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The spatial distribution of the forward-propagating amplified spontaneous emission (ASE) of nitrogen molecular ions during
femtosecond laser filamentation in air is studied via numerical simulations. The results suggest that the divergence angle
and signal intensity are extremely sensitive to the external focal length. Concurrently, we show that the optical Kerr effect
plays a significant role in concentrating the directivity of ASE signals, particularly in cases of loose focusing. Furthermore,
the simulations demonstrate that ASE signals are enhanced for a tight focus, although the corresponding filament length is
shorter. The main physical mechanism underlying this process is the competition between the plasma defocusing and
optical Kerr effects. The result is important for filamentation-based light detection and ranging applied to remote sensing.

Keywords: air laser; amplified spontaneous emission; femtosecond laser filamentation.
DOI: 10.3788/COL202119.081402

1. Introduction

Femtosecond laser filamentation-based light detection and
ranging (lidar) represents an attractive new technique for the
remote sensing of air pollutants[1,2]. The popularity of this tech-
nique lies in the fact that the laser intensity inside a light filament
exceeds 1013 W=cm2 as the laser propagates in air[3]. Many sub-
stances, including gases[4], aerosols[5], dusts[6], and metals[7],
will be ionized under such high intensity, followed by the emis-
sion of a fluorescence fingerprint spectrum. In addition, ampli-
fied spontaneous emission (ASE) has been widely reported
during filamentation, including for nitrogen molecules[8], oxy-
gen atoms[9], and neutral fragments of CH[4], OH[10], and
NH[11]. This has the benefit of either enhancing the fluorescence
signal in the backward direction or remote laser amplification in
the forward direction when a seed pulse is used[12,13]. This
unique phenomenon has been widely referred to as an “air
laser”[8–10,12–16]. It is worth noting that for remote applications
in open air, the lasing action could be realized by either self-
seeded lasing from femtosecond laser filaments or white light
seeded multiple wavelength lasing[13,15,17].
Recently, air lasers with different spatial profiles have been

demonstrated experimentally. Air lasing of oxygen atoms at
the wavelength of 845 nm produces a donut shape with a diver-
gence angle of 40 mrad[9]. Elsewhere, backward UV lasing at
337 nm and 357 nm from nitrogen molecules has been reported
to give rise to a roughly super-Gaussian profile with a divergence
angle of 1.6 mrad[14]. In addition, gas pressure has been found to

have a significant effect on the signal intensity and spatial profile
of air lasers. Spatial profiles of forward self-seeded lasing from
nitrogen ions have been observed as Gaussian patterns, morph-
ing to an outer ring structure when the gas pressure increases.
The corresponding divergence angle was measured as approxi-
mately 20mrad[15]. The mechanism of spatial distribution is still
unclear.
In this study, we use numerical simulations to elucidate the

spatial distribution in the forward direction for the example
of an air laser of nitrogen molecular ions at 391 nm. The results
reveal that the spatial distribution of the air laser depends heavily
on external focusing. This is attributed to the competition
between the plasma defocusing and optical Kerr effects. Our
study provides a theoretically feasible method for improving
the energy conversion efficiency, signal-to-noise ratio, and
directivity of air laser, which is important for filament-based
lidar applied to remote sensing of air pollutants.

2. Numerical Simulation Method

Numerical simulations are based on the following nonlinear
wave equation[18]:

−2ik
∂A
∂z

= Δ⊥A� 2
k2

n0
nnlA − ikαA, �1�

where Δ⊥ denotes the transverse Laplacian operator, z repre-
sents the light propagation distance, A represents the envelope
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of the laser amplitude, and k is the wave number of the laser
given by k = n0ω0=c0 (ω0 and c0 are the angular frequency of
the laser and the speed of light in a vacuum, respectively).
Additionally, n0 indicates the linear refractive index of air, while
nnl denotes the nonlinear refractive index inside the filament.
The simulations consisted of two steps. In the first step, the

nonlinear propagation of the fundamental laser was conducted
to describe the filamentation process. In this case, the influences
of energy loss and amplification were not considered in the sim-
ulation, that is, α = 0 in Eq. (1). Therefore, the first step can be
used to obtain the spatial distribution of the plasma density. In
the second step, the propagation of the air laser was simulated
based on the spatial distribution of the plasma density. In the air
laser simulation, α > 0 represents the amplification of fluores-
cence along the propagation direction.
Considering that nitrogen ions are regarded as the gain media

for nitrogen fluorescence, the gain along the propagation path is
related to the nitrogen ion density distribution[19]. In our sim-
ulation, the gain coefficient along the propagation direction is
proportional to the stimulated emission cross section, σ, and

the nitrogen ion density, N
N�

2
e

[20,21]:

α = N
N�

2
e σ�υ�: (2)

According to a previous study[22], the transition cross section
for the (0-0) vibrational transition of the first negative band (at
λ = 391.4 nm) was determined to be 14.8 × 10−18 cm2. It is
worth mentioning that a similar method has been successfully
used in Refs. [21,23] to discuss the development of the remote
atmospheric lasing at 337 nm.

