
IGo

4,2 signals and their amplification with different pump beam
sizes, respectively. Here, the waist radius of pump beams (wp) is
chosen as one, two, and three times the signal waist (ws).
Compared with the input IG signals, we can see that more radial
components appear in the LG spectra of amplified signals.
Moreover, the weight of these components decreases with the
wp of the pump beam and gradually closes into those of the origi-
nal signals when wp > 3ws. In addition, the signal gain factor
also has an impact on the radial-mode composition of the signal,
as shown in Fig. 1(c), where the radial components increase
with the gain. These indicate that considerable radial-mode
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degeneration, i.e., generating new radial modes (e.g., LG±2
2 , LG±2

0 ,
LG0

3, LG
0
1), is introduced into LG±2

1 and LG0
2 during the OPA

under the Gaussian pump condition. Thus, the order of these
new radial modes, i.e., 2p� jlj, is not unified, breaking the syn-
chronization of the Gouy phase, which induces an evolution of
the intensity distribution during propagation. Consequently,
their beam profile would no longer be propagation invariant.
In other words, the OPA pumped by the rotationally symmetric
Gaussian beam is more sensitive to radial components than to
the azimuthal ones, leading to the distortion of spatial modes.
Only using the pump beamwith a large enough size can alleviate
the distortion induced by the radial-mode degeneration; at this
time, the pump has an approximately uniform interaction with
the input signals. As seen in Fig. 1, the LG spectra are well main-
tained when using a flattop beam as the pump and wp = 3ws,
even for the case of high gain. Therefore, the flattop beam that
is independent of the radial mode is an alternative option as
the pump.

3. Simulation and Experiment Results

Figure 2 shows a diagram of the experimental setup, where a
pulsed Nd:Y3Al5O12 (Nd:YAG) laser with 10 ns pulse duration

and 1 Hz repetition frequency, set at 1064 nm wavelength, was
used as the source for preparing pump and signal beams. Using
a half-wave plate (HWP-1) in combination with a polarizing
beam splitter (PBS-1) separated the beam into transmitted and
reflected parts. The transmitted part was converted into the tar-
get IG modes with the modulation from SLM-1 (Hamamatsu
X13138-09 1272X1024 pixels, 12.5 μm pixel size) for use as the
signals. For preparing the pump, the reflected part was focused
into a 6 mm long KTiOPO4 (KTP-1) crystal (1064 nm →
532 nm) to obtain a 532 nm beam. A combination of HWP-2
and PBS-2 was utilized to adjust the pump power and form
the horizontally (H) polarized light. Then, it was sent to
SLM-2 (Holoeye PLUTOVIS-096, 1920X1080 pixels, 8 μmpixel
size) to convert the pump into either flattop or Gaussian beams
with variable beam sizes. The prepared pump and signal beams
with H polarization were combined using a dichroic mirror
(DM) and then focused into a 6 mm long KTP-2 crystal
(type-II OPA, its schematic illustration is shown on the right
bottom of Fig. 2). PBS-3 was used to separate the signal (H)
and the idler with vertical polarization (V) before the camera,
and the amplified signal was characterized by a CMOS-based
beam profiler.
We considered only small signals in undepleted regimes to

focus on the influence of spatial modes on the nonlinear inter-
action. In the experiment, the pump and signal had the energy
of ∼1.0mJ and ∼50 nJ, respectively. Taking IGe

4,0 mode as an
example, Figs. 3(b) and 3(c) show the simulated and observed
beam profiles of the amplified signals at the position of z = 0
and z → ∞ when using the Gaussian pump with one and two
times the signal waist. It should be noted that far-field intensity
profiles are different from the near-field ones, i.e., the spatial-
mode distortions occur and are propagation variant due to
the presence of the radial-mode degeneration. The theoretical
analysis mentioned above was well confirmed by the experimen-
tal results.
To overcome the distortion induced by the radial-mode

degeneration, we used a perfect flattop beam as a pump,
whose complex amplitude can be expressed as Eω3

p �z� = Ap�0� ·
exp�−ik�ω3�z�. The term ‘perfect flattop’ means that its ampli-
tude and phase are both spatially uniform and efficiently cover

Fig. 1. LG spectra of input signal and amplified signal pumped by Gaussian and
flattop beams. (a) and (b) show the cases of wp = ws, 2ws, and 3ws for IG

e
4,0

and IGo4,2 signals at gain of 2, respectively. (c) LG spectra with different gain
factors at wp = 3ws.

