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Encoding information using the topological charge of vortex beams has been proposed for optical communications. The
conservation of the topological charge on propagation and the detection of the topological charge by a receiver are sig-
nificant in these applications and have been well established in free-space. However, when vortex beams enter a diffuser,
the wavefront is distorted, leading to a challenge in the conservation and detection of the topological charge. Here, we
present a technique to measure the value of the topological charge of a vortex beam obscured in the randomly scattered
light. The results of the numerical simulations and experiments are presented and are in good agreement. In particular, only
a single-shot measurement is required to detect the topological charge of vortex beams, indicating that the method is
applicable to a dynamic diffuser.
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1. Introduction

Vortex beams refer to beams with a helical phase structure
exp�ilϕ�, where l represents the topological charge. Each photon
of the vortex beam carries a definite orbital angular momentum
(OAM) of lℏ. The OAM of vortex beams has been used to
encode information for optical communication, trap particles
for optical manipulation, etc.[1–15]. In these applications, the
measurement of the topological charge of vortex beams is nec-
essary. Methods have been proposed to measure topological
charges based on interference[16–19] and diffraction inten-
sity[20–25]. The interferometric method includes the use of a
Mach–Zehnder interferometer[16], a lateral shear interferom-
eter[17], and double-slit interference[18]. The diffraction method
includes the use of a triangular aperture[20], annular gratings[22],
a tilted convex lens (L)[23], and a translated single slit[24].
The propagation of light through inhomogeneous media will

scramble the wavefront of the light, leading to a speckle pattern.
In such a case, coherent noise affects the information content in
the imaging system. Recently, single-shot measurement using
interferometric spatial heterodyning detection in conjunction
with computational image processing has been proposed to sup-
press the coherent noise, where the imaging quality can be

greatly improved even in conditions of low signal-to-noise
ratio[26]. In the presence of a diffuser, the aforementioned
conventional methods to measure the topological charge of
the vortex beam are not applicable. The presence of a diffuser
in the path of the vortex beam makes speckle patterns have
no direct resemblance with vortex beam. Some studies have
aimed at retrieving the information of vortex beams from the
speckle[27–30]. These studies are limited to an imaging sys-
tem[28,29] or require several measurements[27,30]. Analyzing
the correlation property in Hanbury Brown–Twiss (HBT) inter-
ferometry is a widely used method, and it has also been utilized
to examine twisted light, based on the idea of an azimuthal ana-
log of the HBT effect[31], and measure radial and azimuthal
mode indices of the vortex beams[32]. Nevertheless, these experi-
ments are implemented without a diffuser[31,32].
In this paper, we propose a new method to measure the mag-

nitude of the topological charge of vortex beams from single-
shot speckle intensity measurement. This method is realized
using spatial statistical optics, wherein the ensemble average is
replaced by the spatial average[33]. The Fourier transform of
the intensity correlation, which is estimated by the measured
resultant speckle field, provides a method to determine the mag-
nitude of the topological charge of a vortex beam. The basic
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principle, the experimental results, and numerical simulations of
this technique are described in detail. The experimental results
are compared with the numerical simulations for vortex beams
with topological charges of 1–3.

2. Theory

Let us consider the two-dimensional (2D) transverse electric
field of coherent light. The polarized vector field can be repre-
sented by two orthogonal components Ex�r1,t� and Ey�r1,t�,
where x and y denote the directions of the polarization compo-
nents, and r1 is the position vector in the transverse plane for a
fixed time t. In the source plane, the coherent field can be
described as

E�r1� =
�
Ex�r1�
Ey�r1�

�
, (1)

which is the typical representation of the coherent field in an
orthogonal basis E�r1� = êxEx�r1� � êyEy�r1�, where êx and êy
denote the horizontal and vertical polarization states of light,
respectively. After propagating through a phase-only screen,
both polarization states acquire a random phase ϕr�r1�.
This coherent field, with a spatially varying phase, propagates

z distance to an observation plane, as illustrated in Fig. 1. In this
plane, the field becomes

Em�r� =
Z

G�r, r1�Em�r1�eiϕr�r1�dr1, (2)

where m = x, y, and r is the transverse spatial coordinate in the
observation plane. G�r, r1� is Green’s function for free-space
propagation:

G�r,r1� =
exp�ikz�

iλz
exp

�
ik
jr1j2 − 2r1 · r � jrj2

2z

�
, (3)

where λ and k = 2π=λ are the wavelength and wave number of
the light, respectively.