3. Result and Discussion

In our simulation, the wavelength of the fundamental laser was
centered at 800 nm with a beam radius (1=e2) of 5 mm and a
pulse duration (FWHM) of 60 fs. The laser pulse energy was
set to 6 mJ. Corresponding to initial filament positions of
z = 0.2, 1.0, and 10.0 m, the external focal length was chosen
as f = 0.2, 1.0, and 34 m, respectively. Note that the propagation
distance z denotes the distance from the focusing lens.
Furthermore, due to the high clamped intensity inside the fil-

ament, neutral N2 is ionized to N
�
2 through multiphoton/tunnel

ionization. The ground state (X2Σ�
g ) ion is pumped to the

excited state (B2Σ�
u ) by the nonlinear physical process inside

the filament instantaneously[24]. The fluorescence of N�
2 at

391 nm was assigned as the (0-0) vibrational transition of the
first negative band (B2Σ�

u → X2Σ�
g ). The initial intensity distri-

bution of ASE was simulated as follows. First, the initial fluores-
cence was generated at the location where the density of nitrogen
ions exceeds a threshold of 1015 cm−3. The initial photon density
N391 nm is given by[23]

N391 nm = N
N�

2
e W21τ, �3�

which depends on the nitrogen ion density N
N�

2
e , the probability

of stimulated emission W21, and the population inversion life-
time τ. As indicated by a previous experiment, τ is approxi-
mately 46.2 ps[25]. Furthermore, W21 is related to the spectral
energy density of blackbody radiation and the Einstein B-coef-
ficient[20]:

W21 = B21
8πhν3

c30

1

ehv=kBT − 1
, �4�

where ν, h, and kB represent the frequency of the stimulated
emission, Planck’s constant, and Boltzmann’s constant, respec-
tively. In addition, T denotes the electron temperature inside the
filament, which, according to the Boltzmann method, is approx-
imately 6200 K[26]. Next, the Einstein B-coefficient, B21, was cal-
culated according to the relation with the Einstein A-coefficient,
A21

[20]:

B21

A21
=

c30
8πhν3

: �5�

The probability of spontaneous emission A21 for the N
�
2 first

negative system of (0-0) at 391 nm is 1.1 × 107 s−1[27].
Figures 1(a1)–1(a3) present the spatial distributions of the

nitrogen ion density corresponding to f = 0.2, 1.0, and 34 m,
respectively. These simulations demonstrate that the filament
length increases with the increasing external focus length,
changing from 2 cm [Fig. 1(a1)] to 15 cm [Fig. 1(a2)] and
50 cm [Fig. 1(a3)]. It is worth mentioning that, as described
in Ref. [28], the peak plasma density inside the filament is highly
sensitive to the external focal conditions. Our numerical simu-
lations agree closely with previous observations[28]. Under a
tight focus of f = 10 cm, the plasma density reaches
1018 cm−3, which is almost three orders of magnitude higher
than that when f = 34m.
In addition, the simulated spatial distributions of the forward

air lasers are displayed in Figs. 1(b1)–1(c3). These simulations
reveal that significant gain exists inside the filament. After the
filament, the air laser diverges. However, it is interesting to note
that the divergent angle of the air laser reduces when the Kerr
effect is considered in the numerical simulation, especially for
longer filaments [Figs. 1(b2) and 1(b3)]. Figure 2 further high-
lights this trend.
Figure 2(a) plots the signal intensity as a function of the diver-

gent angle for a focal length f = 0.2m, demonstrating that the
signal intensity and spatial distribution of the air laser exhibit
negligible difference in response to considering the Kerr effect.
However, for long focal lengths, as demonstrated in Figs. 2(b)
and 2(c), the Kerr effect strengthens the signal intensity signifi-
cantly. Moreover, in these cases, the Kerr effect acts to concen-
trate the air laser energy more tightly around the propagation
axis, as shown in Fig. 2(d). The corresponding divergent angles
become smaller as the focal length increases. Specifically, when
f = 1.0m, the divergent angles are approximately 0.75 mrad
[with the Kerr effect, black solid line in Fig. 2(b)] and 1 mrad
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[without the Kerr effect, red dashed line in Fig. 2(b)]. As
depicted in Fig. 2(c), for f = 34.0m, the corresponding values
are 0.98 mrad and 3.37 mrad, respectively. Our simulation result
is approximate to the divergence angle of 1.6 mrad measured in
the experiment[14].
The results outlined in Fig. 2(a) confirm that, for tight focus-