Fig. 2. Diagram of the OPA experimental setup, where the key components
include the mirror (M), lenses (L1-L7), polarizing beam splitter (PBS), half-wave
plate (HWP), spatial light modulator (SLM), spatial filter (SF), beam profiler
(CMOS), and dichroic mirror (DM).
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IG signals at the focal region within the crystal. According to
Eqs. (5)–(7), the spatial structure of signals is not affected by
the pump during the OPA. Notably, the commonly used flattop
beam obtained via computer-generated holography based on
phase-only modulation can only provide a flattop intensity dis-
tribution but not include the phase[35,36], which will disturb the
phase profile and hence the propagation property of the signal in
the nonlinear interaction. Here, the perfect flattop beam was
designed based on the super-Gaussian mode, i.e., uSG�r, φ�=
exp�−�r=w�n�, with an order n = 12 and prepared via com-
puter-generated holography based on complex-amplitude
modulation, as shown by the grating pattern near SLM-2 in
Fig. 2. This flattop beam is useful, particularly for structured
light with complex phase profiles. Detailed descriptions of its
generation are out of the scope of this paper and will be
addressed in another publication.
Figures 4(b) and 4(c) show the beam profiles of the prepared

signals and their corresponding amplification in the far field,
respectively. They agree well with each other as well as with their
theoretical references, shown in Fig. 4(a). It can be seen that the
transverse structure of two types of IGmodes is efficiently main-
tained in the OPA. In the experiment and simulation, the waist
ratio of the pump and signal beams is chosen as ∼3:1; at this
time, the flattop area of the pump can totally cover the IG sig-
nals, as shown in the inset of Fig. 5. To quantitatively show this
excellent agreement, we compare the far-field amplified light

and the input signal, obtained via experimental observation,
as depicted in Fig. 4(d). The inner products of the matrix
between corresponding intensity profiles are > 0.98, which
shows high fidelity in the flattop pump OPA process.
Furthermore, amplified signals inherit the propagation-invari-
ant property of IG beams, indicating that the identity of the
Gouy phase is also well preserved. These are attributed to the
fact that the perfect flattop pump did not disturb the spatial-
mode complex amplitude during the interactions.
We finally studied the amplified signal gain and output energy

(Esout) as a function of input signal energy (Esin) for the flattop
pump, as shown in Fig. 5.
The pump beam has constant energy of ∼1.3mJ. We can see

from Fig. 5 that in the experiment the signal gain of ∼18 was
achieved for the signal energy of below ∼50 nJ, and the maxi-
mum amplified signal energy was∼63 μJ when the signal energy
was set at ∼10 μJ. Notably, the signal gains are almost the same
over the error range for IGe

4,0 and IGo
4,2 modes. This indicates

that the amplification gain is independent of the signal modes
under the flattop pump, where the pump was optimized to
adequately cover these modes within the crystal, as shown in
the inset of Fig. 5. Moreover, the gain or efficiency can be
enhanced by increasing the power of the pump or optimizing
crystal parameters. Therefore, the flattop pump can not only
adequately maintain the spatial-mode spectrum of the signal to
overcome the distortion, but also achieve themode-independent
amplification gain.

4. Conclusion

In summary, we theoretically and experimentally studied the
parametric amplifier of IG beams. We showed that for full-field
modes involving azimuthal and radial compositions, such as IG
beams, the commonly used Gaussian pump gave rise to spatial-
mode distortion of amplified output beams. The distortion was
caused by new radial-mode generation during the OPA. By
using the perfect flattop beam as the pump, we realized the

Fig. 4. Results of the OPA pumped by a flattop beam, where (a)–(c) show the
theoretical beam profiles, the measured signals, and the corresponding
amplified signals, respectively; (d) comparison of the far-field amplified light
and the input signal obtained via experimental observation.

Fig. 3. Simulated and experimentally observed results of the OPA pumped
by a Gaussian beam, where (a) shows the IG signal profiles; (b) and (c) are
corresponding amplified signal profiles with wp = ws, 2ws, respectively.

Fig. 5. Measured amplified signal energy and gain factor versus the input
signal energy for IG-mode OPA. Inset, the overlap of the pump, IGe4,0, and
IGo4,2 signals.
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IG-mode OPA without changing the transverse structure and
the amplification gain independent of the input signal. This
proof-of-principle work enables high-fidelity amplification for
arbitrary structured light and provides a wider range of applica-
tions in classical and quantum optics for the generalized higher-
order modes.
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