To examine the role of the local state of polarization, we
consider that the field is transmitted through a polarizer, ori-
ented at angle θ. The field at the source plane in Eq. (2) is
modified to

E
0
m�r1, θ� = P�θ�

�
Ex�r1�
Ey�r1�

�
, (4)

where P�θ� =
�

cos2 θ sin θ cos θ
sin θ cos θ sin2 θ

�
is the Jones matrix of

the linear polarizer, oriented at θ with respect to the horizontal
(x) polarization state.
Assuming that, the detected field, given by Eq. (4), is the

superposition of two statistically independent spatially varying
fields. For example, these fields can be a target t and a reference
R component, such that the complex field at the observation
plane becomes

E
0
m�r,θ� = E

0t
m�r,θ� � E

0R
m �r,θ�: (5)

In the case where the polarization directions of the target and
reference beams are orthogonal, the resultant intensity at the
observation plane is

I�r,θ� = It�r,θ� � IR�r,θ�, (6)

where Is�r,θ� = jE 0s
x �r,θ�j2 � jE 0s

y �r,θ�j2 and s = t,R represents
the two sources: target or reference. This intensity can be
expressed as

Is�r,θ� = cos2θjEs
x�r�j2 � sin2θjEs

y�r�j2
� sin θ cos θ�Es

x�r�Es∗
y �r� � Es∗

x �r�Es
y�r��, (7)

where ∗ represents the complex conjugate. For different
polarizer angles θ and the case without the polarizer, Eq. (7)
can be represented in matrix form, as in Eq. (8). In Eq. (8),
Is�r� represents the random intensity pattern without a polar-
izer, i.e., P�θ� = 1.
The traditional framework of temporal statistical optics is not

applicable to the random field described by Eq. (5). Spatial sta-
tistics, in which the ensemble average is replaced by the spatial
average, permits the analysis of random fields that are frozen in
time but spatially varying and is thus suitable for the time frozen
random pattern in our case[33].

Fig. 1. Geometry of sources, scattering plane, observation plane, and propa-
gation system.
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(8)

Assuming that the speckle follows Gaussian statistics, the
cross-covariance of the intensity at the observation plane in
Fig. 1 becomes[33–35]

C�Δr�= < ΔI�r� · ΔI�r � Δr� >
= jFTfIt�r1,θ�g � FTfIR�r1,θ�gj2, (9)

where ΔI�r� = I�r� −< I�r� > is the fluctuation of intensity
with respect to its mean value. FTfIs�r1,θ�g =Ws�Δr,θ�=
< Es�r,θ� · Es∗�r � Δr,θ� > is the complex coherence function,
where < > represents the spatial average as a replacement of the
ensemble average, and FT is the 2D Fourier transform. It is
important to note that an FT is used in Eq. (9), rather than
an Fr (Fresnel transform), despite Fresnel propagation from
the source to the observation plane at a distance z. Both sources
(target and reference) are at distance z from the observation
plane, and this helps to remove common curvature in the cross-
covariance and generates a lensless Fourier transform geometry
for the coherence waves[35]. Therefore, we use a Fourier kernel
(rather than Fresnel) in Eq. (9).
For a spatially fluctuating random field and under consider-

ation of spatial ergodicity, the complex coherence, based on spa-
tial averaging, is connected with the source at the scattering
plane as follows[33]:

Wt�Δr,θ� =
Z

It�r1,θ� · exp
�
−i

2π
λz

Δr · r1
�
dr1, (10a)

WR�Δr,θ� =
Z

circ

�
r1 − rg

a

�
· exp

�
−i

2π
λz

Δr · r1
�
dr1, (10b)

where the circ function represents a circular aperture function.
rg is the off-axis position of the circular source, and a is the
radius of the source.WR provides a constant reference wave with
carrier frequency to cover the support of Wt .
The Fourier transform of Eq. (9) produces the following

terms:

FTfC�Δr�g = It�r1,θ� ⊗ It∗�r1,θ� � IR�r1,θ� ⊗ IR∗�r1,θ�
� It�r1,θ� ⊗ IR∗�r1,θ� � It∗�r1,θ� ⊗ IR�r1,θ�,