ing, the external focusing dominates the propagation of the
pump laser[28,29]. Most of the laser energy is confined within
a small filament zone, as well as the plasma. Because the plasma
density inside the filament is sufficiently large, the effect of
plasma defocusing becomes much stronger than the Kerr effect.
Diffraction caused by the plasma plays a major role during the

propagation of the air laser. As a result, the air laser diffracts
immediately outside of the filament, with the Kerr effect no
longer participating in its propagation. The ring-shaped air laser
pattern in Fig. 2(a) illustrates the effect of plasma defocusing. A
similar result of a ring structure has also been observed exper-
imentally[15,17]. It was also induced by the plasma defocusing
effect when the plasma density increases with the increase of gas
pressure. However, for looser focusing, as shown in Figs. 1(b3)
and 1(c3), the laser intensity is lower than those in Figs. 1(b1)
and 1(c1). A significantly reduced plasma density results in sub-
stantially weaker diffraction, which slows the energy leakage
from the filament. Hence, the Kerr effect should be considered
over longer distances. The weaker divergence exhibited in
Fig. 2(c) reflects this fact. Figure 2(d) further illustrates the
abovementioned phenomenon. In general, as a result of counter-
balancing between the Kerr effect and plasma defocusing, the
divergent angle of the air laser decreases as the external focal
length increases. When the focal length of the lens exceeds
2 m, which corresponds to a numerical aperture of approxi-
mately 0.005, the divergence becomes almost invariant.
Moreover, the energy of the air laser along the propagation

direction can be interpreted using the simulated phonon
density at 391 nm. The corresponding results are shown in
Figs. 3(a)–3(c). The plots show that the energy of the air laser
experiences a gain inside the filament region and then settles
at a constant level in the post-filament region. For short focal
lengths, little difference between the total energies is observed
for the cases with and without the Kerr effect, as shown in
Figs. 3(a) and 3(b). However, for the loose focus in Fig. 3(c),
the Kerr effect is considered, resulting in a higher energy (by
10−4 nJ) than that when the Kerr effect is not taken into account.
This indicates that the Kerr effect plays a relatively more obvious
role at longer focal lengths. With the Kerr effect, the air laser is

Fig. 1. Spatial distributions of (a) nitrogen ion density induced by the filament and (b), (c) the photon density of air lasers (with and without the Kerr effect,
respectively) for different external focusing conditions: (a1), (b1), (c1) f = 0.2 m; (a2), (b2), (c2) f = 1 m; (a3), (b3), (c3) f = 34 m.

Fig. 2. Far-field angular distribution of the air laser for (a) f = 0.2 m,
(b) f = 1 m, and (c) f = 34 m. (d) Divergence angle of the air laser as a
function of the external focusing length.
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focused more tightly around the propagation axis, with a higher
intensity than that for off-axis propagation. Considering the
nitrogen ion density distribution, increased density close to
the propagation axis leads to a greater exponential amplification.
Therefore, the energy of the air laser is enhanced when the Kerr
effect is considered. Figure 3(d) presents the air laser energy as a
function of the external focus length.
In addition to the energy difference observed when the Kerr

effect is switched on and off, the air laser energy also shows a
strong dependence on the external focusing. For f = 0.2m,
the energy of the air laser is approximately 1.07 nJ, which ismore
than 300 times greater than that when f = 34m. For a shorter
focal length, the peak plasma density[28] and the nitrogen ion
density within the filament are higher, as evidenced by
Figs. 1(a1)–1(a3). According to Eq. (2), the gain coefficient is
larger at shorter focal lengths. As a result of the exponential
growth of fluorescence intensity inside the filament region,
the total energy of the air laser generated with a short focal con-
dition is higher than that with a long focal condition.

4. Conclusion

In summary, we performed numerical simulation of the gener-
ation and forward propagation of an air laser at 391 nm during
femtosecond laser filamentation, which is identified as the trans-
mission of the first negative (0-0) band of nitrogen ions. The
results indicate that the optical Kerr effect has a significant in-
fluence on the far-field divergence angle, helping tomaintain the
directivity of the air laser. Furthermore, the energy and far-field
divergence angle of the air laser depend strongly on the external
focus. An optimal initial pump energy and lens focal length are
selected, resulting in an air laser with high directivity, intensity,

and energy conversion efficiency. Our study provides a valuable
theoretical basis for improving the energy conversion efficiency
and signal-to-noise ratio of air lasers, which are significant fac-
tors for remote sensing applications.
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