(11)

where⊗ is the 2D convolution operator. It�r1,θ� is the intensity
of the target source at the scattering plane, and the intensity of
the reference source IR�r1,θ� is the off-axis circular function. The
first two terms of Eq. (11) are auto-correlations, which provide a
central direct-current (DC) component term. However, the last
two terms are cross correlations and provide two laterally shifted
copies, depending on rg .
In this study, the x component of the light from target Et

x�r1�
carries the vortex information, and the y component Et

y�r1� is
represented by a uniform distribution beamwith a circular aper-
ture. Here, the phase of the vortex beam can be simplified and
expressed as eilϕ1 , where l is the topological charge, and ϕ1 is the
azimuthal angle at the transverse plane. The two orthogonal
components located at the source plane are mixed into the
light, and the polarization and spatial modulation are entangled.
A beam, with spatially varying polarization states due to
OAM and orthogonal bases[36], can be represented as
Et�r1� = êxeilϕ1 � êyEt

y�r1�.
However, if we consider the light from the reference as a−45°

linearly polarized off-axis source, the two orthogonal compo-
nents are ER

x �r1� = −ER
y �r1� = circ��r1 − rg�=a�. Here, the radius

a is small enough to provide a quasi-point source.
The resultant intensity expressions of the two sources, corre-

sponding to different polarizer angles θ in Eq. (8), can be written
as Eq. (12). In Eq. (12), Fr represents the propagation of light
from the scattering plane to the observation plane. The intensity
in Eq. (12) is a speckle, and it includes the contribution of the
vortex and non-vortex information; however, the vortex infor-
mation cannot be directly attained. The cross-covariance of the
resultant speckle, relating to the intensity correlation, is calcu-
lated by the ensemble average of the intensity fluctuation, which
helps to wash out the random phase introduced by the diffuser.
Reconstruction results depend on the statistics not on the indi-
vidual diffuser. According to the theoretical analysis, two impor-
tant features about the diffuser need to be satisfied to assure the
feasibility of proposed method. One is that the speckle field fol-
lows Gaussian statistics, and the other one is that the light does
not depolarize when it transmits through the diffuser.

Fig. 2. Simulations of intensity pattern prior to the diffuser when the polarizer
orientation is 45°. The topological charges of the vortex beams are 1, 2, and 3,
respectively.
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Equation (12) represents the intensity, calculated by Eqs. (6)
and (8) at the observation plane, with a polarizer oriented at a
specific angle or without a polarizer. The intensity prior to the
diffuser can be obtained by calculating the cross-covariance and
subsequently performing the Fourier transform, as in Eq. (11).
As illustrated in Fig. 2, the intensity distribution is obtained by
propagating the orthogonal polarization components from the
source plane to the random scattering plane using the angular
spectrum method (ASM).

3. Experiment

To realize the scheme of Fig. 1, we design a compact setup,
shown in Fig. 3. Two independent random diffusers are imple-
mented for the target and reference sources by using two differ-
ent portions of a common diffuser ground glass (GG, DG05-220,
Thorlabs, 2 mm thickness). A horizontally polarized He–Ne
laser is spatially filtered using a microscope objective (MO)
and a pinhole (P), and collimated using a lens (L1) of focal length
of 150 mm. The collimated beam is converted into 45° linearly
polarized with respect to the horizontal direction by a half-wave
plate (HWP) and is then split into two arms by a beam splitter
(BS). The reflected beam from the BS propagates towards the
mirror (M) and generates a reference beam, which propagates
towards the diffuser through the BS. The transmitted beam from
the BS illuminates a reflective-type spatial light modulator
(SLM). The SLM provides modulation in the horizontal direc-
tion and is used to impose a helical phase into one of the
orthogonal components of light, leaving the other component
intact. This arrangement provides a method to produce coaxial
propagation of the orthogonal components of the light, from the
SLM to the GG. To increase the size of the vortex core, the SLM

is slightly shifted from the focal plane of L2. The light from the
SLM, which encodes target information, is then reflected by the
BS and imaged at the GG plane, using a lens combination of L2
and L3. The GG is positioned at the back focal plane of L3, and
the focal lengths of L2 and L3 are both 300 mm. The reference
beam provides an off-axis point source on the GG plane. The
object beam and reference beam illuminate the GG at different
positions, indicating that their speckles are statistically indepen-
dent. The light frommirror M has a flipped polarization of−45°
at the GG. The spot sizes of the light propagated from the SLM
and M are different, owing to their geometrical arrangement, as
shown in Fig. 3. The size of the spot fromM is reduced, owing to
the focusing of L3, and is positioned off-axis by tilting M. The
speckle generated behind the GG is recorded by the CCD cam-
era. Experiments were done for the vortex beamwith topological
charges from 1 to 3.

4. Experiment and Simulation Results

To compare our results with those of the simulation, we follow a
two-pronged simulation strategy. In the first simulation, we sim-
ulate the complex field and intensity distribution prior to the dif-
fuser. Here, we use the ASM to incorporate defocusing from the
focal plane of L2 to the SLM. The defocused field is expressed as

Et
x�r1� = IFTfFTfeilϕg × e�i

2π
λ z0

����������������������
1−�λξ�2−�λη�2

p
�g, where FTf g and

IFTf g denote the Fourier transform and inverse Fourier trans-
form, respectively. ξ and η are the spatial coordinates in the
Fourier plane. z0 refers to the defocusing distance, from the front
focal plane of L2 to the SLM plane. For the y component, the
vortex term is replaced by a circular aperture in ASM. This sim-
ulation provides the intensity distribution prior to the diffuser,
as shown in Fig. 2. In the second simulation strategy, we digitally
propagate the complex field through the diffuser by incorporat-
ing a random phase. A random intensity is obtained using a
suitable propagation kernel, as in Eq. (12). This intensity distri-
bution is substituted in the cross-covariance relation in Eqs. (9)
and (11), and the recovered intensity distributions from the
simulated speckle patterns are obtained.
The Fourier transform of the cross-covariance for the vortex

beam with topological charge 1 is shown in Fig. 4. The DC term
in the center is suppressed to highlight the two conjugate spec-
tra. The simulation results are performed by the second simula-
tion strategy. The Fourier spectra produce two conjugated dark
cores at off-axis locations for the polarizer rotation angle of 0°, as

Fig. 3. Experimental setup for measuring the topological charge of the vortex
beams from laser speckle. Laser, He–Ne laser; MO, microscope objective; P,
pinhole; L1, L2, and L3, lens; HWP, half-wave plate; BS, beam splitter; M, mirror;
SLM, spatial light modulator; GG, ground glass; CCD, charge coupled device.
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in Fig. 4(a). Comparing Fig. 4(a) with Fig. 4(e), the experimental
results and numerical simulations are consistent.
Figure 4(b) presents the result for a polarizer orientation of

45°. The Fourier spectrum of the cross-covariance shows a lobe
pattern, and the number of lobes is the same as the topological
charge. This structure resembles the deterministic intensity
structure, shown in Fig. 2(a). It should be noted that the intensity
shown in Fig. 2(a) is calculated from the propagation of light
from the source plane to the scattering plane, which can be con-
sidered as the theoretical prediction. Therefore, it is evident that
we can retrieve the intensity in front of the diffuser from a non-
imaged detected speckle pattern.
For a polarizer oriented at an angle of 90°, the Fourier spec-

trum is a uniform structure, shown in Fig. 4(c), because this
polarization direction is orthogonal to the modulation direction
of the SLM. Therefore, the vortex information is not available
from the Fourier transform of the cross-covariance.
The Fourier transform of the cross-covariance for the −45°

case (orientation along the polarization direction of light
from the mirror) is similar to the 45° case. This is also primarily
due to the contribution of the terms

��Et
x�r�j2 and Et

x�r� � Et∗
x �r�.

The orientation of the off-axis lobes in Fig. 4(d) is reversed, com-
pared with Fig. 4(b), in accordance with the opposite signs of the
second term in the intensity expressions for the 45° and −45°
orientations.

For the case of the absence of a polarizer before the detector,
the Fourier spectrum results of the experiment and simulation
are shown in Fig. 5. Because the intensity from the SLM is
weaker than that from the mirror, the Fourier spectra in
Fig. 5(a) are approximately the same as that for the −45° case
in Fig. 4(d). The magnitude of the topological charge of a vortex
beam can be obtained from the speckle by counting the number
of lobes from the Fourier transforms of the cross-covariance.
This is similar to the conventional method, which measures
the topological charge of vortex beams by counting the number
of interference patterns. However, it is noticeable that the con-
ventional method requires a well-defined spiral phase, which is
impractical in the case of a random diffuser. In particular, this
novel method to measure the topological charge from the laser
speckle requires only a single-shot measurement of intensity.
Therefore, it can also be applied to a dynamic diffuser.

5. Conclusion

In this study, we measured the topological charge of vortex
beams located behind a diffuser. This technique is based on
the propagation property of the vortex beam and the cross-
covariance of the intensity from the single-shot non-imaged
resultant speckle pattern. We utilized the correlation properties
of the speckle field, formed by the vortex beam propagating
through a diffuser. Fourier spectra of the correlation function
provide the signature of the topological charge of the propagat-
ing vortex beam. The results showed that the number of lobes
generated by the Fourier spectra of the cross-covariance func-
tion is equal to the topological charge of the vortex beam, for
cases of polarized states of ±45° and without a polarizer. The val-
idity of the proposed technique is tested by both experiment and
simulation.
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